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Abstract

Let G be the Heisenberg group of real lower triangular 3 x 3 matrices
with unit diagonal. A locally free smooth action of G' on a manifold M*
is given by linearly independent vector fields X7, Xs, X3 such that X3 =
[X1, X2 and [X1, X3] = [X2,X3] = 0. The C! topology for vector fields
induces a topology in the space of actions of G on M*. An action is compact
if all orbits are compact. Given a compact action @, we investigate under
which conditions its C! perturbations 6 are guaranteed to be compact.
There is more than one interesting definition of stability, and we show that
in the case of the Heisenberg group, unlike for actions of R", the definitions
do not turn out to be equivalent.
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1 Introduction

Let G be the Heisenberg group of real lower triangular 3 x 3 matrices with unit
diagonal: G is a nonabelian nilpotent Lie group of dimension 3. Let G be its Lie
algebra of strictly lower triangular matrices. Let My be a smooth manifold of
dimension 4: a locally free smooth action 6 : G x My — M, is given by linearly
independent vector fields X7, X, X3 such that X3 = [X;, X;] and [X7, X3] =
[ X5, X3] = 0. A Riemann metric on My induces a C! metric for vector fields on
My and therefore a C'' metric in the space of such actions.

_An action 6 is compact if all its orbits are compact. Is it true that all actions
6 which are near ¢ (in the C'' metric) are also compact? This is true for some, but
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not all, compact actions # and the best way to attack this problem is to consider
first a neighborhood of an orbit and actions of a very special form.

A given homomorphism ¢ : G — G may be described as follows. Take the
1-parameter subgroups a;q, as, a3 : R — G,

100 100 100
a®)=0¢[t 1 0], a®=0¢[0 1 0], as)=¢[0 1 0
0 0 1 0t 1 t 01
Let
0O 0 O
CY;(O): ayj 0 0 3
a,gj a,zj 0

the numbers a;; are entries of a 3 x 3 matrix A with a3 = ag3 = 0, ass = a11a22 —
aiza91. Conversely, a matrix with these properties defines a homomorphism. The
homomorphism ¢ is an automorphism exactly when A is invertible.

Let H C G be the group of matrices in G with integer coordinates: H is a
discrete cocompact subgroup of G. Let M = (G/H) x (—¢,€) where G/H =
{gH,g € G} is a compact manifold of dimension 3. An action is homogeneous
horizontal if it is of the form

0 : Gx M — M
(ga <91H7 Z)) = (¢Z(g)ng7 Z)
where ¢, is a smooth family of automorphisms of G such that ¢q is the identity.
The orbits of 6 are of the form (G/H) x {z} and therefore compact. With the

notation of the previous paragraph, 6 is described by a family of matrices A(z),
z € (—¢,¢) satisfying A(0) = I, ai3(2) = ass(z) = 0, asz(z) = a11(2)ae(z) —

ay2(z)ag (2). Let ) e
toy - (ul2) a(2))
6= (0 )

The orbit (G/H) x {0} of a homogeneous horizontal action 6 is (C') totally
stable (or T-stable) if for any neighborhood U of (G//H) x {0} there is § > 0 such
that if X1, Xo, X3 are smooth vector fields on U satisfying

Xg = [Xl,XQL [Xl,Xg} = [XQ,X?)] = 07 dcl(Xj,Xj) < (5, (] = 172,3)

then the orbit by X1, X, X5 of any point of the form (%, 0) is compact. Otherwise,
the orbit is T-unstable.

The orbit (G/H) x {0} of a homogencous horizontal action 6 is (C") locally
unstable (or L-unstable) if for any 6 > 0 there exist smooth vector fields X7, Xs, X3
in (G/H) x (—¢,¢€) satisfying

X3 = [XlaXﬂy {Xla)zii] = [X%X:i] = 07 dCI(XquJ) < 57 (] = 17273)
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such that X j coincides with X; outside (G//H) x (—4d,d) and such that the orbits
by X1, X5, X3 of any point of the form (x,0) is noncompact. Otherwise, the orbit
is L-stable.

Our main theorems concern the stability of the orbit (G/H) x {0} of a ho-
mogeneous horizontal action 6.

Theorem 1 If A*(0) is nilpotent then the orbit is L-unstable.

Theorem 2 If

~A 0 0
Ay=[ 0 2x 0], A#£0
0 0 A

then the orbit is L-stable and T-unstable.
Theorem 3 If det A*(0) # 0 then the orbit is L-stable.

Theorem 4 If A*(0) has no real eigenvalues then the orbit is T-stable.

In section 2 we justify our interest in homogeneous horizontal actions by
proving that for any compact action, the neighborhood of an orbit admits a finite
covering which is homogeneous horizontal. In section 3 we prove the instability
claims, i.e., we present explicit perturbations of certain actions. The main result
of section 4 is that a certain vector field is uniquely ergodic. In section 5 we study
the underlying foliations. Finally, in section 6, we prove our main results.

This paper follows closely the first author’s thesis ([1]), except for a chapter
which was developed separately ([2]). The simpler case of actions of R™ was
studied earlier by the second author ([10]).

The authors acknowledge support from CNPq, CAPES and Faperj (Brazil).
This work was done while the first author was in a leave of absence from Univer-
sidade Federal do Para and had a visiting position in UFF.

2 Homogeneous horizontal actions

Let G be the Heisenberg group, H C G be the discrete subgroup of integer
matrices, My be an arbitrary 4-manifold and M = G/H X (—¢,e¢).

Proposition 2.1 Let 6y : G x My — My be a smooth locally free compact action.
For any py € M, there exists an open neighborhood V' of py with the following
properties:

1. 'V is invariant under 0y;



2. there exists a covering map of finite order ¢ : M — V and a homogeneous
horizontal action @ on M such that 0(g,v(p)) = ¥(0(g,p)) for all g € G
andp € M.

Proof: Since orbits are compact and have codimension 1, the holonomy of each
orbit of 6y contains at most two elements and admits a saturated open neigh-
borhood (see [3] or [4]). Take V to be such a neighborhood. We assume the
holonomy to be trivial; otherwise just take a double cover.

Let v : (—€,€) — My be a smooth curve transversal to 6 with v(0) = py. For
each z, the subgroup H, C G of isotropy of v(z) is cocompact and discrete: let
A, = H,/|G,G] C G/|G,G] = Z? and a(z),b(z) € H, be continuously chosen
elements projecting via the quotient by [G, G] to generators of A,. Let ¢, : G —
G be the automorphism with

¢- b(2)

b=

O = =
O = O
— o O
I
IS
—
N
SN~—
o O =
)
_ o O
I

and define ¥ and @ by ¥((H, 2)) = () and 0(gy, (21, 2)) = (6 (91)gH, =) 50
that ¢ ((gH, 2)) = 0o(¢.(g),7(2)). We are left with proving that ¢ is indeed a
covering map of finite order and that 6 is well defined: these are rather straight-
forward checks and are left to the reader. Notice that the order of ¢ as a covering
is the index in H, of the subgroup generated by a(z),b(z). ]

3 Instability

Points of G/H have coordinates (yi, Y2, y3), meaning

1 0 0
U1 1 0| H
ys Y2 1

so that (y1,42,93) = (41, 45, 5) if and only if Y1 —y1, Y5 —yo and (y5 —ys) —ya(y1 —
y1) are integers. Alternatively, G/H can be constructed from the cube [0,1]?

(with points (y1,¥y2,v3)) by glueing faces as follows: (y1,y2,0) with (y1,y9,1);
(y17 07 3/3) with (y17 17 y3)7 <07 Y2, 3/3) with (17 Y2, y2+y3) The vector fields Yl = aiylu
Yy = 6%2 + yla%s and Y; = 8%3 are well defined in G/H and satisfy [Y1,Ys] = V3,
[Y1,Y3] = [Ya,Y3] = 0. Set Z = %: the vector fields Y7,Y5,Ys, Z form a basis for
the tangent space at any point of M = (G/H) X (—¢,¢).
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3.1 Proof of theorem 1

Our action 6 is given by a one parameter family of matrices A(z) with A(0) = I,

A*(0) nilpotent, where
/ !/
Ab(2) = (an(z) am(z)).
D) )
Set B = A’(0): notice that byz = byz = 0 and b3z = a};(0)az(0) + a11(0)ay(0) —
a5(0)az1(0) — a12(0)ah; (0) = a4, (0) + aby(0) = trace A*(0) = 0. Write A(z) =
I+ 2B: clearly, as3(2) = a11(2)a22(2) — @12(2)a21(z) for all z and this family of
matrices therefore defines a family of automorphisms ¢, : G — G and an action

~

0:GxM—-M
(9, (91H, 2)) = (:(9)91H, 2)

for which

Xl(yla Y2, Y3, Z) = (1 + Zbll)Yl + 2by1 Yo + 2031 Y5

Xo(y1, Y2, ys, 2) = 2b12Y1 + (1 + 2b2a) Yo + 2b30Y3

~

Xs(y1, 92,93, 2) = Y3

Since # and 6 are C* close in a neighborhood of z = 0, it suffices to construct
perturbations of 6.

Let (p2, —p1) be a nonzero vector in the kernel of A*(0), i.e.,
biip2 — biapr = 0,
ba1p2 — baap1 = 0.

Let (q1,¢2,q4) € R? be a solution of the equation

Q1p1 + q2p2 + qa(bsapr — baip2) = 0
with g4 # 0 (which is possible since p; and py are not both zero) and define
Cij = q;p;. Set
X1 (Y1, 92,93, 2) = X1 (Y1, Y2, Y, 2) + 9(2) (enYs + Yo + cn Z)
X2(y17 Y2, Y3, 2) = XQ(ylny, Ys, 2) + P (2) (c12Y1 + c22Ya + c42Z)
Xg(yhy%y&z) = X3(y17y2ay372)7

where 1) is a bump function with ¥(0) > 0. A straightforward computation
verifies that o . o o

[X17X2] — X37 [Xla X3] - [X27 X3] — 07
so that this defines an action. Since either c¢4; # 0 or ¢4o # 0, orbits of this action
intersecting z = 0 are not compact. This is the required perturbation.
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3.2 Proof of theorem 2 (instability part)

As above, take an explicit action § with correct A’(0):

Xl(y17y27y37z) = 6_)\23/17
X2(Z/173/273/372) = 62AZ1/27

~

Xs(yl,y2,y3,2) = 6’\ZY3-

A straightforward computation verifies that, for

Xl(ybymysaz) = Xl(ylay%y?nz)a

. c
Xo(y1, Y2, Y3, 2) = Xo(y1, Y2, Y3, 2) — XeAZZ,

XS(yla Y2, Y3, Z) = XS(yla Y2, Y3, Z) - C}/la
we have o . o o
[X17X2] = X37 [X17X3] = [X27X3] =0

and this therefore defines a local action 6. For any nonzero ¢, the orbits of 8
crossing z = 0 are noncompact. This, for small ¢, is the required perturbation.

4 Unique ergodicity of flows
in a nilpotent manifold

Let X = v1Y] 4+ voYs + v3Y5 with vy /v; ¢ Q: we prove that the vector field X is
uniquely ergodic in G/H.

In order to prove this result we consider the diffecomorphism ¢ : T? — T?
defined by ¢(z,w) = (az,zw) where a = ¢?™, ¢ ¢ Q (here we identify T? =
St x S, St € €): this is also uniquely ergodic. We employ the ideas of Van der
Corput’s theorem ([7]).

4.1 A diffeomorphism of the torus

Proposition 4.1 The diffeomorphism ¢ : T? — T? defined by ¢(z,w) = (az, zw)
where a = ¥, ¢ ¢ Q, is uniquely ergodic.

Notice that the usual unit measure p (the Haar measure, a constant multiple
of the Lebesgue measure) is invariant under ¢. This proposition implies that all
orbits of ¢ are dense in T?.



Proof: We must prove ([8] or Theorem 9.2 of [9]) that if f : T?> — C is continuous
then the sequence

gy = U+ fop++ fogN

converges uniformly to a constant (the integral of f). Furthermore, it suffices
to consider f a Laurent polynomial in z and w. Indeed, let f be an arbitrary
continuous function and let f, be a sequence of Laurent polynomial tending
uniformly to f. If a is the integral of f and a, is the integral of f, we clearly
have a,, — a. We may subtract a from f and a,, from f, and assume without loss
of generality that a = a,, = 0. Given € > 0, let ng be such that || f,,, — fllec < €/2.
We thus have

%H(fno+fnoo¢+---+fnoo¢N-1>—<f+fo¢+---+fo¢N—l>lloo<%

for any N. Since f,, is a Laurent polynomial, we assume that

1 _ €
N||(fno+fnoo¢+"'+fnoo¢N 1)||oo<§

for sufficiently large N. This implies
1 _
lonlloe = FN(f+Fod+ -+ fod™ N <e

for large IV, as desired.

Since a Laurent polynomial is a sum of monomials, it is sufficient to prove
our claim for f(z,w) = z"w™. It is easy to show by induction that

fodi(z,w) = aintail=Dm ntim,m
for all j. Our claim is trivial for n = m = 0. For m = 0 and n # 0,

1
gn(z,w) = — (2" +a"2" +a®2" + - 4 oV

N
S laM—1
" Nar—1 -
Since a and n are fixed and |z| = |a| = 1, (™ —1)/(a™ — 1)2" is bounded and

gn tends uniformly to zero as N goes to infinity.

Finally, if m # 0 we have

1 o ,
gn(z,w) = N(Z’" bt 4 i taa(=m ndgm

. Oé(Nfl)n+%(Nfl)(Nf2)mZn+(N71)m)wm.



Let w and z be the unit vectors in CV given by

1
w=——=(1,...,1),
\/_
7 — Zn’ agn+2](j 1)mzn+jm o ’a(Nfl)nJr%(Nfl)(NfQ)mZnJr(Nfl)m .
vl )
With the usual inner product, |gn(z,w)| = |[(z,w)| and we must prove that
(z,w) tends to zero uniformly in 2. Let Ry : C¥ — C¥ be the linear trans-
formation with Ry(ag,a1,...,an_2,an-1) = (a1,...,an—2,an_1,09); We have
Ry(ag,a1,...,an—2,an—1) = (an_1,a0,0a1,...,ay_2) and Ryw = w so that

(Rk .z, w) = (z,w). A straightforward computation yields

N—k)km
(B2, = = (L= o

+ (a3 W-PW- k1ﬁn+ﬂ..+([%UVJKN—%mﬁﬂN—MGﬂUZMFkX—mO.

I

for fixed k, the expression between parenthesis on the right hand side is uniformly
bounded in z and therefore, for any fixed k, (R%z,z) tends to zero uniformly in
z.

Let € > 0 and M > 4/e*. From what we just proved, there exists Ny > M
such that

1
((Rnz,2)|, [(Ryz,2)|,... (RN '2,2)| < i
for all N > Ny. Then
2+ Ryz+- -+ RY 2| = \/((z+ -+ RY '2),(z+ - + RY '2))

¢M+— M2 — M) < V2M.

Thus
1 M-1
(o, W)l = o5+ Rzt o R haw)
1
< M|Z+RNZ+"'+R]A\?_1Z||W|
< 1\/2M \/ 2 <
P — R €
- M M
for all N > Ny and for all z. [ |



4.2 Vector fields on G/H

Theorem 5 Let X be the vector field on G/H,
X =01Y1 + 1Yy +v3Y3

where vy, vy, v3 are constant real numbers. If vy /vy is irrational then X is uniquely
ergodic.

Notice that this implies that every orbit of X is dense in G/H.
Proof: Assume without loss of generality that v; = 1. Let ¢ : Rx G/H — G/H
be the flux corresponding to X:

1
(L, (Y1,Y2,y3)) = (y1 + t, Y2 + vat, ys + vst + voynt + 502752)-

Let m be the Lebesgue or Haar measure on G/H: it is clear that X preserves m.
Given a Borel set A and z € G/H, let

(2, A) = lim %)\({t € 0, T]|é(t, z) € A})

T—o00

where A is the Lebesgue measure on R. In order to prove that X is uniquely
ergodic it suffices to prove that 7(z, A) = m(A) for every x € G/H and every A
in a basis of the o-algebra of Borel sets. Our basis consists of sets of the form

A= Ae,yl,D = {¢(57 (y17y27y3>>75 € (07 6)7 (?/2793) S D}

where € € (0,1) is a real number and D C T? is a Borel set (possibly a disc):
m(A.,, p) = ep(D) where u is the unit Lebesgue measure on T2

Let ty be the smallest nonnegative real number for which ¢(to,x) is of the
form (yy, *, *): set ¢(tg, x) = (y1,7), T € T?. Clearly,

T(x, Aeyy.p) = Tlgr;o % card{s € Z,0 < s < T, ¢} (%) € D}

where ¢, : T? — T? is defined by ¢; more precisely,

(L, (Y1, v2,y3)) = (Y1, d1(y2,y3)) = (Y1, Y2 + V2, Y3 — Y2 +v3 + (31 — 1/2)va).

The diffeomorphism of the torus ¢ is conjugate to a diffeomorphism of the form
discussed in 4.1 and therefore uniquely ergodic. Thus 7(z, Acy,.p) = eu(D) =
m(A) and we are done. |



5 Foliations

5.1 Excellent foliations and
near-identity nilpotent pseudogroups

We define in this section excellent foliations of M = G/H x (—¢, €), which have
noncompact orbits but are near compact foliations. We then define the horizontal
subalgebra at each point; we use results from [2]. The reader should also see [6]
for the more natural problem of studying nilpotent groups of diffeomorphisms of
one-manifolds.

Let Fy be the foliation of M whose leaves are of the form G/H x {x}. Thus,
Fo is the foliation defined by a horizontal homogeneous action. We will study
foliations F near Fj.

We call F acceptable if its leaves are always transversal to vertical lines, i.e.,
lines of the form {*} x (—¢,€). Clearly, foliations near F, are acceptable. Alter-
natively, we say that a foliation is acceptable if the restriction of the projection
M — G/H to a leaf is a local diffeomorphism.

Given a function v : [a,b] — G with y(a) = go and a point (goH, z0) € M,
we call the lift of v to be a path of the form 4 : [a,a + 0) — M such that
F(a) = (goH, z0), 7'(t) is tangent to F for all ¢t and my 0§ = 7y o v, where
mg : G — G/H is the canonical projection. Clearly, lifts exist for sufficiently
small 9 and there exists a unique maximal lift; we say that ~ lifts if the domain of
the maximal lift ¥ is [a,b]. The foliation F is said to be k-good if ~y lifs provided
|20] < €/2 and the length of the image of 7 is smaller than k; abusing notation,
we say that F is good if it is k-good for some implicitly given value of k.

For a good foliation F and gy € G, define the functions f= : (—¢/2,¢/2) —
(—€,€) as follows. First, for i = 1,2,3, s = &1, construct paths v; ; : [0,1] — G
defined by

1 1 1
Yoort) =go | st 1 Vg2 =90 [0 1 Vaes)=go | 0 1
0 0 1 0 st 1 st 0 1

Now, for z € (—¢/2,¢/2), lift each 7, ; starting from (goH, z) to obtain points
(90H, f5,:(2)). Clearly, each f; ; is smooth and strictly increasing. Notice that

-1 - . 1 . . B 1
4o, 18 the inverse of fy .; from now on, we write f, ; instead of f, ;. Moreover,

if goH = g1 H then f,, 3 = fy,3 and, for i = 1,2,
fgl,i = fgo,i © (fgo,3>m

for integers ni,nsg: this means that the choice of gq is not strongly relevant and
from now on gy will be omitted in the notation. Finally,

[fo, fil = fato fit o fao fi = f3,[fs, 1] = [[f3. fo] = id.
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The functions f1, fa, f3 form a near-identity nilpotent pseudogroup of functions
as defined in [2] if they are sufficiently near the identity; in this case, we call F
excellent. A leaf L is called abelian if f3(z) = z for (goH, z) € L; the foliation F

is called abelian if all its leaves are abelian, or, equivalently, if f5 is the identity.

Let @ : G — R be a group homomorphism: the 1-form da can be lifted
to G/H and therefore to G/H x R, where it is closed but probably not exact.
The 1-form dz, where z is the R-coordinate, is exact in G/H x R and therefore
do + dz is a closed 1-form in G/H x R, defining a foliation F,. We say that
the homomorphism « is rational if it takes elements of H to rational numbers
and « is irrational otherwise. The theorem below is a slightly modified version
of theorem 2 from [2].

Theorem 6 Given a manifold of the form G/H there exists eq/g such that, if
Fi is a smooth foliation of G/H x (—=1,1) with dei(Fo, F1) < €q/m, then one of
the three conditions hold:

1. Fi has at least one compact leaf and is an abelian foliation; for any mazximal
connected open set U of G/H x (—1,1) containing no compact leaf, there
exists a homomorphism o : G — R, an open set J C G/H x R and a
homeomorphism ® : J — U taking F, to F.

2. F1 has no compact leaf and is an abelian foliation; there exists an irrational
homomorphism o : G — R, an open set J C G/H x R and a homeomor-
phism ® : J — G/H x (—1,1) taking F, to Fi.

3. F1 has no compact leaf and has an abelian leaf Ly; there exists a rational ho-
momorphism « : G — R, an open set J C G/H xR and a homeomorphism
¢ T — G/H x (—1,1) taking one leaf Lo of Fu to a leaf Ly.

The construction of the homeomorphism @ is such that the G/H coordinate
is preserved, i.e., ®(gH, x) = (gH, *).

5.2 The horizontal subalgebra

For a group homomorphism a : G — R, let o’ : G — R be the induced Lie algebra
homomorphism. We call the kernel & C G of o' the horizontal subalgebra. This
can also be contructed as follows: let a be the translation number of f5 relative
to f1; the horizontal subalgebra £ C G is defined as the set of matrices

0 00
—ay 0 0
z vy 0

11



In order to present another interpretation for £ we first construct a local action
F:GxM— M.

For py = (gH,z) € M and h € G, let § : [0,1] — G be a continuous
path with 6(0) = I, §(1) = h. Construct a path v : [0,1] — M whose image
is contained in a leaf of F (or, equivalently, such that +'(¢) is tangent to F
for all t) such that v(0) = po, v(t) = (5(t)gH,*); define F(h,py) = v(1). It
is easy to prove independence on the choice of ¢ and that F is indeed a local
action, i.e., that F(hihs,po) = F(hi,F(he,po)). Let ¥ be the derivative of F,
ie., ¥, (v) = F(exp(v),po). It follows easily from the theorem above that if p,
is sufficiently far from the boundary of M then WU, (v) is defined for all v € &,
where &; is the closed neighborhood of radius 1 of &£; by compactness, for such
Do, the function ¥, : & — M is uniformly continuous.

From now on we shall consider two cases, depending on whether « is a rational
or irrational homomorphism, or, equivalently, depending on whether a, the trans-
lation number of f; relative to fi, is rational or irrational. The irrational case
corresponds either to case 2 in theorem 6 or to case 1 with « irrational. In the ir-
rational case, the closure of W, (&) is M ,, = ®(x, 2y) where ®(py) = (9H, 2),
a topological manifold homeomorphic to G/H. The vector field —aY; + Y5 is
tangent to M, p, and, from theorem 5, uniquely ergodic in M; ,,. The topological
manifold M, ,, thus receives a unit measure p.

Consider the (yi,y;) torus T? = R?/Z? where R? has coordinates y; and
yo. In the rational case, the projection of ¥, (£) C R? onto T? is a rational
curve and the projection onto G/H is a 2-dimensional torus. If py belongs to an
abelian leaf (for instance, in case 1), then ¥, (&) is a 2-dimensional torus Ma,,
contained in ®(*,2y) where @ (py) = (gH, o). If po belongs to a nonabelian
leaf, however, there may exist infinitely many points (¢H, z) in ¥, (£) above each
point gH of the torus. For each gH, let 2™ and 2~ be the supremum and infimum,
respectively, of the set of values of z for which (¢gH, z) belongs to ¥, (£). The
tori My, and M;, are formed by points of the form (9H,z") and (gH,z"),
respectively, and are contained in abelian noncompact orbits. We shall usually
take po as an abelian leaf to avoid these complications but in either case the
vector fields Y3 and —aY; + Y5 are tangent to M, ,,, or prg and define unique
unit invariant measures p or u* in My, or M;fpo.

If po = (gH, z0) and p; = (gH, z1) belong to the same leaf then projection
yields a measure preserving homeomorphism Ly, ,, : M, p, — M, ..
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6 Stability

6.1 The function 7,

Let Ab: G — R? and Ab' : G — R? be the abelianization of the group G and its
Lie algebra G, respectively, i.e., the projections defined by

1 0 0 0O 0 O
Ab yi 10 = (y1,y2), AD vp 0 0 = (v1,v2).
yz Y2 1 vs vy 0

Let 6 the homogeneous horizontal action

0 : GxM — M
(9,(91H,2)) — (d:(9)91H, 2)

where M = G/H x (—e¢,¢€) and ¢, is a smooth family of automorphisms of G
such that ¢q is the identity. The orbits of # form the horizontal foliation Fy. Let
6 be a smooth local action near 6; its orbits form a foliation F of M. If 6 is
a perturbation of #, we may assume F to be an excellent foliation and use the
results of the previous section. For a vector v € G, write 7,,(v) for the vector w
in G taken by 6 to a vector of the form (v, %):

T(t) = f(exp(tw), po),  T'(0) = (v, %).

Given py, define Tap, : € — R? by

Tabpn (V) = /M AW (7,(v))dpa(p)

*,00

_ _ _ +
where M, ,, = My, M, = My, or M, = M.

2, depending on whether the
translation number is irrational or rational.

In order to provide a geometric interpretation for the function 74, we intro-
duce an auxiliary function &,, : & — G-

0(Epn (), p0) = Ty (v);

&p, 1s uniformly continuous in &;.

Lemma 6.1 For a noncompact perturbation 0 of 0,
o1
TAb,po (V) = tlg?o ;Ab(gpo (tv)).
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Proof: We first consider the irrational case. Take

0 0 O
U:(U17U27/U3) = (%1 0 0 65,
V3 V2 0

we have Ab(&,,(tv)) = fot AD' (T (v))ds where p(s) = W, (sv). If (v1,v2) # 0 it
follows from theorem 5 and from Birkhoff’s theorem that

tim TAb(E(t0) = [ AV (0))dn(p) = T polv),

t—o00
MLPO

as required. If v = (0,0, 1), we have

lim TAD(G, (1) = [ AV((0))dp,

to0 S(po)

where S(po) C M, is the circle F(exp(¢(0,0,1)),po). We have to show that if
p1 € My then

| avGena= [ v,
S(po) S(p1)

i.e., that
1 1
lim —Ab(&, (tv)) = Jim ;Ab(fpo (tv +w))

t—o0 t

where v € £ and w € &;. Since we have already seen that both limits exist, it
sufficies to prove that Ab(&,, (tv)) — Ab(&,, (tv +w)) is bounded, and this follows
from uniform continuity of .

In the rational case, M;po is a torus. If the orbit of v is dense, the result

follows directly from Birkhoff’s theorem, as before. Otherwise, we again have
that the limit equals an integral over a circle and independence from the choice
of circle follows from uniform continuity of &, . [

6.2 Dependence of 74y, on py

Set

E3:

= o O
o O O
o O O

Lemma 6.2 The value of Tap,(Es) is constant on each abelian orbit of 6. If 0
has a compact orbit then Tapp(E3) = 0 for any point p.

14



Proof: We first prove that Ab({,(Es)) is constant on abelian orbits. Indeed,
let po = (goH, z0) and p; = (goH, z1) belong to the same abelian orbit of 6 with
0~(g7 po) = p1. The closed loops 7,,3 and 7,, 5 are the images under 6 of paths
Y0,71 € G with ¢g7'y1(t)g = o(t). Clearly, &,,(F3) = (1) at p;, @ = 0,1 and
therefore Ab(&,,(Es)) = Ab(&,, (E3)). From the proof of lemma 6.1, it follows
that this constant value of Ab(&,(E3)) is Tapp, (Es3).

At a compact orbit, the path 7,3 is the commutator of 7,,, and 7,2 and
therefore &, (E3) is also a commutator and therefore Ab(,,(E3)) = Tabp, (Es) =
0. On the other hand, if py belongs to a noncompact abelian orbit but a com-
pact orbit exists then there exist pi,ps,... is the same orbit as py tending to
Do, @ point in a compact orbit. We have Ab(&,,(Es)) = Ab(§,,(E3)) for all i.
On the other hand, the closed loops 7, 3 tend uniformly to 7, s and therefore
lim; o Ab(&p,(E5)) = Ab(&,. (E5)) = 0 and we have Ty, (E3) = Ab(&,,(E3)) =
0. |

The example presented in subsection 3.2 shows that Tay,,, (£3) is not always
zero, not even if the foliation is abelian. In that example, it is easy to verify that

1

0 0
g(gH,z)(ES) = C ]_ O
01

67)\,2

and therefore Ty, (ym.2)(E3) = (¢, 0) # 0.

Lemma 6.3 If py = (goH, 20) and py = (goH,21) belong to the same abelian
orbit of 0 then Tapp, (V) — Tabp, (V) is a multiple of Tapp(Es3).

Proof: Set p; = F(h,py) and F}, be the local diffeomorphism Fj,(p) = F(h,p).
For u € &, write u* = h~luh, the conjugate of u by h. We clearly have
hexp(tu™) = exp(tu)h and therefore F}, (W, (tu")) = ¥, (tu). From the definition
of &, we have F,(0(&,, (tu"), po)) = 0(,, (tu), p1) and therefore |&,, (tu") — &, (tu))|
is bounded when ¢ goes to infinity, yielding Tapp, (") = Tapp, (u). Since u" —u
is a multiple of F5 we are done. [ |

The following two results are now immediate.

Corollary 6.4 If 6 has a compact orbit then Tay,, is constant in each connected
component of the complement of compact orbits.

Corollary 6.5 The image of the map Tan, has dimension 1 and is constant

in each connected component of a vertical line of the form (goH,*) minus the
intersection with compact orbits.
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6.3 Proof of theorems 3 and 4

We begin with theorem 3. Assume by contradiction that there exists a non-
compact action @ near 6 coinciding with @ outside a neighborhood of an orbit.
Take po = (goH, z0) and p; = (goH, 21), 21 > 2o, in the same non-compact orbit.
From corollary 6.4, Tapp, = Tabp,- Let v € € with |Ab’(v)| = 1. By definition of
TAb,p, We have

and therefore

/M (AV (7, () — A (7(0)))dia(p) = 0.

*,P0

On the other hand, for each p € M, ,,,

- - d
Ab/(TLpo,pl(P)(U)) — Ab/(Tp(’U)) = Abl ([ %T(gH,z)dZ) ("U)
20

Notice that for the original action 6,

ATy (v) = B(z)(AD(v),  B(z) = (“n<z> m(z))‘

921 (Z) 929 (Z)

and therefore

A3 (0) = —(B(2) A1) B2)(AB (1)
Since A*(z) is assumed to be invertible, —(B(2)A*(2)B(z))(Ab'(v)) # 0; by com-
pactness, for 0 sufficiently near 6, Ab'%%(gmz)(v) belongs to a convex open set
not containing the origin and therefore the integral above belongs to the open
cone spanned by this open set, contradicting the fact that the integral equals
zero. This completes the proof of theorem 3.

For the proof of theorem 4, assume without loss of generality that A*(u)Au > 0
for all nonzero vectors u. We know that if 7ay,,,(v) = w then 7app, (v) = cw for
some positive number ¢. We have w A Tay,,, (v) = 0 and therefore

zZ1 d
w A Ab’ ( / E%(QH,Z)dz) (v) = 0.
Zo

For § sufficiently near 6, we may assume that Ab/(7,(v)) always belongs to
a narrow angle around w; since B(z) is near the identity we have w A
(—(B(2)A*(2)B(2))(Ab'(v))) > 0, again yielding a contradiction.
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