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HOMOTOPY TYPE OF SPACES OF CURVES WITH CONSTRAINED
CURVATURE ON FLAT SURFACES

NICOLAU C. SALDANHA AND PEDRO ZUHLKE

ABSTRACT. Let S be a complete flat surface, such as the Euclidean plane. We determine the
homeomorphism class of the space of all curves on S which start and end at given points in given
directions and whose curvatures are constrained to lie in a given open interval, in terms of all
parameters involved. Any connected component of such a space is either contractible or homotopy
equivalent to an m-sphere, and every integer n > 1 is realizable. Explicit homotopy equivalences
between the components and the corresponding spheres are constructed.

0. INTRODUCTION

Let —oo < k1 < kg < 400 and Q = (¢,2) € R? x S*. Let €72(Q) denote the set, furnished with
the C™ topology for some r > 2, of all regular curves ~: [0,1] — R? of class C" such that:

(i) 7 starts at 0 € R? in the direction of 1 € S! and ends at ¢ in the direction of z;

(ii) The curvature k- of v satisfies k1 < k4 (t) < ko for all ¢ € [0,1].
A more accurate reformulation of (i) is that v(0) = 0, t,(0) = 1, (1) = ¢ and t,(1) = z, where
t,: [0,1] — S! denotes the unit tangent to .

There is a natural decomposition of €f2(Q) as the disjoint union of its subspaces C2(Q;61),
where the latter contains those curves which have total turning 6y, for ¢t = 2. By Theorems 4.19
and 7.1 in [I7], each of these subspaces is either empty or a contractible connected component of
Cr2(Q), except when k1, kg have opposite signs and 01| < 7. To study what happens in this case,
it may be assumed without loss of generality that k1 = —1 and k3 = +1, by Theorem 2.4 in [I7].
For a fixed Q = (¢, z) with z # —1, there exists exactly one subspace C*1(Q;6;) with 6, € (-7, 7);
it contains the curves in Gﬂ(Q) of minimal total turning in absolute value. Let it be denoted by
M@Q).

The central result of this work states that M(Q) is homotopy equivalent to S™ for some n €
{0,1,...,00}, and allows one to determine n by means of a simple construction (recall that S is
contractible). In particular, any of the indicated values is possible.

In the sequel R? is identified with C for convenience. Also, E denotes the separable Hilbert space,
Cy(a) denotes the circle of radius r > 0 centered at a € C and X ~ Y (resp. X ~Y) means that X
is homeomorphic (resp. homotopy equivalent) to Y.

Theorem. Let Q = (g,2) € Cx SY, 2 # —1. Then M(Q) ~ E x S82¢ or E x 821 (k > 0) for q in
the open region intersecting the ray from 0 through 1+ z and bounded by the three circles

{C4k+4(iz —1) and Cypy2(E(i +1i2)), or

see Figure (1)).
Cupya(i —i2) and Cypie(E(i +i2)), respectively ( gurell)

If q does not lie in the closure of any of these regions, then M(Q) =~ E. If q lies on the boundary of
one of them, then M(Q) ~ M((q — 6(1 + z),2)) for all sufficiently small § > 0.

Remark. Let S, denote the set of all (¢,61) € C x R such that €7}(Q;6;) is homotopy equivalent
to 8™, where Q = (¢,€"1) and n € {0,1,...,00}. Together with the aforementioned results of [17],
the theorem implies that S, is a bounded subset of C x (—m, ), neither open nor closed but having
nonempty interior, for any finite n. Moreover, if

Sn(z) ={qeC:M(Q) ~S", @=(q,2)},
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FIGURE 1. This drawing to scale indicates the homeomorphism class of M(Q) in
terms of ¢, for @ = (¢,z) € C x S! and a fixed z # —1 (here z ~ exp(‘F)). If
q lies in the unshaded region, then M(Q) ~ E, the separable Hilbert space. The
line segments are only auxiliary elements and do not bound any regions. The line
through 0 and 1+ z (not drawn) contains £(i — iz) and is an axis of symmetry of
the figure. The radii of the circles are indicated inside parentheses near their centers.
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then lim,,_, Area(S,(2)) = +00 = Area(Soo(2)) for any 2z € S \ {—1}, as suggested by Figure
The precise determination of Area (S, (z)) in terms of n and z will be left as an exercise.

Example. Let Q, = (z,1) € R x S'. Then M(Q,) ~ E if x < 0 and

€ (VK2 +k, k+1]
€ (k+1, Vk?+3k +2]

Note that the size of the interval where M(Q,) =~ E x S™ approaches 2 as n increases.

E x S%k if

ke N).
E x S2k+1  if ( )

M(Qq) = {

NSNS

E E xS E x S! E x §? ExS3 E x S* E x S°

—

z=0 4 4+/2 8 46 12 83

FIGURE 2. The homeomorphism class of M(Q,.) as a function of x € R.

The following concepts are essential to all that follows.

(0.1) Definition (condensed, critical and diffuse). Let : [0,1] — C be a regular curve,
t,:[0,1] — S! its unit tangent vector, and 6,: [0,1] — R a continuous argument function for
t., that is, one satisfying t, = exp(if,). We call v condensed, critical or diffuse according as its
amplitude
w= sup 0,(t)— inf 6,(t)
t€[o,1] K tefo1]

satisfies w < m, w = 7 or w > m, respectively. The open set of all condensed (resp. diffuse) curves
in M(Q) shall be denoted by U. (resp. Ug). A sign string o is an alternating finite sequence of
signs, such as +—+ or —+ —+. Its length |o|, the number of terms in the string, is required
to satisfy |o| > 2, and o(k) denotes its k-th term (1 < k < |o|). Its opposite —o is the sign

string satisfying |—o| = |o| and (—0)(k) = —o(k). A critical curve v is of type o if there exist
0<t <ty <- <ty <1with 0,(tx) = supf, or inf 6, according as o(k) = + or —, but it is
impossible to find 0 < s < --- < 8541 < 1 such that t,(sg11) = —t,(sp) foreach k =1,...,|o|.

Ezample. Suppose that M(Q) ~ S!. Then a generator of m;M(Q) is represented by any family of
curves v5 € M(Q) (s € [0,1]) such that:
(i) s is condensed for s € [0, ) U (3, 1] and v = 71;

(ii) 7, is diffuse for s € (1, 3);
; 3

(iii) s is critical of type +— when s = 7 and critical of type —+ when s = .
As mM(Q) = 0 for k > 1, the resulting map S — M(Q) is actually a weak homotopy equivalence,
and hence a homotopy equivalence, since M(Q) is a Banach manifold (cf. Theorem 15 of [I4]).

In particular, suppose that 4 < z < 4v/2 and let Q, = (r,1) € C x S, as in the preceding
example. A generator of mM(Q,) can be visualized by completing Figure [3| to obtain a family
vs € M(Qy) as above. For s = 3 one may take the concatenation of a figure eight curve (that is, a
curve of total turning 0, not drawn in the figure) with o = 71, where the latter denotes the straight
segment from 0 to z. Of course, it needs to be checked that this homotopy can actually be carried
out within M(Q,). This is the case if and only if z > 4; this was originally proved as Theorem 5.3
in [4] and then generalized in Theorem 6.1 of [17].

A generator of m, M(Q) when M(Q) ~ S™ is constructed in §6] and an informal description is

given at the end of this introduction.

Let S be a complete flat surface, kK1 < ko and u,v € UTS, the unit tangent bundle of S;
throughout the article, UT'C is identified with C x S*. Let CS 2 (u,v) denote the space of all curves
on S whose lift to UT'S joins u to v and whose geodesic curvature takes values in (k1, k2), with the
implicit convention that ko = —k1 > 0 if S is nonorientable (for the formal definition, see §8 of [17]).

When 1 and k2 have opposite signs, the homeomorphism class of €S} (u,v) can be determined
from the theorem as follows, provided only that a description of S as a quotient of C by a group of
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T

FIGURE 3. Constructing a generator of 7 M(Q) when @ = (z,1) € R x S! and
4<z<4v2

isometries is known. If the coordinates of C are chosen (as they may be) so that the vector 1 € S?
at 0 € C projects to v under the induced map pr: UTC — UT'S, then by Proposition 8.3 in [17]

(1) esizwo)~ I ez,

Qepr=1(v)

where the inverted product denotes disjoint union. Moreover, there is a homeomorphism h: CxS! —
C x S! (depending on k1, k2) such that €2(Q) ~ €T (h(Q)) for all Q € UTC. A simple expression
for h is available from Theorem 2.4 in [I7]; hence, the homeomorphism class of €S2 (u,v) can
actually be computed explicitly.

The homeomorphism in always holds, but for k12 > 0, each of the spaces €j2(Q) appearing
on the right side decomposes as a union of infinitely many components homeomorphic to E, as
shown in Theorem 7.1 of [I7]. This case is thus not as interesting as the one where xk1k2 < 0. (To
determine the sign of x1k2, we set 0(£o0) = 0 by convention.)

Corollary. Let S be a complete flat surface, k1 < kg and u,v € UTS. Then each component of
CSf2(u,v) is homeomorphic to E x 8™, for some n € {1,...,00} depending upon the component.
The number of components homeomorphic to E x S™ is finite for n < oo, and infinite for n = co.

Proof. Only the last assertion for the case k1k2 < 0 still needs to be justified. For this, consider
the decomposition . The existence of the homeomorphism h: UT'C — UT'C such that C2(Q) ~
CT1(h(Q)) for all Q € UTC shows that it may be assumed that s; = —1, ky = +1.

Now for any Q € pr—'(v), each of the infinitely many components of €*1(Q) is contractible
except possibly one, namely, M(Q). Write S = C/I', for some group I' of isometries of C. By
proper discontinuity of the action of I, for each n < oo, the intersection of pr=—!(v) C UTC with

{QeUTC : M(Q) ~E x 8"}
is finite, since the latter is a bounded subset of UTC for all finite n. ([l

Ezample. For a € C, denote by T,: C — C the translation z — =+ a. Let S = C/I" be a flat torus,
where T" is the group (T1,T;), and let w € UTS be arbitrary. Then for every n € {1,2,...,00},
there exists a connected component of GSf%(u,u) homeomorphic to E x S™. Since S is isotropic,
we may assume that u = pr(0), where O = (0,1) € C x S'. Then according to (), €S} (u,u)
contains homeomorphic copies of M(Qy) for every k € Z, where Q; = (k,1) € C x S is as in the
first example. The same conclusion holds even if T} and T; are replaced by 75 and Tb;, because
the lattice 2(Z x Z) intersects the interior of each of the shaded regions in the analogue of Figure
for z = 1. In contrast, for S = C/ (T}, Ty;), no connected component of CS™1 (u, u) is homotopy
equivalent to S*. This illustrates the general fact that the topology of €S, 72 (u,v) is closely linked to
the global geometry of S.
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Outline of the proof. Although the proof of the main theorem is somewhat technical, the un-
derlying idea is quite simple. For each sign string o, we define the concept of “quasicritical curves
of type ¢”. These form an open set U, C M(Q) containing all critical curves of type o in M(Q),
with U, = 0 if there exists no curve of the latter type. The naive plan is to prove that U., Uy
and the U, (for o ranging over all possible sign strings) form a good cover of M(Q), meaning that
their k-fold intersections are either empty or contractible for any & > 1. Since M(Q) is a Banach
manifold, its homeomorphism class is completely determined by the incidence data of this cover,
which is equivalent either to that of the good cover of S*~! by the hemispheres

(2) UikZ{(a:1,...,$n)€Sn712 :|:$k->0} (k=1,...,n)

or else to the cover of S"~1 \ {(0,...,0,—1)} obtained by omitting U_,,.

More precisely, let 7 be a top sign string for M(Q), i.e., one having maximum length |7| among
those strings o such that M(Q) contains critical curves of type o. The fact that U, # ( will
immediately imply that U, # () whenever |o| < |7|. The integer n appearing in equals |7|, and
the combinatorial equivalence between the cover of M(Q) and that in is given by

(3) uc A d U+1, ud Ad U_1 and ug d Ua(l)\a| (fOI‘ ug 7£ @)

Thus, M(Q) is contractible if U_, = ), and it has the homotopy type of S*~1 if U_, # (. Note

that n = |7| > 2 by the definition of sign string. If M(Q) does not admit a top sign string (or,

equivalently, if it contains no critical curves at all), then it has the homotopy type of a point or of

S? according as U, is empty or not; this situation was already considered in Theorem 6.1 of [17].
Briefly stated, denoting by T the subset of M(Q) consisting of all critical curves:

U, =0 = M(Q) =~ E;
U, # 0 and T =0 = M(Q) ~ E x S%
U ADand T# D= MQ)~ExS" ' orE (n=|r|, 7 a top sign string),

depending on whether M(Q)) contains critical curves of type —7 or not, respectively. (It is shown in
[17] that U, is never empty, and that U, = @) implies T = ().) The determination of whether M(Q)
contains condensed or critical curves of any given type in terms of () was already carried out in
Propositions 3.17 and 5.3 of [17], and this is essentially what is depicted in Figure

Informally, v: [0,1] — C is quasicritical of type ¢ if it is possible to find ¢ € Rand t; < --- < {|4|
such that the unit tangent vector t, to v satisfies t,(t;) =~ o(k)ie’¥ for each k = 1,...,|o| and
(ty,€?) > 0 away from these points. In words, 7 is nearly vertical with respect to the “axis” e’?
near the points 7(tx), with orientation prescribed by o, but elsewhere its image is the graph of a
function.

Unfortunately, the set of all ¢ € R with respect to which a curve is quasicritical of type ¢ need
not be an interval. Given a continuous family K — U,, p — ~P, this makes it difficult to choose
P continuously so that each 7P is quasicritical with respect to ¢P. To circumvent this, we work
instead with a certain space N(Q) C M(Q) x R. The strategy to understand the topology of N(Q)
is exactly as described above: First an open cover U of N(Q) by subsets V., V4 and V,, is defined,
where roughly V. and V4 are products of U, and Uy with R, and for each sign string o, V, consists
of pairs (v, ¢) such that v is quasicritical of type o with respect to . It is then proved that these
sets form a good cover of N(Q), whose combinatorics is determined by when U is replaced by V.
Finally, it is established that the restriction to N(Q) of the natural projection M(Q) x R — M(Q)
is a homotopy equivalence.

Outline of the sections. Given a sign string oo and a substring o1 of o2, there are in general
many ways to embed oy into oo. For instance, if 01 = —+ and o3 = — + —+, then there are three
substrings of o9 isomorphic to o1, namely, those determined by the pairs of coordinates (1,2), (1,4)
and (3,4). In §1| we consider certain subspaces of R™ determined by inequalities involving a set of
strings o1, ...,0m,, each a substring of the next, which encode the purely combinatorial difficulties
that arise in the study of the topology of V,, N---N"V,, . The main result of the section states that
the former subspaces are in fact all weakly contractible. In the case of two strings, we construct
homeomorphisms from the resulting spaces onto Euclidean spaces, and for larger sets of strings we
use induction and certain collapsing maps which are quasifibrations.
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One of the tools in the proof that the cover U of N(Q) is good is a procedure for “stretching”
curves, illustrated in Figures |§| and which generalizes the grafting construction of [I7]. This
procedure is explained in along with some of its properties that are needed later.

The formal definitions of quasicritical curve, the space N(Q) and its cover U are contained in §3.
Most of the results in this section concern basic properties of quasicritical curves, and how to con-
tinuously choose “stretchable” subarcs for a given family of such curves so that when the stretching
construction is actually carried out, the resulting homotopy will preserve important properties of
the original family, such as being condensed or simultaneously quasicritical of several types. It is
also shown there that the projection N(Q) — M(Q) induces surjections on homotopy groups.

The combinatorics of the cover U of N(Q) is determined in §4. It is very easy to see that
V.NVy =0 and V, N V_, = § for any sign string . On the other hand, given sign strings
01y, Om With |o1]| < -+ < |oy,|, with some care one can deform a critical curve of type o, to
make it simultaneously quasicritical of type o; for each j. Thus an intersection of elements of U is
empty if and only if it involves some “opposite” pair, just as for the cover in .

The objective of §5 is to prove that 2 is a good cover. Given a continuous family (v?,¢P) €
Vo, NNV, , with p ranging over a compact space, each v? can be stretched to become nearly
critical (as in Figure , and then deformed to a concatenation of circles and line segments (as in
Figure which is essentially determined by the slopes of the segments. The results of §1|can then
be used to conclude that the resulting family is nullhomotopic.

The proof that N(Q) and M(Q) are homeomorphic is completed in §6. Moreover, when M(Q) ~
S"~1 where n = |7| > 2 is as above, explicit homotopy inverses f: 8"~ — M(Q) and g: M(Q) —
S™~! are constructed. Let C, denote the set of all critical curves of type 7 in M(Q). Intuitively,
the map g measures the failure of curves in M(Q) to belong to €,. If « is a generator of H*(S"™ 1),
then ¢g*(«) is the “Poincaré dual” of C,, except that the latter is not really a submanifold of M(Q).
The map f represents a generator of 7, _1M(Q) and admits the following description: Regard S"~1

as a CW complex with two k-cells €& for every k =0,...,n — 1. Then
fleh) cUa, fleh) C U,
and for each k = 0,...,n — 2, f maps ek into the set of critical curves of type £ % in M(Q),

where 6”% denotes any of the two sign strings of length n — k. The actual construction of f is a
bit different, but more precise; in particular, it shows that these inclusions can indeed be satisfied.

Related work. As far as we know, the first person to systematically study planar curves with
constrained curvature was L.E. Dubins. In the much-cited paper [3], he investigated curves of
minimal length in €7 (P, Q)ﬂ and in [4] he attempted to determine the connected components of
this space, obtaining some partial results and formulating several conjectures. Much later, in [I7],
the components of C2(P, Q) were characterized, and most of his conjectures were proved.

Of course, the definition of €S} (u,v) makes sense for any Riemannian surface S. One can even
consider analogous spaces CM/?(u,v) of curves on a Riemannian manifold M of dimension n > 2
by replacing the geodesic curvature of a curve by its (n — 1)-th curvature (also called its torsion,
cf. [10], p. 18). The important special case where k1 = —oo and kg = 400 (that is, where the curves
are regular but no conditions are imposed on their torsion) was a precursor to the Hirsch-Smale
theory of immersions. Smale showed in [2I], Theorem C, that for any « € UTM, CM*2 (u,u) is
weakly homotopy equivalent to the loop space QUT M. In one direction, the homotopy equivalence
comes simply from lifting a regular curve on M to UT'M. The special case where M = R? yields
the classical Whitney-Graustein theorem ([23], Theorem 1).

Later work on the subject was mostly concerned with characterizing the connected components
of spaces of closed nondegenerate curves, i.e., those having nonvanishing curvature (torsion). In the
present notation, these correspond to CM° __(u,u) U CM > (u,u). Papers treating this problem for
the simplest manifolds, such as R™, S™ and RP", include [1], [B], [6], [8], [@], 11, [12], [13], [16],
[19] and [20]. In [I8] the connected components of C(S?)%2(u, u) are characterized for all k1 < kg,
and in [I5] the homotopy type of spaces of (not necessarily closed) nondegenerate curves on S? is
computed.

TActually, for the purposes of [3] it is more natural to work with curves whose curvatures are allowed to be
discontinuous and to take values in the closed interval [—kq, +ko], otherwise the minimal length may not be attained.
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The present paper relies strongly on [I7]. Some familiarity with the contents of sections 0, 1,3, 4
and 5 therein will make a few of the proofs here more easily understood.

1. ON CERTAIN SUBSPACES OF EUCLIDEAN SPACE DETERMINED BY SIGN STRINGS
A cell decomposition of R". Throughout the article, the set {1,...,n} will be denoted by [n].
Let 2<n €N, m € [n] and let § # Ji,...,Jp C [n] satisfy [n] = | [j_, J;. Define
g, = {:L' €R" : xy < zp if and only if k € J;, k' € J; for some j < j' € [m]}

.....

It is easy to check that each cell Wy, . ;. is an m-dimensional convex cone. Furthermore, R" is
the disjoint union of all such cells. There is only one 1-cell W,;, which consists of the multiples
of (1,1,...1) in R™. At the other end, there are n! cells of dimension n, each Wy, ; being
determined by the permutation © € S,, such that w(k) is the unique element of Jy. These n-cells
are open in R™, while the k-cells for 1 < k < n are neither open nor closed. See Figure (a) for an

illustration of the case n = 3.

Remark. The k-cells in this decomposition are dual to the (n — k)-faces of the (n — 1)-dimensional
permutohedron. The total number of cells (faces) is given by the n-th ordered Bell number.

Ly
T =22 < T3 T <To =13
) <x2 <3
zo <1 < T3 1 <23 < T2
Ly < T] = T3 T =123 < T S \ M
T < T3 < X1 z3 <21 < X9 L_ _
T3 < T2 < T
Ty =13 < 1 T3 < T1 = T2
Ly_

(a) (b)

FIGURE 4. The decomposition of R? into the 13 cells W, and into the sets M,
S and L,, for || > 2. More precisely, what is depicted here is the orthogonal
projection of these sets onto the plane {(z1,z2,73) € R® : 1 + 22 + 23 = 0}.

We are actually more interested in another decomposition of R", obtained by comparing even
and odd cordinates.

(1.1) Definition (mixed, level, split). Given =z = (z1,...,z,) € R", let

(4) t(z) = min {, — p : k is odd and k' is even, k, k" € [n]}.

We call © mized, level or split according as t(x) < 0, t(z) = 0 or ¢(z) > 0, respectively. Define
M= {z eR": xis mixed}, S = {z eR":zis split}, L= {x eR" :xis level}.

It is convenient to represent a point x = (x1,...,2,) € R™ as an ordered set of n beads, each of
which is allowed to slide along a vertical line. The height of the k-th bead (above a certain fixed
ground height) gives the value of zy; see Figure

An interval J C [n] is a set of the form (a, b) N[n] for some a < b € R. Given two intervals Ji, Jo,
we write Jy < Jo if k1 < ko whenever ky € Jy, ko € Js.
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(a) (b) (c)

FIGURE 5. Split, level and mixed points in R!°, respectively, represented by beads
(black for odd-indexed coordinates and white for even-indexed coordinates).

(1.2) Definition (sign string, level type). When z € R™ is level, there exists a unique e(z) € R
satisfying zj, = e(x) = xj for some odd k and even k' (see Fig. [f(b); ‘e’ stands for “elevation”).
For each integer m > 2, define

() o™, —o™: [m] » {£1} ={£}, by o™(j)=(-1) and —o™(j) = (-1)’*".

For example, o is represented by — + —, and —o* by + — +—. By definition, a sign string o is of
the form +¢™ for some m > 2, and |o| denotes its length m. A level point = (z1,...,2,) € R"
is of type o if we can find nonempty intervals Ji,. .., J||, such that:

(i) J1 < Jo <+ < Jjpy and [n] = U7, 7.
(ii) For each j, there exists at least one k € J; with x;, = e(z), and (—1)* = o(j) for all such k.
The set of all level points of type o in R™ will be denoted by L or simply L,.
In other words, to determine the type of a level point z € R™, we assign a tag — (resp. +) to

each odd (resp. even) bead lying at height e(z), and read off the corresponding signs, omitting any
repetitions; see Figure [6]

_ _ Y _
[ 4 { 4 @O
+

O O
(a) (b) (©)

FIGURE 6. An element of L}ﬂ and two elements of L£1047 respectively. According

to (1.4), the latter space is homeomorphic to R®. In particular, the two points
represented in (b) and (c) can be joined without leaving L' .

Observe that the sets M, S and L, are pairwise disjoint cones. Moreover, Lon = W, and L, = 1)
if 7= —o0™ or |7| > n. The sets M, S are open in R", while the L, are neither open nor closed
for |o| < n. Each of the sets M, S and L, for any sign string o, is a union of cells W, of R™.
Equivalently, each cell of R™ is contained in one of these sets. The proofs of these assertions are all
straightforward. See Figure [4](b) for the case n = 3.

(1.3) Definition. For an integer m > 1, let
Hm:{(xl,...,xm)eRm : meO} and —Hm:{(xh...,xm)eRm:meO}.

For a space Y = H™, define 9Y to consist of all y € Y such that the local homology H,.(Y,Y ~{y}) at
y is trivial. Note that 9Y is exactly the image of R™~! x {0} under any homeomorphism H™ — Y.

Our first goal is to prove the following result.
(1.4) Proposition. For o a sign string with 2 < |o| <n —1, let
Yi={(y1,...,yn) €ER" 1 31 >0},
Yo ={(1,.--,yn) ER" 1 yp =0 for all k < |o| and o(1)y),| > 0},
You ={(y1,--.,yn) ER™ : yx =0 for all k < n}.

Then there exists a homeomorphism f: R™ — R"™ such that f(M) =Y_, f(S) =Y, and f(Ly) =Y,
for all sign strings o with |o| <n, o # —o".
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(1.5) Corollary. Let M, S, L C R*. Then M ~ S~ R", M ~ S ~ H", L" ~ R"*'~1| qnd
L, ~ H"'=lol (|o| < n). Also, L% = L. ~R and L" ., = 0. O

In particular, each of the sets L, and L, is contractible. It is a good exercise to try to visualize
a contraction using the representation by beads, as in Figure [6]

(1.6) Remark. Any homeomorphism 0H* — OH* may be extended to a homeomorphism of H* onto
itself.

(1.7) Lemma. Let H, U H; be a topological space with Hy ~ Hy ~ H* and 0H, = 0Hy = H; N H,.
Then there exists a homeomorphism f: Hy U Hy — R such that f(H,) = H* and f(Hy) = —HP.

Proof. Let gi: Hy — H* and go: Hy — —H* be homeomorphisms. Then the restriction of goo(g;)™*
to OH* is a homeomorphism OH* — OH*. Using (1.6]), extend this to a homeomorphism g: H* —
H*. Now glue g o g; and go along 0H; = 0H,. 0

(1.8) Lemma. Let Hy U Hy be a topological space with Hy ~ Hy ~ H* and 0H; = C' U D;, where
C%Di%Hk_l, CﬂDi :6C=6Dz andHlﬁHg =C (121,2) TheTLH1UH2 %Hk.

Proof. Let fo: C — H*~! be a homeomorphism. Using , fo may be extended to a homeomor-
phism fi: CUD; — RF~1, and then since 9H; = C'U Dy, f; has an extension to a homeomorphism
g1: Hy — H* by (1.6). Finally, we compose g; with the homeomorphism

Hk%le{(xl,...,mk)eRk:xk,lzoandkaO},

obtained by taking the square root (in C) of the last two coordinates (zx_1,2x) of points z € H*.
The result is a homeomorphism hy: H; — Q1 such that hy|c = fo.
Repeating the argument for Hs, starting from f; again, we obtain a homeomorphism

ho: Hy = Qo = {(ml,...,xk) eRF:xp_1 >0and zx < O},

with hs|c = fo. Glueing hy and hy along C, we finally obtain the desired homeomorphism

h:H1UH2—>Q1UQ2={(wl,...,xk)eRk:mk_lzo}%Hk. O
(1.9) Lemma. Let M, S, L C R"™ be as in , Then there exists a homeomorphism g: R" —
L x R with g(M) = L x (=00,0) and g(S) = L x (0,4+00). In particular, M NS = L.
Proof. Define a map h: L x R — R"” by

h(x,t) = (21 +t, 29 —t, ... 20 + (=1)"71) (r=(x1,...,20) € L, t € R).
Given z € R", let t(z) be as in eq. and (z) = 1t(z). Let
g:R" > LxR, g()=((x1 —Uz),z2+t(),...,20 + (—1)"t(2)), {(2)).

Then g and h are inverse maps. Moreover, it is an immediate consequence of that g(M) =
L x (—o0,0) and ¢g(S) = L x (0,400), as claimed. O
(1.10) Lemma. For any sign string o, the closure L, of L, in R™ satisfies L, = L, U UIT\>\U\ L,.
In particular, Lom N L_ym = U|T|>m L..

Proof. Let T be a sign string and suppose that « € L. Define

w= %min{ |z — e(z)| : @k # e(x), k € [n]}.

Then the set
U={(y1,--- yn) €R™ : |yp — x| < p for each k € [n]}
is a neighborhood of z with the property that U N L, = @) if 7/ is not a substring of 7 (see
for the formal definition of “substring”). It follows that, Ly C Lo UU|; |5, Lr-
Conversely, if |7| > |o| and x € L, choose indices k; < --- < k; such that:
(i) xp, = e(x) for each i € [I];
(ii) If k7 < --+ < Kkl are all the remaining indices such that z;» = e(x), then r = |o| and
(—=1)% = o(j) for each j € [r].
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This is possible since o is a substring of 7. Points in L, arbitrarily close to  can be obtained by mov-
ing the coordinates xy, away from e(z). More precisely, for s € [0, 1], let 2(s) = (z1($),...,xn(s)) €
R™ be defined by:

—DF s itk ek, ... k)
ra(s) = {""”’“” N R U (e )
Ty otherwise
Then z(0) = z and z(s) € L, for all s > 0 by construction. Hence = € L,. O

Proof of (1.4). By induction on n. If n =2, then L = L_; = {(z1,%2) € R? : #1 = 22}, while M
(resp. S) consists of those points above (resp. below) this line. Thus, rotation by 7 about the origin
is the desired homeomorphism.

Let n > 3 and assume that the assertion has been proved for all dimensions smaller than n. (The
case n = 3 also follows from Figure (b)) The homeomorphism R™ — R™ will be constructed
stepwise. We start with a homeomorphism f: L. — Y,n, which exists since both of these sets are
lines in R™. Suppose that f has already been extended to a homeomorphism f: Ulalzm Ly —
U\alzmﬂ Y, for some m satisfying 2 <m <n — 1.

Let ¢: L — R" !t and A\: L — [0, +00) be the maps which forget and recover the last coordinate:

o(x) = (x1,...,xn—1), Nx)=|z, —e(z)] (x =(x1,...,2n) € L),
where e(z) is as in (|1.2). Let us suppose for concreteness that m = n (mod 2); the only difference
in the other case is that the roles of L}, and L" .. are switched. A straightforward verification
shows that
-n —n—1
GdX N L — L__m X [0,+00)

is a homeomorphism, hence fr_lgm ~ H" ™™ x [0, 4+00) ~ H" =™ by the induction hypothesis on n.

To understand I,

o™

Hy:={ze 0. i Mz) =0, ¢(z) € j,l;il} ~ H" " via ¢,

we consider its decomposition into H; U Ho, where

—n—1

Hy:={x€Lym:\Nx)>0, ¢(x) €L ~ H™™ % [0,400) &~ H* " via ¢ x A,

Ci=HiNHy={w el : MNz)=0, ¢(x) € Tom } ~ H" ™ via ¢,
by the induction hypothesis on n. Moreover, 0H; = C' U D; and 0Hs = C' U Do, where
Dy={zelln:\z)=0, ¢(x) €L on}~ H" ™ via ¢,

n

Dy={z € Lym : Az) >0, ¢(z) € P uf’a;il} ~ R X [0, 400) & H™™™ via ¢ x A,

O—’"l
again by the induction hypothesis on n. Thus we are in the setting of (1.8)), and the conclusion is
that L. = Hy U Hy ~ H* ™1,
Now by (L.10),
=N N
LynnL' = |J LN
I7|Z2m+1
Since by assumption we already have a homeomorphism from the latter set to U|T|>m nYr=RT
(1.7) guarantees the existence of a homeomorphism
£ J = | o =R

[7[>m [71=m
Continuing this down to m = 2, a homeomorphism f: L — U|T|>2 Y, ~ R"! taking each L, onto
Y, is obtained. Finally, an application of (1.7 using (1.9) shows that this can be extended to a
homeomorphism f: R™ — R"™ having the required properties. O

Subspaces determined by nested strings. Let E, Y be topological spaces, ¢: E — Y be a
(continuous) surjective map and for each y € Y, let F = g (y) denote the fiber of y. Then ¢ is a
quasifibration if for any k > 0, y € Y and e € F), the induced map ¢,: m(E, F,,e) = m(Y,y) on
homotopy groups is an isomorphismm

TSee [2], Bemerkung 1.2 for the definition of 7o (E, Fy,e). For k = 0, 1, when the set on the left side has no natural
group structure, it should be understood that g«: mx(E, Fy,e) — m, (Y, y) is a bijection.
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Thus, if ¢: £ — Y is a quasifibration, then for any y € Y and e € F),, there is a long exact
sequence

(6) oo m(Fye) 25 (B e) 15 mi(Y,y) -5 me1(Fyre) = - — mo(Eye) — 0

which is obtained from the long exact sequence of the triple (E, F,,e) by identifying 7 (E, F,, e)
with 74 (Y, y); here j is the inclusion F,, < E. Just as for a Serre fibration, it can be shown that if
Y is path-connected, then all fibers F}, have the same weak homotopy type.

(1.11) Proposition ([2], Satz 2.2). Let q: E — Y be a surjective map and suppose that i =
(U,)ver is an open cover of Y satisfying:

(i) For each v €1, qlg-1(v,y: ¢ (Uy) = U, is a quasifibration;

(ii) Ify € U,, NU,,, then there exists v such that y € U, C U,, NU,, (forvi, va, v €1).
Then q is a quasifibration. O

(1.12) Definition. An extended string T is a function 7: [[] — {£} (I > 2). Thus, in contrast to sign
strings, in an extended string some signs may be repeated. Given extended strings 7;: [I;] — {*}
(i =1,2), 7y is a substring of o, denoted 71 < T2 (or 7y < 7o if in addition 71 # 73), if there is a
strictly increasing f: [l;] — [l2] such that 7y = 7 0 f. For 7 an extended string, its reduced string is
the unique sign string o of maximal length such that p < 7. It is obtained by omitting all repetitions
in 7; e.g., the reduced sign string of + — — + + is + — +.

(1.13) Definition. Let 01 < ... < o (m > 1), where o, is an extended string and the remaining
o; are sign strings. Let n = |o,,|. Define X(oy,....om) C R™ to be the subspace consisting of all
x = (x1,...,2z,) satisfying the following conditions:
(i) om(k)xr <0 for all k € [n];
(ii) |xk| < m for all k € [n] and for each j € [m — 1], if k1 < --- < k; are all the indices in [n]
such that |zj| < j, then o; is the reduced string of 7: [[| = {%}, 7(i) = oy (ks).

Representing a point in R™ by beads, to determine whether it satisfies (ii) we assign a tag o, (k)
to its k-th bead for each k € [n] and read off the tags of those coordinates that lie at or below
height j and at or above height —j; the corresponding reduced string should coincide with o; for
each j € [m — 1], and |x| < m should hold for all k € [n]. See Figure

(1.14) Remark. Note that if m = 1, then the resulting space is just an n-dimensional cube.

o3=F——F—+—++—

([
o °
*+=O’1{—. o2 = —+ —+
O 0
+ + e)
+

o O
+ F

FIGURE 7. An element of X (4, 5, ,) for o; as indicated in the figure.

(1.15) Proposition. Let 01 < ... < 0y (M > 1), where oy, is an extended string and the remaining
o; are sign strings. Then X5, . 5 ) is weakly contractible.

.....

We are only interested in the case where o, is a sign string, but for the proof given below to
work, this more general version is needed, as well as another definition: Let o5 be an extended string
and 01 < 02 be a sign string, |o2| = n. Define L7? C R" by declaring that x = (z1,...,2,) € L
if and only if it satisfies condition (i) above (with m = 2) together with:

(iii) |zx| < 1for all k € [n] and if k1 < --- < k; are all the indices in [n] such that zy = 0, then

o1 is the reduced string of 7: [I] — {£}, 7(i) = o2(ki).

(1.16) Lemma. Let o1 < 032 be a sign and an extended string, respectively. Then L3? is contractible.
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Proof. Let n = |o3| and
Lo={(z1,...,3,) € LT : x), = wp41 if 02(k) = 02(k + 1), for each k € [n — 1]}.

Let o be the reduced string of o, 7 = |g| and J; < --+ < J, be the maximal intervals in [n] such
that o2(.J;) = {0(i)}. Define a deformation retraction f: [0,1] x LJ?> — LJ? onto Lg by:

fe(s,2) = (1 — 8)xp + sp(x) if k € J; (k € [n]), where

i) = min {xj RS Ji} if o(7)
’ max {z; : j € Ji} if o(i) = +.

)

No generality is lost in assuming that ¢ = ¢” instead of —¢” (as defined in ) Then Lg is
homeomorphic to the subspace of L], consisting of those y for which [y;| < 1 for all 4 € [r]. But
clearly, this subspace is a deformation retract of L{ , hence Lg? ~ L is contractible by (L.5). O

Proof of . By induction on m. The case m = 1 follows from (1.14)). Suppose that m > 2 and
that the assertion has been established for m — 1. Set

,,,,, om)y Y =L3m and n=|on,].

1

Let g: E — Y be the map which collapses everything at height between —(m — 1) and (m — 1). To
be precise, if ¢ = (x1,...,x,) € E, then its image y = ¢(z) has coordinates

Yk = —om (k) max{|zr| — (m —1),0} (k € [n]).

Although ¢ is generally not a Serre nor a Dold fibration, we claim that it is a quasifibration.
Giveny € Y, let F, = ¢ '(y) and let 7 be the substring of o, determined by all indices k such
that y, = 0. Note that 0,1 is the reduced string of 7. The map F, — X5, .. o, _, ) Which sends

x € Fy to the point in RIl obtained by deleting its coordinates x such that |zg] > m—11is a
homeomorphism. Hence F), is weakly contractible by the induction hypothesis.
Fory €Y, let 6(y) = min{ |yx| : yx #0, k € [n]}. Then the sets

Uys ={(21,...,20) €Y : |2, — yi| < 6 for each k € [n]} (yeY, 0<d<d(y))
form an open cover 4 of Y. Condition (ii) in (L.11) is obviously satisfied by 4. Moreover, each
Uy,s € U is star-shaped with respect to y, hence contractible. A deformation retraction
9:0,1] x ¢~ (Uys) = ¢~ (Uys)
onto Fy can be defined through

(s,2)=1{" (k € [n])
gr(s,z) = , n)).

(1= 8)zp + s[ye — om(k)(m —1)] if |og| = (m—1)
Therefore, condition (i) in (1.11)) is trivially satisfied: From the long exact sequence of homotopy
groups of the pair (¢~!(Uys), F,), it follows that m;(¢~*(Uy,s), F,, €) is trivial for all i > 0 and
e € F,, and so is m;(Uy. 5, y). Hence g is a quasifibration. By (1.16]), Y is weakly contractible. Using
exactness of @ we conclude that F is weakly contractible. (|

k if |xk|§m—1

(1.17) Definition. Define X(4,,,.. ) C R" as in (1.13), but replacing (i) by:
(ig) There exist ki, ko € [n] with oy, (ke) = —oum (k1) and oy, (ki) zg, > 0.

The ‘d’ here refers to the relation of this condition to diffuse curves, as will become clear later.
(1.18) Proposition. The space X(q0,,....0,,) is weakly contractible.

Proof. Analogous to the proof of (1.15): Use induction on m and the same collapsing map ¢ as
before to reduce to the case where m = 1. Then consider the map

xp i op(k)zr < 0;

0 ifon(ka >0, £ €MD

p: Xdo) — L= {x eR":xis level}, pi(x) = {

This is a quasifibration with convex fibers, and L ~ R"~! by (1.4). O
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(1.19) Remark. For the sake of simplicity, in condition (ii) of the “heights” appearing in the
inequalities were chosen to be elements of [m]. However, we clearly could have replaced j by ¢;
without affecting the subsequent results, for any 0 < €1 < -+ < g,,,. Furthermore, since only weak
contractibility is asserted, it follows from this more general version of and that if some
of the inequalities in (i) and (ii) are replaced by strict inequalities, then the resulting space is again
weakly contractible.

2. STRETCHING

Stretching of functions. In this section we shall describe a procedure for “stretching” curves (as
illustrated in Figure E[)7 generalizing the grafting construction of [I7]. We rely heavily on the results
of §3 of [I7] and retain the notation introduced there. The procedure is more clearly formulated in
terms of real functions. For a (Lebesgue integrable) function g: J — R, [ g denotes fJ g.

(2.1) Notation. Let b > 0, kg € (0,1), ro, 75, A € R be fixed but otherwise arbitrary and f: [0,b] —
R be an absolutely continuous function whose derivative f’ lies in L?[0,b]. Assume that:

(i) [f'(2)] < ro[1+ f(:z:)Q]% for almost every z in the domain of f;

(ii) f(0) =ro, f(b) =7 and [ f = A.

At this point the reader is referred to and for the motivation for these conditions
and the following results, which will otherwise be lacking.

Let g+: R — R and h%. = h.: R — R be as in (24) and (25) of [17], where R = R U {£o0}.
The functions g+ are the solutions of the differential equations ¢’ = +ro(1 + ¢2)2 with g(0) = ro.
Similarly, hb are the solutions of B’ = Fro(l + h2)? satisfying h(b) = 7. Since g4 is strictly
increasing and hi is strictly decreasing, the graphs of these functions either do not intersect, or do

so at a single point. In the latter case let AL (b) denote their common value at this point, and in the
former set Ay (b) = +o00. Let A_(b) be defined analogouslyﬂ

(2.2) Remark. Let ¢ > b > 0. Then h< is obtained from h% by a shift of the parameter through
c—b, that is, hS (z) = h% (z — (¢ — b)) for all z € R. The monotonicity of h% implies that hf < h§
and h¢ < h® throughout R, whence

(7) A(€) < A_(B) < As(b) < Ay ().
(2.3) Lemma. Let f: [0,b] — R be as in (2.1). Then
(8)  A_(b) <max{g_(2),h" (z)} < f(z) <min{g4 (), h%(x)} <A (b) for all x € [0,b)].

Proof. The innermost inequalities were already established in (26) of [I7]. The other two are imme-
diate from the definition of A4 (b) and the monotonicity of g+, h%. O

(2.4) Definition (((, ). For b> 0 and p € [A_(b), A (b)] N R, define () : [0,0] = R by
(9) (i (@) = median (R? (z), g—(2), p, g1 (2), hE(2)) (z € [0,0]).
Notice that by monotonicity of g+, h%,

(10) él[lofb] Clu,py(z) = min {rg, 1y, p} and Supb Clpupy (v) = max {ro, rp, p} .
x , 0,

AS

(2.5) Lemma. Let py < pz € [A_(b), A\ (D)) NR. Then (1) (%) < ((ugp)(x) for all x € [0,0] and
strict inequality holds for at least one x. In particular, fC(M,) s a strictly increasing function of
e o) A1 ().

Proof. Left to the reader. O

(2.6) Lemma. Let ¢ > b and p € [A_(b), A1 (b)) NR. Then [(ue) — [ {up = nlc —b) and
C@lc)({,u}) is a closed interval of length at least ¢ — b.

TNotice that g+ depend upon the values of kg, 7o and hbi depend upon the values of kg, 7, even though this is
not indicated explicitly in the notation. The same comment applies to the numbers A+ (b).
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hb c
+ }L+

g_
— f=fa
"""" Cu),p) = fo
== = Qulere) = fe-b
FIGURE 8.

Proof. Notice that ¢, ) is defined (that is, 4 € [A_(c), A+(c)]) by (7). The inverse image of  under
C(u,p) is a (possibly degenerate) closed interval [zo,z1]. By (2.2),

Clu,p) () if x € [0, z0];
(11) Cu,e) () = S if x € [zg, 21 + (¢ — b)];
Cupy(@—(c=b)) ifxecri+(c—0b),c.
The assertions of the lemma are consequences of this expression. O

(2.7) Corollary. Let b > 0, u(b) € [A_(b),A\(b)] N R be fired and A = [ {uw)p)- Suppose that
0 € [A_(b), Ay (b)]. Then for each ¢ > b, there exists a unique p(c) € R such that [ (,(c),c) = A. The
resulting function u: [b,+00) = R, ¢+ p(c), is continuous and |u(c)| O as ¢ = +oo. Moreover,
|(e)| is strictly decreasing if p(b) # 0.

Proof. From 0 € [A_(b), A4 (b)] and (2.2), it follows that 0 6 [)\_(c), Ay (c)] for all ¢ > b. No generality
is lost in assuming that p(b) > 0. In this case, and ([2.6) yield:

/<(0c>*/C0b><A /C(Mb)b)—/C(u(b b+ (c=b)u /C(u(b)C)

Hence, by (2 , there exists a unique p(c) € [0, u(b)] such that fC(M(C)’C) = A. Moreover, u(c) €
(0, u(b)) in case u(b) > 0, because then the first two inequalities above are strict. The same argument
also shows that u(d) € [0, u(c)] whenever d > ¢ (and pu(d) € (0, u(c)) in case pu(b) > 0). Thus, u(c)
is a decreasing function of ¢ (strictly decreasing if p(b) > 0), A = lim. 4o p(c) exists and is
nonnegative. The continuity of ¢ — y(c) follows from the fact that [ ((,(),c) = A is constant as a
function of ¢. Finally, A = 0 because

/C(u(c) o) = /C(A o =Ac—b +/C(,\,b) for all ¢ > b. O

(2.8) Definition (flattening and stretching functions). Let f = f_;: [0,b] — R be as in (2.1)).
The flattening of f is the family fs: [0,b] = R (s € [—1,0]) obtained by applying Construction 3.8
in [I7] to f (note that there s goes from 1 to 0, instead of from —1 to 0 as here).

We say that f is ko-stretchable if 0 € [A_(b), A+ (b)]. In this case, the stretching of f is the
extension of the above family to s € [~1,+00) obtained by setting fs = ((u(t4s),p+s) for s > 0,
where 11: [0,400) — R is as in (2.7). See Figure

(2.9) Lemma. Let f_1 = f:[0,] — R be a ro-stretchable function and (fs)(se[—1,400)) De the
stretching of f. Then:
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) If f is piecewise smoooth, then so is fs for all s € [—1,+00).

) sup|fs| is a decreasing function of s.

) If f does not change sign inside its domain, then none of the fs do.

) For s € [=1,0], supjg ) fs (resp. infio ) f5) is a decreasing (resp. increasing) function of s.
) Let fs = Ciu(vts),p+s) (s >0) and let L, denote the length of the interval

{ze0,b+s]: fo(x)=pnb+s)}.

Then Ly ~ s (that is, limg_, o Ls =1).
(f) There exists 5 > 0 such that

2
< — > 0.
|/,L(b+8)|_s+1 for alls >0

Moreover, if f > 0 over [0,b], then there also exists 3¢y > 0 such that

sj—ll <ulb+s) forall s >0.

(g) fs is ko-stretchable for all s € [—1,400).

Proof. The proof will be split into the corresponding parts.
(a): By definition, f is the median of a finite collection of piecewise smooth functions for all s.
(b): For s > 0, this follows from (2.7). For s € [—1,0], this follows from Corollary 3.12 of [17].
(¢c): No generality is lost in assuming that f = f_; > 0 over [0,b]. Then, by Corollary 3.12 of
17,

nf fs(z) for all s € [-1,0].

0< inf f_ < i
< Dl fale) s mi

z€[0,b
Let o = f(0), 7, = f(b); both are nonnegative by hypothesis. By (10)),

xe[i()I,llf+s] fs(x) = ze[ig,llirs] Clu(bts),p+s) () = min{ro, rp, p(b+s)} for all s > 0.
By , u(b+s) >0 for all s > 0, hence f; > 0 for all s > 0.

(d): This was proved in Corollary 3.12 of [I7].

(e): The functions g+, hY% all blow up to 4o in finite time (compare eqs. (24) and (25) of [17]).
The length of [0,b + s] is asymptotically equal to s, hence Ly ~ s as well.

(f): Let Ls be as in part (e). We can write

A=/fs=/ fs+/ fs=Lsu(b+8)+/ ..
{fs=n(b+s)} {fs#u(b+s)} {fsFn(b+s)}

A straightforward calculation shows that the improper integrals of g+ and hY% over the respective

intervals where these functions assume real (finite) values are all finite. Hence the last term in the

preceding equation admits a bound independent of s. The first assertion thus follows from (f).
The proof of the second assertion is similar. If f > 0, then p(b) > 0 and

/C(o,b) <A:/f0:/fs SLsﬂ(b+s)+/C(07b),

so again the assertion follows from (f).
(g): This is immediate from (7). O

Stretching of curves. We shall now reinterpret the preceding definitions and results in terms of
planar curves. Let P = (p,w), @ = (¢,2) € C x S! and v € LT](P,Q) (see §1 of [I7] for the
definition of this space). Recall that t,: [0,1] — S' denotes the unit tangent to .

(2.10) Definition (stretchable curve). Suppose that (t.,e'¥) > 0 throughout [0,1] (¢» € R).
After translating p to the origin, rotating C about the latter through ¢, and relabeling the z- and
y-axes accordingly, v may be reparametrized as y(z) = (x,y(z)) for z in some interval [0,b]. Let
f=19":10,b] = R. We call y kg-stretchable (with respect to e'¥) if f is ko-stretchable in the sense of
. Also, v will be called stretchable (with respect to e'¥) if it is ro-stretchable for some kg € (0, 1).
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(2.11) Remark. In this context, f(z) = tan(6,(x)) for all z € [0,b], where 6, measures the angle
from e to t,. Condition (i) in means that the curvature . of v satisfies |k,| < Ko almost
everywhere. The numbers g, 7, in (ii) represent the slopes of w, z, respectively, A = Im(q — p) and
b = Re(q — p) (all of these with respect to the new coordinate axes determined by e*¥ and ie'?).
The reader may have noticed that the condition of being stretchable does not really concern -, but
rather the pair (P, Q). The geometric interpretation is that curves in LJ_F%(P, Q) are kg-stretchable
if and only if there exists a curve 7 in this space such that |r,| < kg a.e., (t,,e'¥) > 0 everywhere
and t,(tg) = e'¥ for some ¢, € [0, 1].

(2.12) Definition (flattening and stretching curves). Let v be a kg-stretchable curve as in
(2.10) and let (fs)se[—1,400) e the corresponding stretching of f = f_1, asin (2.8). Let v5: J; — C

be defined by
[0, 0] if s € [-1,0];

12) m(e) = (L y(0) JF/J fs(u)dU), where .= {[0 b+s] ifs>0.

The family (7s)(se[—1,400)) Will be called the stretching of + with respect to e’ and the fam-

ily (7vs)(se[-1,0) the flattening of v with respect to e¥. The stretching of v by M is the family
(¥s)(se[-1,m])s M > 0; see Figure @

jet?

—~

_ - \\QS = (q+ se',z)

e

0=(0,1)e Cx8S!
FIGURE 9. Flattening and stretching a curve v in the direction of e*¥.

Notice that v, € LT1(P,Q,) for Qs = (¢s,2) € C x S!, where ¢, = ¢ for all s € [~1,0] and
qs = q + se’¥ for s > 0. The curves ~, are independent of the starting curve v = y_; for s > 0
(and fixed ¢ and kg); they are each a concatenation of an arc of circle of curvature +£g, a straight
line segment, and another such arc, where both arcs have amplitude at most 7 (cf. Figure E[)
The functions g+, h% appearing above correspond to the arcs of circles of curvature +rq starting
(resp. ending) at P (resp. Q). In vague but suggestive language, the family (v) is obtained from ~
by “stretching” it in the direction of e*¥. Clearly, the stretching and flattening of a curve v depend
upon the chosen axis 1. Nonetheless, the curve vy is independent of both v and v; see Remark 3.9
of [I7].

Ezercise. Translate the assertions of (2.9)) into statements about the curves s, using that fs(z) =
tan(f.,, (»)). (For instance, part (b) states that sup, |0,,(z)| is a decreasing function of s.)

(2.13) Lemma. Let v € LT](P,Q). Suppose that |k,| < ko a.e. and (t.,e¥) > 0 over [0,1].

a) Ift,(to) = €™ for some tog € [0,1], then v is ko-stretchable with respect to e'¥.

(a) ¥ Y

b) Suppose that e ¢ t.([0,1]) and that v is ko-stretchable with respect to €. Then v is

v

Ko-stretchable with respect to any z lying in the shortest arc (in S') joining 'V to t,([0,1]).

(c) If (g — p, ™) is sufficiently large, then any v as above is kg-stretchable with respect to e .

d) If I C [0,1] is an interval and |1 is ko-stretchable with respect to 'V, then so is 7.

( gl P , gl

(e) If ~ys is the flattening of v and ~y|r is a line segment of length L > 2w, then there exists a
subinterval I' such that vs|p is a line segment of length > L — 27t for all s € [—1,0].
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(f) If v is a line segment of length greater than Kio, then v is ko-stretchable with respect to e .

Proof. The proof of each part is given separately; in all of them, f = ¢ is as in .

(a): This is clear from the geometric interpretation described in . Alternatively, in terms
of f, the hypothesis means that there exists some zy € [0,b] satisfying f(zo) = 0. Hence 0 €
[A=(b), AL (D)] by (2.3), so that f is ko-stretchable.

(b): In terms , the hypothesis means that there exists some 7 € £71(P,Q) such that
|kiy| < ko ace., (t,,e'¥) >0 throughout, and the image of t,, includes e'¥. As proved in Remark 3.9
of [I7], the flattenings o and 719 of v, n with respect to e!¥ are the same curve. Therefore, there
exists a homotopy s — as € LT1(P,Q) such that ag =7, a1 = 1, |ka,| < Ko and (tq,,e™*) > 0 for
each s € [0,1]. Let sg be the smallest s € [0, 1] for which z € t,,([0,1]). Then (t., (t),2) > 0 for all
t € [0,1], as is readily verified, hence any curve in £71(P, Q) is ro-stretchable with respect to z.

(c): Since the functions g+, h% go to oo in finite time which is independent of b = (g — p, e'¥),
if the latter is large enough, then we shall have A_(b) = —oo and Ay (b) = +00, so that certainly
0 [\ (b), A+ (b)) )

(d): Let I = [¢,d] and denote by g+ and hy the solutions to the differential equations ¢’ =
+ro(1 + ¢%)2 and B = Fro(l + h2?)? respectively, with gi(c) = f(c) and hy(d) = f(d). If Ay
denote the common values of g, ,h, and g_,h_, respectively, at the points where their graphs
intersect, then the hypothesis means that 0 € [A_, \;]. This implies that 0 € [A_(b), A (b)] because
G+ <g+,9- >9g_, hy <hyand h_ > h_. These inequalities follow from the fact that the graph of
f stays within the region bounded by the graphs of g+ and hi, since |f'(z)| < &g [1 + f(x)2]% for
almost every z € [0, b].

(e): This is immediate from [I7], Construction 3.8.

(f): Tf ko = 1 this follows from Figure |3, which shows that there exists € £7}(P, Q) such that
iy < Ko ace. , (t,,€e¥) > 0 over [0,1] and €™ € t,([0,1]), provided that |¢ — p| > 4; the latter
inequality holds by hypothesis. For other values of kg, just apply a dilation. ([

The details of the construction of the family (vs) may be now be safely forgotten. Only the
properties listed in (2.9) and (2.13]) will be used.

3. QUASICRITICAL CURVES

Notation. Throughout the rest of the paper, Q = (g, z) denotes a fixed element of C x St = UTC
with z # —1. For our purposes, it is more convenient to work with the space £11(Q) (see §1 of [17])
instead of the space CT1(Q) defined in the introduction; these are homeomorphic by Lemma 1.12 in
[17]. Accordingly, M(Q) shall denote the subspace £T1(Q;60;) € £T1(Q) with |6;] < .

Let v € M(Q). We denote by 6,: [0,1] — R the unique continuous function satisfying exp(if.,) =
t, and 6,(0) = 0. Also,

1

13 5= < ( max 0,(6) + min 0,(1)).
(13) 7= 5| e 05(8) + min 0,()
Finally, given ¢ € R, it will be very convenient to use the abbreviations ¢4 1= ¢ & 7.

Quasicritical curves. The central definition of this paper is the following generalization of the
concept of critical curves.

(3.1) Definition (quasicritical curve). Let o be a sign string, n = ||, v € M(Q), » € R and
€ € (0,%). Then v is (¢, €)-quasicritical of type o if there exist closed intervals J; < --- < J, such
that for each k € [n):
(1) 04(Jk) C (o= + 26,04 +¢) if o(k) =+ and 0, (Ji) C (p— —&,p4 — 2¢) if o(k) = —;
(ii) |04(t) — | < 5 — 2 for all t ¢ Int (Uj_; Ji);
(iii) Jx contains at least one closed subinterval Iy such that |0 () — @ )| < € for all t € I}, and
7Yl1, is stretchable with respect to g (k)

Condition (i) means that t., is far from Fie’¥ throughout Jj, if o(k) = =+, while (iii) states roughly
that there should exist a subinterval of J;, where t, is vertical enough with respect to the axis el

to allow 7 to be stretched in the direction of o(k)ie®?. Outside of |J Ji, t. is far from both ie’? and
—ie'®.
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(3.2) Remark. The combination of (i) and (ii) in (3.1)) implies that 6.,([0,1]) C (¢— — &, o4+ + €).

(3.3) Remark. Being quasicritical of type o is an open condition on (v,¢,e). In fact, the same
intervals Jy satisfy (i)—(iil) for the triple (n,,d) if the latter is close enough to (7, ¢, €).

(3.4) Lemma. Let v € M(Q) be a critical curve of type o. Then v is (¢7, €)-quasicritical of type o
for all sufficiently small e > 0.

Proof. Tmmediate from (2.13) (a) and the definition of critical curves, given in (0.1) O

We will sometimes abuse the terminology by saying that I is a stretchable interval for v if ~|; is
stretchable (with respect to ¢ ). Notice that there is a lot of freedom in the choice of the intervals
J and their stretchable subintervals. The next two results compensate for this ambiguity.

(3.5) Lemma. Let v € M(Q) be (i, €)-quasicritical of type o, n = |o|.
(a) Let 0 <6 < 2e and W, C [0,1] (a € A) be all the connected components of
W={tel0,1]: [6,(t) —¢| > F —5}.

Then there exists a decomposition A = AU, ..UA, such that for any choice of Jy < -+ < J,
as in 4, Weo C Ji if and only if o € Ay (k € [n]). .

(b) Let J{ <--- < J,JL, Jl = la],,b]], be as in (4 € [m]). For each k € [n], set a), = max; a,
and bj, = min; b).. Then the intervals J;, = [a},, )] also satisfy (i)-(iii).

(c) Let J, < --- < J beasin and Jy < --- < Jy, be such that J, O J], for each k € [n].
Then the Jy also satisfy (i)-(iii).

Proof. The proof of each part will be given separately.

(a): Let J; < -+ < Jp, J] < --- < J] be intervals as in . Set A = {a cA:W, C Jk}.
Then A = A; U...U A, since (ii) of implies that any W, must be completely contained in
some J. We claim that A} = A, for each k € [n], where A}, = {a € A: W, C J;}. This follows
from the following simple observations (which also hold with A’ in place of A):

e Each Aj is nonempty, by (iii) of (3.1).

o Ifac Ay, o € Ay with k < K/, then W, < W; indeed, Ji, < Jp.

o If o € Ay, then sign(6,(t) — ) = o(k) for all t € W, by (i) of .
Suppose that o € A; N A} for some k > 1. Then the third observation implies that k£ > 3. Choose
B € Aj. By the second observation, W < W,. Hence 8 € A; N Aj, contradicting the third
observation. It follows that A; = Aj. An entirely similar argument shows that if A} = A; for all
j € [k], then A} | = Apyq as well.

(b): Let jo,j1 € [m] be such that aj = a}° and b, = bil. By part (a), if & € A, then

W, C J,zo N J,zl. In particular, aj, < b} and

[ bl = T2 N
Since the latter two intervals satisfy condition (i) by hypothesis, so does [aj,}]. Set 6 = 2¢ in the
definition of W. If I is a stretchable subinterval of J,zo as in (iii), then I C W, for some a € Aj. By
(a), Wo C JI° N JJ* = [a},,b}], hence the latter satisfies (iii). To establish (ii), let jo € [m] be such
that a;,_ |, = afﬂ. As above, part (a) implies that a}* < b, and Ay < bilﬂ. Hence

(14) [ ;“a;ﬁ'_ﬂ = [ ;wb?carl] N [afa%H]
Moreover, 4 4 4 _ 4 _
[ i) = [V aria ] U and oy g ] = J2 UG afa ]

By (i) and (ii) of |b any ¢ € [b}, by, ] thus satisfies [0 (t) —©_,11)| > 2¢ and any ¢ € [a?, aj, ]
satisfies [0 (t) — ¢_, ()| > 2. Together with (14), this implies that (ii) holds for the .Jj.

(c): Conditions (ii) and (iii) of (3.1) are obviously satisfied by the Ji. Suppose that t € Jj but
|05(t) — ¢—_o(i)| < 26. Thent € J}, with (k') = —o(k), contradicting the fact that Ji, and J D Jj,
are disjoint. O

Notation. In all that follows, K denotes (the geometric realization of) a finite simplicial complex;
actually, most of the time all that is required is that K be a compact Hausdorff topological space.
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(3.6) Lemma. Let o be a sign string of length n and
p=PeMQ), pr¢PeR, pre? €RT (peK)
be continuous maps such that 4P is (P, eP)-quasicritical of type o for allp € K. Then:

(a) There exist continuous functions ag, by: K — [0,1] such that for all p € K, the intervals
Ji(p) = lar(p), bu(p)] (k € [n]) satisfy when (7, ¢,¢) = (¥, P, eP).

(b) There exist an open cover (Us)iepy of K and real numbers c;p < di (i € [I], k € [n]) such
that for each p € U and k € [n], Ik := [ci, dix] C Je(p), ¥P|1,, is stretchable with respect
to wg(k) and

(15) 010 (Iik) € (D5 ) — €050 1y +€0)-

Remark. The inclusion I; ;, C Ji(p) in (b) is asserted to hold only when p € U;. Nonetheless, it will
hold for such p independently of the choice of the Ji(p) in (a).

It is generally impossible to obtain globally (and continuously) defined intervals [cx(p), dk(p)]
restricted to which P is stretchable. The problem is similar to that of choosing points ¢(p) € [0, 1]
where a family f7: [0,1] — R of continuous functions attain their maxima.

Proof of (@) Let p € K. Choose intervals [a1,b1] < - -+ < [an, by] satisfying (i) and (ii) of (3 . ) for
(v, p,€) = (4P, ¢, eP) and subintervals [ck, di] C [ak, bi] as in (iii). Since these condltlons are open,
they actually hold for the same choice of intervals for all ¢ in the closure of some neighborhood U, of p.
Let (Us);eq be a finite subcover of the cover (Uy,),ex so obtained, and let a; k, bik, ik, dix € [0,1]
(2 € [I], k € [n]) be the endpoints of the corresponding intervals.

Let p;: K — [0,1] (i € [I]) form a partition of unity subordinate to the cover (U;),

l l
ZZpi(p)ai,k(p), be(p) :=Zpi(p)bi,k(p) and Ji(p) := [ax(p), be(p)] (K € [n]).

Because a; ; < b; ,; < a; p+1 for each ¢ and k by hypothesis, the definition of Jj(p) makes sense and
Ji(p) < -+ < Jn(p) holds for all p € K. Now fix p and let i1,...,im, € [I] be all the indices ¢ such
that p;(p) > 0. Set

1= maxag k(). b= min by k(p) (i € m)).
J€[m] JjE[m

Then [a},, b},] C Ji(p), hence the combination of (b) and (c) of (3.5) shows that Ji(p) satisfies (i)(ii)
for each k € [n]. This proves (a).

Fix i € [l]. By the choice of the intervals I; ; := [¢; k, di k], the restriction of v? to I; j is stretchable
with respect to gpg(k) and holds whenever p € U;. Again by choice, I 1 C laik, bi k). Since the
[ai K, bi k] and the Ji(p) satisfy (i)—(iii) provided that p € U;, (a) implies that I; , C Ji(p) for
such p and each k € [n]. This proves (b). O

(3.7) Lemma. In the situation of (@) Dien and I, = [ch, di] can be chosen so that:
(a) Ifi <i' and U; NUy # 0, then for each k € [n], either I,y C Liry or L. N 1 j = 0.
(b) For allk € [n], i € [I] and p € U, either |0 (cix) — cpg(k)’ > 2P or ¢, = 0, and either
‘pr(di7k) - wg(k)’ > %ap ord; =1

Remark. The purpose of part (a) is to guarantee that When 71’ |7, s stretched for p € U; N Uy,
the “stretchability” of 47|z, . will not be affected. By and . , this can be arranged
simply by stretching these arcs successively for each i = 1 ,l. Part (b) Wlll be used to ensure
that stretching v will not affect its property of being quablcrltlcal of type 7 for 7 # 0.

Proof. Let U; be open sets as in , with associated stretchable intervals It,(U;) := I; , C Ji(p),
for k € [n] and p € U;. We shall write U; < Uy if U; N Uy = 0 or if U; N Uy # O and for every
k € [n], either I}(U;) C I(Uy) or I(U;) N Ik( /) = (); it is not required that the same option hold
for every k. (This is generally not a transitive relation.) The complement of a set W in K will be
denoted by We. The rough idea behind the proof is to repeatedly apply the following procedure: If
U, -N U is nonempty, then we excise it from each of the open sets U;, and add a new open
set V to the cover which contains the intersection but is still sufficiently small If I, (V) is taken to
be a component of U It (U;;) for each k, then U;  V for every i =iy, ..., i,.
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Let m be the largest integer for which there exist distinct 4y, . .., 4, € [I] with U;, N---NU;, # 0.
Note that there are only finitely many such m-tuples. Choose one of them, say T,, = {i1,...,im},
and let V1 be an open set such that

ﬁ Ui, C Vi, CVrp, c (T
=1 i

Such a set exists because U;, N---NUT;,, C U, for every i # ij, by maximality of m. Set

(new) U, := (old) U;; ~ m U;, (je[m]).
p=1

For each k € [n], take Ij, (Uij) to be the same intervals as for the original sets U;; and Iy (VTm) to be
any connected component of [JJ-, Ix (U;,). Fixk € [n];ifp € = U,,, then every interval Ij,(U;,)
(j € [m]) satisfies the conditions stated in (3.6) (b). Therefore, by (d), if Vr,, is sufficiently
small, then Ij,(Vr,, ) satisfies these conditions for all p € Vr,,. Further, by construction I (Vr,,)
either contains or is disjoint from I (U, ) for each j, k. Thus:

e The open sets U; (i € [I]) and Vr,, cover K.

o IfU;NVr,, # 0 then i =i, for some j. Hence, U; < V7, for every i € [I].

e No new m-fold intersection has been created among the U;.

If there still exists an m-tuple T}, = {4}, ..., i}, } such that U; N---NU; # 0, the construction

is repeated to excise the latter from each Ui;_ and create an open set Vz/ such that

m
ﬂ U% C VTT/‘VL C VTrln C ﬂ U:/ N (VTm)c.
=1 i)
Such a set exists because there are no (m + 1)-fold intersections among the U; and i ¢ i1, .. im}
for at least one j € [m]. By definition, Viy,, NV =0, and Vy NU; = 0 unless i = 29 for some
J € [m]. Again, let I, (VTAL) be a connected component of U;”Zl I (Ui;) for each k, so that U; < Vs,
for all i € [I]. If Vg is sufficiently small, then all of the conditions in (b) are satisfied by the I, (Vr)
whenever p € Vi, . After finitely many iterations, there will be no more m-tuples of indices in []
for which the corresponding U; intersect. Notice that by construction:
o Vr, < Vg for any T,, # T/ , since their closures are disjoint.
o U; x Vp_for any T, and i € [].
e Every m-fold intersection among the U; is empty.

Now the same procedure is carried out for (m — 1)-fold intersections among the U;. Assume that
Vv has been defined for all v = 1,...,19 — 1, where each T}, _; C [I] has cardinality m — 1, with
U; OVT;HI #0Qonlyifie TV ;. T | = {i1,...,im_1} is such that U;, N---NU,, _, # 0,
choose a sufficiently small open set VT;9_1 satisfying

m—1 vo—1
Ui, € Vo, Vo, < (1Ti0 (] (V)"
pn=1 i#£i v=1
excise ﬂzzll Ui“ from each Ui, and let Iy, (VTTI;(LI) be a connected component of U?;l I (UZ-J.). The
choice of VT:zO—l is possible because by hypothesis there are no m-fold intersections among the U;
and for each v <y — 1, we have i; ¢ T} _, for at least one j € [m — 1]. At the end of this step we
have sets U; and Vp (with |T| = m — 1 or m) covering K such that:
o Vi < Vi whenever |T| < |T7|.
o U; < Vr for every i € [I] and every set Vr.
e There exists no nonempty (m — 1)-fold intersection among the U;.

Continuing this down to twofold intersections, we obtain open sets Vp and U; with |T'| = 2 and
U;NU; = () whenever i # 4’. Finally, for each i € [l], set Viiy = U;. Then the sets Vr form an open
cover of K and Vp < Vi whenever |T| < |T”|. To establish (a) we simply relabel the Vp in order of
nondecreasing |T, for |T| =1,...,m.
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By (2.13]) (d), the original intervals I; 5 given by (3.6) can always be enlarged so as to satisfy the
condition on the enpoints stated in (b). Furthermore, if some intervals I3, ..., I,, satisfy (b), then
so does any component of U;"Zl I;. Hence the proof of (a) preserves this property. O

(3.8) Lemma. Let o1 < -+ < 0y, be sign strings and v € M(Q) be (@, €;)-quasicritical of type o;
for each j € [m]. Then €11 > 2¢; for each j € [m —1].

Proof. Clearly, the lemma can be deduced from the special case where m = 2. Let n = |o2|, | = |o1]
and let J; < -+ < Jp, J| < --- < J] be intervals as in for (0,e) = (02,¢2) and (o01,¢€1),
respectively. For each k € [n], let Iy C Ji be a subinterval where [0, — ¢| > 7 — &5 throughout, as
guaranteed by (iii). By (ii), if t ¢ U, ¢y Ji, then |0, (¢) — ¢| < § — 2e1. Therefore, if 3 < 2¢1, then
each Ij, must be contained in a J;. Further, because n > [, there must exist k € [n — 1], 7 € [I] such
that I, U Ip11 C J/. From o3(k) = —oa(k + 1) it follows that

07(‘]1‘/)“(80+_52390++€2) #@ and G’Y(le)m(@— _52,90—+52) #@
But this contradicts (i) of (3.1)) (for o = o1). Hence, e5 > 2¢;. O
(3.9) Lemma. Let o be a sign string, 0 < ¢ < & and suppose that v € M(Q) is simultaneously
(p,€)- and (p,&")-quasicritical of type o. Then v is (¢, §)-quasicritical of type o for any § € [e,€'].

Proof. Let n = |o| and J; < -+ < J, J; < -+ < J/, be as in (3.1), corresponding to ¢,¢’,
respectively. The inequalities ¢ < § < &’ and (3.2]) imply that the intervals Jj, still satisfy (i) and
(ii) of (3.1)) if " is replaced by §. An argument similar to the proof of (3.5]) (a) shows that if I}, C Ji

is any subinterval where [0, — | > § —¢ > § — 0 throughout, then I C J;. By (iii), for each
k € [n], there exists such an I which, additionally, is stretchable. Hence the J;, also satisfy (iii) if
¢’ is replaced by 4. O

(3.10) Remark. Let 0 < § < €, v be (p,e)-quasicritical of type o, and J (k € [n]) be intervals as
in for the pair (¢,€). Suppose that 6,([0,1]) C (- — 9, ¢+ + ¢) and that each Jj contains a
stretchable subinterval I where |6, — ¢, ()| < & throughout. Then the Jj also satisfy (i)-(iii) of
for the pair (p,d), hence v is (p, §)-quasicritical of type o.

(3.11) Lemma. Let v € M(Q) be a critical curve of type o. Let
S = {(p € R : there exists € > 0 for which v is (p, €)-quasicritical of type U}.
Then S is an open interval containing @~ .

Proof. Let ¢ = @7 be as in . By (3.3), S is open and by (3.4), ¢ € S. Suppose that v is
(¢, €)-quasicritical of type o; no generality is lost in assuming that @ < ¢. Since v is critical,

infiefo,1) 04(t) = ¢—. Hence, by (3.2),
(16) E>p—@.
Let ¥ € (p,9), 0 = — (p — ) and let J; < --- < J,, be as in (3.1)) for the pair (¢,c). We claim
that these intervals also satisfy (i)—(iii) for the pair (¢, d).

Notice that 6.([0,1]) = [p—,@+] C (- — 6,¥4 + 8), as a consequence of (16). It is also easy to
check that

Yy —26 > @y —2 and Y- +26 < p_ + 2.

Consequently, the J, satisfy (i), (ii) of (3.1) for the pair (¢, 0).

Let t; < --- < t, be such that 6,(tx) = @,x). Using , one deduces that each t; must be
contained in an interval Jy» with o(k’) = o (k). Therefore, no two of the t; can be contained in the

same J, so that ty € Ji for all k € [n]. Since ¢_ < ¢_, if o(k) = — then J; must contain some ¢
such that 0.,(t) = ¢_. In particular, by (2.13) (a), condition (iii) of (3.1) is satisfied by Jj for the
pair (¢, 0) whenever o(k) = —. If o(k) = +, let I C Ji be an interval as in (iii) for the pair (p,¢).

By (2.13) (b), this interval is also stretchable with respect to ;.. Moreover,
Yy —0=¢pr —e<0,(t) <Py <Py 40 foralltel
hence Jj, also satisfies (iii) for the pair (1, ) in case o(k) = +. O
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(3.12) Definition (N(Q), V.). Let Q = (¢q,2) € CxS*, 2 # —1. Let R(Q) denote the open interval
of size m — |61 centered at 9717 where et = z and |0;| < 7. Let U., Uy be the open subsets of M(Q)
consisting of all all condensed (resp. diffuse) curves. Define

Va = Ug x R(Q);
Ve = {(7,9) € M(Q) x R(Q) : 05([0,1]) C (¢, 1)}
If M(Q) does not contain critical curves of type o, set V, := (). Otherwise, define
Vo :={(7,¢) € M(Q) x R(Q) : 7 is (p,)-quasicritical of type o for some € € (0, F)}.

The union of V., V4 and all the V, will be denoted by N(Q), and the cover of N(Q) by these sets
will be denoted by 2. Note that each V. is an open subset of M(Q) x R, hence so is N(Q). For
sign strings o1 < -+ < 0y, the intersection V,, N---NV, = will be denoted by V(,, . 5.). Similarly,
’\7(0,017...,0,,") = VC N ’\7(0'1,.‘.707,") and v(dpl,‘..,o’,,”) = vd N ’\7(0'1,...707,”)'

Remark. Observe that R(Q) = (01 -3, g) if 4 > 0 and R(Q) = ( — 5,01 + g) if #; < 0. In either

case, it consists of all ¢ € R such that ¢_ < 0,6; < .

(3.13) Lemma. Let pr: N(Q) — M(Q) be the restriction of the canonical projection M(Q) x R —
M(Q). Let K be any compact space and g: K — M(Q) a continuous map. Then there exists
g: K — N(Q) such that prog = g.
Proof. Let g: p — ~A? € M(Q) and @” := ¢, as in (T3). Let w(p) denote the amplitude of 7.
Since %1 always lies in R(Q), if P is diffuse then ('yp , 9—21) € V4. If 4P is condensed, then @P also lies
in R(Q) and (7?, @P) € V.. Finally, if 4P is critical, then @? € R(Q).
Using and compactness of K, choose sg € (0,1] and § > 0 so small that:
e P is (1), €)-quasicritical of type o (for some o and £ > 0, whose values are irrelevant) for
¥ = (1— 50)@P + so% whenever s € [0, so] and |w(p) — 7| < 24.

Further reducing § > 0 if necessary, it can be achieved that

o (7P, ¢) € Vg for p = (1 — s)p? + s%, whenever s € [sg,1] and 7 < w(p) < 7+ 2.
Let s: R — [0,1] be an increasing continuous function satisfying:

0 if uw<m—26;

s(u) =< sg if Ju—m7| <
1 if uw>m+26;
and set P == [1 — s(w(p))]@? + s(w(p))%-. Then §(p) = (77, ¢P) € N(Q) for all p € K. O

(3.14) Corollary. If N(Q) is contractible, then so is M(Q).

Proof. Indeed, pr: N(Q) — M(Q) induces surjections on homotopy groups and a weakly contractible
Hilbert manifold is contractible. O

(3.15) Lemma. Let p: X — Y be a continuous map between topological spaces. Suppose that X ~
S™ for some n € N and that given any compact space K and any map g: K — Y, there exists
g: K — X such that pg = g. Then'Y is either weakly contractible or a homology n-sphere.

Proof. The hypothesis immediately implies that Y is a Moore space M(Z/(k),n) for some k € N.
Let K be a CW complex obtained by attaching an (n 4 1)-cell to S™ via a map of degree k. Let
g: K = Y be such that g,: H.(K) — H,(Y) is an isomorphism. By hypothesis, g factors through
X. Since H,(X) ~ Z, this implies that either k =0 or k = 1. O

The homotopy type of M(Q) will be determined as follows. If M(Q) contains no critical curves,
then M(Q) ~ E or E x S° depending on whether U, = () or not; see Theorem 6.1 in [17]. Otherwise,
let n denote the greatest length |o| among those sign strings o for which V, # (. In §4] the cover
¥ will be shown to have the same combinatorics as that in , and in it will be shown that
U is a good cover of N(Q). Then , together with an easy topological lemma, will imply
that either M(Q) is contractible or it has the homotopy type of S"~!. Finally, if N(Q) ~ S"~ 1,
then M(Q) ~ S"~! as well, because in this case a non-nullhomotopic map S"~1 — M(Q) can be
constructed explicitly; this is done in
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(3.16) Lemma. Let 01 < -+ < 0y, be sign strings and f: K = Vo, 5.y, b+ (Y, ¢P), be a
continuous map. Then there exist continuous £j: K — R*, p — 5?, such that for each p € K, P is
(gop,eé’)—quasicritical of type o;. Moreover, €41 > 2¢; for each j € [m — 1] throughout K.

Proof. By (3.3)), such functions can be defined on a neighborhood of every p € K. Globally defined
ej: K — R" (j € [m]) are obtained through convex combinations using partitions of unity; this
works in view of (3.9). The last assertion is just a restatement of (3.8]). O

(3.17) Definition. Let (v, ¢) € V5, n = |o|, and let Ji, (k € [n]) be intervals satisfying the condi-
tions in (3.1]) for some € € (0, ). Define h: V, — R"™ by:

_Jsupyey, {04(t) — @i} if o(k) =+
(17) h(1.9) = {mftei oo I el

(3.18) Remark. Even though e and the Jy are not uniquely determined, (a) implies that h is
well-defined. Furthermore, it is continuous. Indeed, by , for (n,) sufficiently close to (v, ¢),
we may choose the same intervals Jj in for (n,) as for (v, ¢); but for fixed J;, C [0,1], it is
clear that depends continuously upon (v, ¢).

Notation. Given intervals I1,...,I,, let I; *--- % I, denote the smallest closed interval containing
LU---Ul,.

(3.19) Lemma. Let 01 < o3 be sign strings and suppose that v € M(Q) is (¢, €;)-quasicritical of
type 0, j = 1,2. Let |o1] =1, |o2] = n and J; < --- < J,, be intervals as in for the pair
(02,€2). Then there exist intervals J| < --- < J| satisfying for (o1,€1) such that:

(a) Each J! has the form Jy * Ji, for some k < k' € [n] depending on i € [l].
(b) If k € [n] is such that |hi (7, p)| < 2e1, then Ji C J! for some i € [l].
(¢c) For each i € [l], there exists k € [n] such that |hi (v, )| < e1 and Jy, C J..

Proof. Let ki < -+ < ky, be all the indices k € [n] such that |hg(y, ¢)| < 2e1. Define 7: [m] — {£}
by 7(j) = o2(k;). For each j € [m], choose t; € Ji, such that 0,(t;) = ¢g,k,;) + hr; (7,9). Let
Ji" < --- < J/' be any intervals as in (3.1]) for the pair (o1,e1). Then:

e Each t; must be contained in some J; with o2(k;) = o1(¢). This follows immediately from
condition (ii) of for the pair (o1,e1).
e For each ¢ € [l], J/' must contain one of the ¢;. Indeed, by (iii) of , for any i there exists
s; € Ji' such that |0, (s;) — s, ;)| < €1. By , 2e1 < €9, hence s; € J, for some k, which
forces |hi (7, ¢)| < €1. Therefore k = k; for some j, and it follows that ¢; must be contained
in J!.
Let o be the reduced string of 7. The first assertion implies that o is a substring of o1, while the
second one implies that it cannot be a proper substring. Consequently o = 0.

Thus, there exists a decomposition of {k1,...,ky,} as the disjoint union of nonempty sets S; <
- < S with o9(k) = 01(i) whenever k € S;. Set J! = *yeg, Jp. Then J{ < --- < J/, and parts
(a) and (b) hold by construction. Moreover, |0, (t) — ¢| < & —2e1 if t ¢ Int (U, J]): If ¢t ¢ U, Ji,
then this is obvious from (ii) of (3.1)), since e > 2¢1 by (3.8)); if ¢ € Jj, for some k, then necessarily
|hi (v, )| > 2¢1, hence again the inequality holds. This proves that condition (ii) of is satisfied
by the J!. Condition (i) is also easily verified using that eo > 2¢;.

Since v is (¢, £1)-quasicritical, there exist intervals I; < --- < I; such that I; is stretchable and

(18) 05(t) = @0y (i)| <e1 forallte I and i€ [l].

The inequality implies that each of these intervals must be contained in some J’, and no two
subsequent intervals may be contained in the same J'. Hence I; C J/ for each i € [I/]. This proves
that condition (iii) of is satisfied by the J’. Since 1 < &3, also implies that each I; must
be contained in some Jj, with |hg (v, ¢)| < €1, so that J, C J! by the definition of the J’. This proves
part (c). O
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4. INCIDENCE DATA OF THE COVER OF N(Q)

Good covers of Hilbert manifolds. An open cover 4 = (U, ),er of a space is good if for any
finite J C I, the intersection [, ; Uy is either empty or contractible. Let U = (V,),er be a good
cover of another space, indexed by the same set I. Then i and U will be called (combinatorially)
equivalent when for any finite J C I, (), ,; U, = 0 if and only if (), . ; Vi, = 0. Recall that the nerve
Ky of an open cover i of a space is a simplicial complex whose n-simplices correspond bijectively
to the nonempty (n + 1)-fold intersections of distinct elements of i, for each n € N.

(4.1) Lemma. If$l is a good cover of a paracompact space X, then X is homotopy equivalent to the
nerve Ky.

Proof. See [7], Corollary 4G.3 or [22], p. 141. O

Because the spaces £72 (P, () are closed submanifolds of the separable Hilbert space E (see Defini-
tion 1.6 of [I7]), they are second-countable and metrizable. It follows that they are also paracompact.
It will be tacitly assumed below that all Hilbert manifolds are separable and metrizable.

(4.2) Corollary. If two Hilbert manifolds M and N admit equivalent good covers, then M =~ N.

Proof. Let 3 and U be equivalent good covers of M and N, respectively. Let K be the nerve of i,
which is homeomorphic to the nerve of U by hypothesis. By , there exist homotopy equivalences
M — K and K — N. The corollary thus follows from the fact that a homotopy equivalence between
two Hilbert manifolds is homotopic to a homeomorphism, see [I7], Lemma 1.7 (b). O

(4.3) Corollary. If a Hilbert manifold M and a finite-dimensional manifold N admit equivalent
good covers, then M~ E x N. d

Incidence data of the cover of N(Q). The purpose of this subsection is to determine which of
the open sets V., C N(Q) described in (3.12]) intersect each other.

(4.4) Lemma. Suppose that v € M(Q) is simultaneously (p, €)-quasicritical of type o and (p,&’)-
quasicritical of type o', for some p € R, €,&" € (0, F) and sign strings 0,0’. Then o' # —o.

Proof. No generality is lost in assuming that ¢ < &’. Let n = |o|, | = |0/| and J; < -+ < J,p,
Ji < --- < J] be intervals as in (3.1, for the pairs (0,¢) and (¢’,¢’), respectively. For each k € [n],
choose an interval I, C J such that

0+(Ir) C (Pok) = € Po(k) T €)-

Then for each k € [n], I must be contained in some J; with o(k) = o/(i). In particular, I} and
Ij..1 are not contained in the same J’ for any k. Therefore, either [ > n or I =n and ¢’ = 0. O

(4.5) Lemma. Let oy, (2 < k < n) be sign strings satisfying |ogx| = k. Then there exist intervals
Ry C ... C R, = [n], |Rg| = k, such that for each k = 2,...,n, if R = {r1 <--- <rg}, then
on(r;) = or(i) for all i € [k]. O

In words, we can find nested copies of each oy inside of ,, by an appropriate choice of the Ry.
The proof is an easy induction which will be left to the reader.

(4.6) Lemma. Let k1 € (0,1). Suppose that a € LTH(P,Q) is condensed, to(0) = tq(1) and
ka([0,1]) C [—k1+K1], but « is not a line segment. Then for all sufficiently small e > 0, there exists
a homotopy s — as € LTHP,Q) (s € [0,1]) with a; = o and w(a;) — w(ap) = 6E|

Proof. Let kg € (k1,1) and H be as in Proposition 3.4 of [I7]. Then u — a,, = H(u, @) (u € [0,1]),
the flattening of a = oy with curvature kg, is a deformation within £} (P, Q) such that w(a,) is an
increasing function of u. Moreover, § = w(a;) —w(ap) > 0 by Lemma 3.16 of [17] and the hypotheses
on a. Hence, for any ¢ € (0, 4], there exists ug € [0, 1] such that w(ay) — w(ow,) = €. O

(4.7) Lemma. Let oy, (2 < k <n) be sign strings satisfying |or| = k. Suppose that M(Q) contains
critical curves of type 0. Then Ve gy, 0.y 00d V(4 0y, .. 0,) ar€ NONEMPLY.

..........

TRecall that w(7y) = sup 6 — inf 6., denotes the amplitude of .
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Proof. Write Q = (g, 2) € C x S'. By Proposition 5.3 of [17], the region
R,, = {p € C: M(P) contains critical curves of type o,,, P = (p,2)}

is open in C. Hence, there exists x; € (0,1) such that 1q € Ry, . Let Q = (k1q,2). If 7 € M(Q) is a
critical curve of type o, then the dilated curve n = %177 is a critical curve of type o, in M(Q) whose
curvature takes values in [—1, +k1]. A quasicritical curve of the required type can be obtained by
modifying 7 in neighborhoods of the points 7(t) where 6, (t) = ¢" £+ 7.

By Corollary 5.7 of [I7], the set of all ¢ € R such that M(Q) contains a critical curve 77 with
@ = ¢ is an open interval. Hence it may be assumed that 0,6; € (g7, @), so that

(19) p=min {|gL], |1 —02], F} >0,
where 0; = 6,,(1) is the unique number in (-, 7) such that e'* = 2. Since
C={tel0,1]:0,(t) =@l
is compact, it intersects only finitely many components Vi < --- <V of
V= {te 0l 0,0) — ool > F - 1)

Observe that V; is an open subinterval of (0,1) for each ¢ € [I], and either the maximum or the
minimum of 6,3, is attained at both endpoints. Let

)\:g—sup{wn(t)—@ﬂ ¢ U Vi) >0

By grafting n at points of C if necessary (see Definition 4.13 and Figure 9 of [17]), it may be assumed
that for each 1, U‘Vi contains a line segment of some large length L where 0, = @11

Let o; = 77‘%' Then each a; satisfies the hypothesis of . Hence there exists 4, 0 < 2§ <
min {\, u}, such that for each i € [I], if &; < ¢ then «; can be deformed (keeping initial and final
frames fixed) to a curve f; such that w(a;) — w(B;) = ;. We claim that an appropriate choice of
the g; yields a curve of the required type.

Since 7 is a critical curve of type o, there is a partition of [{] into sets A; < --- < A, such that
for every k € [n] and ¢ € Ay, there exists ¢ € V; for which 6,(t) = an(k)' In view of , no
generality is lost in assuming that op = 0,|y) for each k = 2,...,n. Set &, = 0if i € A; U Ay and
g = 8§ if i € Ay for k > 2. Let v be the curve which results by deforming each «; to 3;, as
described above. Notice that ¢ = ¢". Furthermore:

(a) « is not condensed, because for every i1 € Ay, iy € Ag, there exist t; € V;,, t2 € V;, such
that 0, (t;) = @) ;) (i =1,2).

(b) ~ is not diffuse, since 7 is not diffuse and each f; was obtained from «; by a deformation
which decreases amplitude.

(c) v is (@7, 8k_"25)—quasicritical of type o for each k = 2,...,n by construction. Indeed,
setting J = *;c4, Vi (the smallest closed subinterval containing these V;) for each k € [n],
J1 < -+ < Jg satisfy (i) and (ii) of for ¢ = 887725 (k > 2) since

1
g5 < 8Fn2§ < 58’““—’%5.

Condition (iii) is a consequence of (2.13) (c) and our assumption that each arc 7|y, contains
a line segment of some large length L where 6,, = @.

Therefore, by , (7,27) € V(oy,...,.00)- By Proposition 5.1 of [I7], the boundaries of U, and
Uy in M(Q) are both equal to the set of all critical curves in M(Q). Therefore, by (3.3), a slight
perturbation of vy yields a curve 7 such that (%,¢Y) € V(c.oy.....0) OF (7:07) € V(do,....om)- O

Let us say that 7 is a top sign string for M(Q) if the latter contains critical curves of type T,
but does not contain critical curves of type 7 for any sign string 7/ with |7/| > |7|. Set n = |7|.
Proposition 5.3 of [I7] determines whether M(Q) contains critical curves of type o in terms of @Q,
for any sign string o. Notice in particular that M(Q) always admits a top sign string 7, except in
case it does not contain critical curves at all.

(4.8) Proposition. Let 7 be a top sign string for M(Q), n = |7|, T be the cover of N(Q) described
n and Y = {Uik}ke[n]7 where Uy, C 8™ are as in .
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(a) If M(Q) contains critical curves of type —7, then defines a combinatorial equivalence
between ¥ and the cover i of S*1.

(b) If M(Q) does not contain critical curves of type —1, then defines a combinatorial equiv-
alence between B and the cover U~ {U_,} of S"1 ~ {(0,0,...,—1)}.

Proof. Tt is clear that V. N V4 = 0, and by (£.4), V, NV_, = 0 for any sign string o. On the other
hand, (4.7)) implies that an intersection of nonempty sets in U is empty only if it involves one such
pair. The combinatorics of U is thus the same as that of i, as asserted. O

5. TOPOLOGY OF THE COVER OF N(Q)

(5.1) Proposition. Let 0y < --- < 0y, be sign strings. Then the subspaces Vo, . 0.y V(c,o1,...om)
and V(go, ..oy of N(Q) are either empty or contractible.

Let V denote any of these subspaces. Since V is a Hilbert manifold, it suffices to prove that it
is either empty or weakly contractible. Given a family (47, pP) € V, for p ranging over a compact
space, the idea is to stretch each 4 in the direction of +ie’?” so that it becomes nearly critical (see
Figure , and then flatten it piecewise to obtain a concatenation of circles and line segments of a
special form (see Figure . The results of §1| are then used to conclude that the resulting family
is contractible. The proof is quite technical since the conditions in need to be verified at each
step; it will be split into several lemmas.

For the sake of convenience, a curve v € M(Q) will be called of the form cl if it is the concatenation
of an arc of circle of amplitude < 7 and a line segment, where either of these may degenerate to a
point and the circle has radius %0; the value of kg will be clear from the context. The analogous
abbreviation for a more general word on {c,} will also be used.

L ioP ol
ie'? ie'?

O/; ( \/

0,1) € C x S! Q=1(2.2)

R

0=(0,1)eCxS! Q=(g.2)

FIGURE 10. Streching a curve in the direction of +ie®”.

(5.2) Lemma. Let go: K — Vo, . .0n)s 90(p) = (75,¢7), be a continuous map. Then for all
sufficiently large C > 0, there exists a homotopy gs: K = Vic o, ..o,y (s €[0,m]), gs(p) = (7%, ©"),
such that for each p € K and j € [m]:
(i) %, is (¢P,8;)-quasicritical of type o;, where §; = arccot (C*(M=9)+1);
(ii) If Jj1(p) < -+ < Jjo,|(p) are intervals satisfying for the quadruple (+E,,¢P,0;,0;),
then for each k € [|o}|], there exists an interval I C J;x(p) such that |0, (t) — @ij(k)‘ < 0
for allt € I and ~E,|1 is a line segment of length greater than cot(d;).

Proof. Let 4% be denoted simply by 7. By Corollary 1.11 of [I7], it may be assumed that each ~?
is smooth and that all of its derivatives depend continuously on p € K. Let R > 0 be such that
the image of 7P is contained in the open disk of radius R centered at the origin for all p € K. Take
ko € (3,1) large enough so that £+»([0,1]) C [—ko,+ko] for every p € K. For each j € [m], let
gj: K — R* (j € [m]) be as in , n; = |o;| and let J; x(p), I; ;1 be the intervals corresponding
to o; as in and , for k € [n;] and some open cover (U; ;)icp,] of K. For each j € [m], let
pij: K —[0,1] (i € [I;]) form a partition of unity subordinate to the cover (U; ;)icp,]- By choosing
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a larger Ko € (% necessary, it may be assumed that «P|;, . is ko-stretchable with respect to

) @545k
(k) for each p € U”» and k € [n;]. Again by compactness, there exists sy > 0 such that the
mequahty in .( is satisfied by the function corresponding to the stretching of 4?|;, ,, for all
j €m],i€[l], k€ [n;] and p € U, ;. Take C > 0 to be so large that
(20) C > 8max {R+mry ", msg !, sup cot(ef) }.
peK

For the sake of simplicity, it will be assumed that I; ; NI j = @ whenever i # i’ and U; ;NUy ; #
(). The only difference if this did not occur is that it would be necessary to stretch the restriction of
7P to these intervals one i at a time; see and the remark following it.

Define a homotopy (s,p) — 2 (s € [0,m]) inductively as follows (compare Figure [10). For
s € [j —1,4], let 4% be obtained from 7 _, by stretching its restriction to I; ;  linearly with s in the

direction of exp (upaj( I byﬂ
(21) Lipi;(p) C2H1=3) for each i € [I;], k € [nj].

Actually, if n; is odd, then one must introduce different constants into the above formula for k even
and for k odd to guarantee that (v,(1), iewp> is constant for s € [j — 1,j]. Since these factors do
not affect the estimates below, they will be ignored.

It is an immediate consequence of (c) that (v7,¢P) € V. for all s € [0, m] since this is true
when s = 0. Let J; be as in the statement. We claim that for each p € K and j € [m]:

(a) If s € [0, j], then 4% is (4P, €¥)-quasicritical of type o;.
(b) If s € [j,m], then ~ satisfies (i) and (ii) (with s in place of m).
In particular, (7%, ¢?) € V(c,04,....0.,) for all s € [0,m] as claimed.

To establish ( ), we prove by induction on j’ € [j] that the intervals J; (p) (k € [n;]) satisfy the
conditions in for the quadruple (72, ¢?, £5, P o;) for any s € [j'—1,j’]. By hypothesis, this is true
when s = 0. By , 2¢l, < ¥ for all p € K. Hence, by (a), for any i’ € [l;/] and k' € [n;/],
the interval Ii/’jf)k/ is contained in some J; ;(p) whenever p € Uy ;. It follows immediately from
(2.9) (b) that the J; 1. (p) satisfy (i) and (ii) of (3 . ) for (72, P, j,aj) and all sely—1,51 If J; k(p)
contains Iy j s for some ' € [l;/] with p € Uy j, then condition (iii) of (3.1)) is satisfied by I/ j i/
for all s € [j' — 1,5'] by ([2.9) (g). If not, then J; (p) is disjoint from Ilr,J/’kr whenever p € Uy j, so
that 0.»(t) = 9,75,_1(75) for all t € J;(p) and s € [j' — 1, j']. In particular, if I C J; ,(p) satisfies (iii)
for (72, ¢P, 7,aj) when s = j/ — 1, then T is not affected by the stretching, hence it satisfies (iii) for
this quadruple for all s € [j' — 1, §’]. This completes the proof of the induction step and of claim (a).

Now write I; j & = [¢i j k. dijk)- If @ € [I;] is such that p; ;(p) > %, then

(9 (i) = (i) > explicy 1)) > 270 — 2R, while
(77 (digk) =75 (cige)  exp(ie?))| < 2R,

The first inequality is immediate from and the hypothesis that the image of +? is contained
in the open disk Br(0). The second one comes from the fact that (v2(d; ;x) — v2(ci k), € ) is
actually independent of s € [0, j], as all stretchings are in the direction of +ie’?” and I; ;1 is either
disjoint or contains I; j» y» when pys j(p) > 0, by (3.7) (b) and the inequalities 259 <e; (J <)
By the definition of stretching, fyf |1, ,.» is a curve of the form clc. Using we conclude that
I; j.x C Jjk(p) contains a subinterval I such that 7f|1 is a line segment of length greater than

(22)

C2m+1-7) _9op 2mRg 1S 2m=i)+l

and slope greater in absolute value than
1 - . 1 » iy
ﬁ(oﬂm+1 D — 2R — 21Ky ') > EC2<m+1 9 > CAm=IF = cot(6;).
Hence ‘975) (t) — gpij(k)’ < d; throughout I, and by 1' 7;7 is (¢P, d;)-quasicritical of type ;. This

proves (b) when s = j.

TWhen appearing inside or multiplying an exponential, the letter ¢ denotes the imaginary unit, not an index.
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We now establish (b) for all s € [j,m]. Fix p € K. Observe first that no ¢ € [0, 1] can belong to
two intervals Ii/,j’,k’ and Ii”,j”,k” with pi’,j’(p) >0, i (p) > 0 and O'j/(k/) = —O'j//(/f"). Moreover,
if j/ is the smallest index such that ¢ € I j/ i and p;/ ;-(p) > 0 for some ¢’ € [l;/] and k" € [n;/], then

P sl 4
S%j,(k/))| > mO2(m+1—j") > C2(m+1—5")+

|tan (6.2 () — T =4tan(d;—1) for all s € [0,m].

Here has been used; the factor m in the denominator of the second term comes from the fact
that ¢ belongs to at most (m + 1 — j/) < m such intervals. Since 4 tanz > tan(2z) for z € (0, %),

(23) |02 (8) — @Zj,(k/)
Now suppose that t € J; (p) for some k € [n;]. There are three possibilities:

o If t does not belong to any I j» k» with pi j:(p) > 0, then 0.2 (t) = 6,»(t) for all s € [0,m]
by construction, hence

> 26,1 for all s € [0,m)].

|00 (t) — cp’iaj(k)| > 2¢! > 20; for all s € [0,m].
o If t € Iy jr jr with py j(p) >0 and o/ (k') = oj(k), then (2.9) (b) implies that
T
|60 (t) — wlioj(k)‘ >35> 2§, for all s € [0,m].

o Ift € Ijs jy v with pyr js(p) > 0 and 0/ (k') = —o;(k), then j' > j+1, otherwise the inequality
2¢!, < & would immediately yield a contradiction. Hence, by [23),

|07§(t) — ga’io,j(k)’ > 26; for all s € [0,m].

Thus, in any case condition (i) of is satisfied by (12, ¢P?,d;,0;) for all s € [0, m]. Similarly, if
t ¢ Int (U2, J;,x(p)), then either ¢ does not belong to any Iis j/ i with py j/(p) > 0 or t € Lis js
with p; j(p) > 0 for some j > j+1. Then, by the same reason as in the first and third possibilities
above,
0.2 (t) — | >26; forall s €[0,m].

This proves that condition (ii) of is also satisfied for all s € [0,m]. Finally, we shall prove
by induction on j' (j < j* < m) that condition (iii) holds for all s € [j,j']. For j' = j, this
was established in the preceding paragraph; let I C J; ;(p) be as described there and assume that
j" > j. By (3.8), €%, > 2¢%, hence (b) implies that if p; js(p) > 0 and k' € [n;/], then either
I C ey jogr,dir jo ] or these two intervals are disjoint. If I is disjoint from any such interval, then
Op(t) = evf/,l(t) for all t € I and s € [j' —1,5']. Hence I C J; (p) satisfies condition (iii) of
for all such s, since by the induction hypothesis this is true when s = j° — 1. Suppose then that
I C ey jr gy dir jo ] for some ¢’, k" with p;s js(p) > 0. Using (e) and reducing I if necessary, it
can be assumed that 7?|; is a line segment for all s € [}’ — 1,5']. Let s € [j' — 1, '] correspond to
the instant where the flattening deformation ends and the stretching begins. The same estimates as
in show that the slope of 42 |1 is greater than cot(d;). Since this is also true when s = j' —1 by
the induction hypothesis, it follows from the monotonicity of ,»(t) with respect to s € [j" — 1, 5]
(see Lemma 3.11 of [I7]) that this holds for all s € [’ — 1, s¢]. For s € [sg, j — 1] the same conclusion

holds by (2.7)). O

(5.3) Lemma. Let ¢ >0 g: [0,m] X K = V(4 .o.) beasin and n = |oy|. Then g admits
an extension to [0,m + 2n| x K, g.(p) = (4, ¢P), such that v, ., is of the form

cle...lc
—

n

and each line segment has length > 8 and slope greater in absolute value than g, for allp € K.

Proof. Again, we carry out the proof only for V(. 5, .. 5., since the proof for V(,, . 5 is the same,
except for a few omissions. We retain the notation of the proof of . Let Ji(p) = [ar(p), bi(p)]
(k € [n]) be intervals satisfying the conditions of for the quadruple (v, ¢?, €2, o), and hence
the same conditions for (8, P, 8, 0m). Set to(p) = 0, tan(p) =1,

(24)  toa () = 5lon(p) + bep)] (k€ [n]) and k() = g 0u(p) + aka(p)] (k€ n— 1))
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FIGURE 11. An illustration of a curve obtained by the homotopy in (5.3)).

Notice that ta5_1(p) € Ji(p) for all k € [n] and Ji(p) < tor(p) < Jr+1(p) for all k € [n—1]. For each
€ [2n], let I, (p) = [tu—1(p), t.(p)]. Since I, (p) intersects exactly one Jy(p) for all v, the amplitude

wOmlne) = s {60} = il {020}

is less than 7 for all v € [2n]. Thus, 75, |7, () can be flattened; let

1
P=—( sup 0., (t)+ inf 0. (t v € [2n]).
vt =3 e )+, dnf 00(0) (€ [20])

Extend the homotopy of (5.2) to [0,m + 1] x K by letting 7, |1, (») be the flattening of 4%, [;, () in
the direction of ™% (s € [0,1]). It follows immediately from (2.9) (d) that (v, ¢P) € V. for all
s €10,1].

Again, it needs to be verified that (v}, ,¢?) € Vs, .. 0,)- We claim that 77, is (¢?,0;)-
quasicritical of type o, for all s € [0,1] and j € [m]. Fix p € K and let

Jja(p) < < Jjm;(p) (G € [m])

be intervals as in for ;. Using , it may be assumed that any such interval has the form
Jiy (D) * Ji, (p) for some ki, ko € [n]. (It is however unnecessary to assume that the endpoints of
J; 1 (p) depend continuously on p, since no constructions using them will be carried out.)

Let v € [2n]. As I,(p) intersects exactly one Ji(p), it intersects at most one J;,(p). Thus, if

L,(p) N J;.(p) # 0, then |975L+S (t) — " a,m} > 20; for s = 0 and all t € L,(p). By (2.9)(d), this
inequality holds for all s € [0,1]. Since |J, I,,(p) = [0, 1], we conclude that

(25) |00 (8) =", (] >20; foralls €0,1], ¢t € Jj(p).

Now let I C J; »(p) be an interval as in (ii) of (5.2). Let v € [2n] be such that I C I,,(p)UI,41(p).
Then the restriction of 42, to one of I N I,(p) or I N I,41(p) has length equal to at least half the
length of 42, |;. Suppose without loss of generality that the former occurs. Let R > 1 and C' be as

in the proof of (5.2). Then
1 .
| (tow) = A (b-1(p) , i exp(ig”))] > SC*™ 17D — 2R, while

[V (tup) — Vi (tu—1(p)) . exp(ie?))| < 2R.

Recall that by the definition of flattening, 5, , (¢, (p)) = V&, (¢, (p)) for all s € [0,1], and similarly at
ty—1(p). Moreover, vb 1|1, (p) is of the form clc. Its subarc which is a line segment must thus have
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slope greater in absolute value than
% (%CQ(mH_ﬁ — 2R — 27mal> > %CQ(mH_]‘) > C2m=I)+L = cot(§;).

Let I' C INI,(p) be an interval such that 4, , .| is a line segment of length > 8 for all s € [0,1], as
guaranteed by (e). Then ~% . |1 is Ko-stretchable by (f). Further, the above estimate
implies that ’9,%“ (t) — ‘Pij(k)’ < ¢; throughout I’ when s = 1, and this is also true when s = 0 by
. By the monotonocity of 0751+S(t) with respect to s (see Lemma 3.11 of [I7]), this inequality
holds for all s € [0,1]. Thus, condition (iii) of is satisfied.

To verify condition (ii), let v, 1 be the greatest (resp. smallest) index satisfying ¢, (p) < Jj,x(p) <
ty, (p). Since t,,(p) ¢ U, Jx(p) by definition,

|0, (t0 (9) = P = 105, (80, () — "] < g —2¢?, for i =0,1and all s € [0,1].
Therefore, it is possible to enlarge J; (p) to a subinterval of (t,,(p),t., (p)) so that

‘9 » (t) — @p‘ < g —20; for all t € [ty,(p),tu, (p)] ~ Jjr(p) and s € [0,1].

’ym-%—s

If this enlargement is carried out for each k € [n;], then condition (ii) of (3.1)) will be satisfied by
the J; ,(p). It is easily verified that the validity of conditions (i) and (iii) is not affected.
Now ~,, ., is of the form

(cle)(cle) ... (cle) for all p € K.
—_

n
To prove the lemma, it thus suffices to reduce subarcs of the form cclc to arcs of the form clc. Let LP
denote the length of v 415 no generality is lost in assuming that v 41 [0,1] — C is parametrized
proportionally to arc-length for all p. Set

(26) N

Foreachv =1,...,2n—1in turn, let 7, .| be obtained from ~}, , , by flattening the arc 7}, |4, (»)
in the direction of

’ tl/“l’l(p)}

1( sup 6 () + inf 6 (t)).

2\ iea,(p) Tmty teA,(p) ™
Using estimates similar to the preceding ones, it is not hard to check that v¥ € V(. 5, . 5,.) for all
s € [m +1,m + 2n]. Moreover, 7%, has the desired form for all p € K by construction. d

The next objective is to prove a version of and for Vigo,,....0,,)- The proof is a repetition
of the arguments used to establish these results, aside from some preliminary deformations which
are needed to guarantee that 2 will remain diffuse throughout the homotopy. We begin with a
lemma which allows us to deform a family K — V(,, . ... to have image contained in V(4 4,, . 5,.)-

. emma. Let K — V, p — (70, ¢") be a continuous map, where V = Vg, . oy orV =
54)L Let K v Oppb ) h v /V(’la,m) v
V(or,...om)- Then there exists a homotopy (s,p) = (7%, ¢P) €V such that [¢”, %] C Int(60,»([0,1]))
forallpe K.

Thus, by deforming ~§ they can be made not only diffuse but “diffuse with respect to ©P”.

Proof. Let €;: K — R* be such that 4? = ~{ is (¢, eP)-quasicritical of type o, for each j € [m]
and p € K. Assume first that V = V45, . 5,.) and that K consists of a single point p. Since
is diffuse, the image of 6.» has diameter greater than m, and it contains [¢” + €}, ¢} — €] in its
interior by condition (iii) of (3.1). Hence there exist ¢,¢' € [0, 1] such that

97;) (tl) =7+ va (t) and QA,p (t) < QOIi + 511) < Qﬁi — 511) < QA,p (t/)

Define a homotopy (s,p) — ~F (s € [0, %]) by grafting straight line segments having directions

tyr(t), t4»(t') and length greater than 4 at 4*(t) and +*(t') (see [17], Definition 4.13). Note that
(2, ¢P) €V for all s € [0, 1], since 6,» is essentially the same function as 0.». Extend the homotopy
to all of [0, 1] by deforming each of these segments to create a “bump” (see Figure 10 of [17]) so that
[¥”, ] C Int(B,2([0,1])). This is possible because M(P) is connected if P = (z,1) € R x S' with
x > 4, by Theorem 6.1 of [I7]; this also follows from Figure [3| above. Moreover, 7% € Vg0, . 0.
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for all s € [0,1]. For a general finite simplicial complex K, the same idea works if partitions of unity
are used. The details will be omitted since they are technical and an entirely similar construction
(for deforming segments into eight curves, instead of bumps) was already carried out in Lemmas
4.15 and 4.16 of [17].

Now take V = V4, .. 5.)- By Corollary 1.11 of [I7], it may be assumed that each 4? is smooth
and that all of its derivatives depend continuously upon p € K. Choose kg € (%, 1) such that
kyr([0,1]) C (=Ko, +kKo) for every p € K. Assume first that K = {p}. Let Jx(p) be intervals
satisfying for the sign string o,, and some € > 0, and choose stretchable intervals I C Ji(p),
I' C Jy(p) with o,,(k) = + and 0, (k') = —. By choosing a larger ro € (3,1) if necessary, it may
be assumed that the restriction of v to each of I, I’ is kg-stretchable with respect to cpi (k) Define
a homotopy (s,p) — ~F by stretching each of v5|7,75|r in the direction of +ie’?” by more than
4 + 2, linearly with s € [0, 1]. Extend this to [0,1] by choosing straight line segments of length
greater than 4 within each of 'yg 1, '71%) |- and deforming them to create bumps as above so as to have

[o”, ol ] C Int(@n/f([o, 1])). For a general finite simplicial complex K, use partitions of unity, |i
and (3.7) (a). O

(5.5) Lemma. Let K — Vg5, 0,0, P+ (Y7, F) be a continuous map and assume that [¢” , o] C
Int(0,»([0,1])) for all p € K. Then given 8y > 0, there exists a homotopy (s,p) — (72,¢P) €
Vidor,.om) Such that vg = 4P and [p2, o] C Int(6,r([0,1])) C [¢2 — do, ¥’} + do] for allp € K.
Moreover, the homotopy is obtained by stretching subarcs of 4P in the direction of +ie'®" .

Proof. By Corollary 1.11 of [I7], no generality is lost in assuming that +? is smooth for every p € K,
and that its derivatives depend continuously on p. In particular, there exists ko € (0,1) such that
kyr([0,1]) C (=Ko, +ko) for all p € K. Fix p and let

W, ={te[0,1]: |[0o(t) —?| > 2}, Cp={t€(0,1]:|0(t) —¢"| > 2+ %
By (a), the closure of any component of W), is a ko-stretchable interval for 4?. Moreover, C,
is compact, hence it intersects only finitely many of the components of W,,. Choose disjoint intervals
[ck, dk] (k € [n], n = n(p) € N), such that:
Cp C Upilow, dil;
® VP|(c,.dy] 18 Ko-stretchable with respect to o for every k € [n];
‘971) — @p’ > 7 throughout [cg, dy];
|60 (k) — 9P| < 5 + %0 and |00 (dy) — P| < 3 + %0.
Let U, C K be a neighborhood of p such that these conditions still hold if p is replaced by any
q € U,. Cover K by finitely many such open sets U; (i € [I]), with associated stretchable intervals
[ct,di] C [0,1], k € [n(i)]. By the argument used in the proof of (a), it may be assumed that
if i <4 and U; NTUy # 0, then for each k € [n(7)] and k' € [n(i')], either [ck,di] C [cL,,dL] or
these two intervals are disjoint. Let (p;)iep, pi: K — [0, 1], be a partition of unity subordinate to
(Ui)ieq- Let m (i) denote the cardinality of

Si(i) ={k € [n(i)] : +sign (640(t) — ¢P) > 0 for all ¢ € [c},, d}]}.
Observe that m4 (i), m—_(i¢) > 1 by hypothesis. Let M > 0 and for each ¢ = 1,...,1 successively, let
VP (s € [©1,4]) be obtained by stretching
m—(i)pi(p)M if k € 54.(i)
el i) Y {m(i)pi(p)M if k€ 5_(0)
The factors m (i) are incorporated here to guarantee that v,(1) = ¢ for all s € [0,1]. By (b),
(c) and (g), for each p € K, the four conditions listed above remain valid for 4 (s € [0, 1]), so that

this deformation is well-defined. Further, by (2.9) (), if M is large enough, then the resulting curves
¥ will satisfy the required property for all p € K. a

(27) Vi1 for each k € [n(7)].
7

(5.6) Lemma. Let g: K = Vigo,, . ..0mn), 9(0) = (3, 0P), be a continuous map. Then there exists
a homotopy g: [0,5] X K = V(aoy.....om)» 9s(0) = (72, ¢P), such that 4§ =P and ~% is of the form

.....

cle...lc
—

n
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and each of its straight arcs has length greater than 8, for allp € K.

Proof. Let the notation be as in the first paragraph of and let 6P := 6.,» and 6% := 0.» (where
~? is to be defined below). Since 0 € R(Q) by definition (see ), cos P = (1,e%") > 0 for all
p € K. By , it may be assumed that [p”, ¢! ] C Int(0,»([0,1])) for all p € K. Given p, choose
uj € [0,1] (y = 1,2) such that

0P (uy) < P — T < P + I < 67 (uy)

and the origin 0 € C lies in the interior of the triangle whose vertices are 1, e??”(“1) and e#"(u2),
These conditions are still satisfied throughout a neighborhood U, of p. Let (U;);c[;,) be a subcover
of the resulting cover of K and u; ; € [0, 1] be the corresponding numbers. Then we can write

0= aio(p) + a;1(p)e’® 1) +a; 5(p)

Moreover, a; ;: U; — R™ can be chosen to depend continuously on p and as large as desired for each
j =0,1,2. Let p;: K — [0,1] be a partition of unity subordinate to (U;);cp,). Set 7 := 7* and
define a homotopy [0,1] X K = V(4 5,.....5,.)» (5,0) = (7%, ), by grafting straight segments linearly
with s onto 77 at t = 0, u, 1(p) and u,; 2(p) of lengths L, ;(p) = pi(p)a;;(p) (j =0, 1,2, respectively)
for all i € [lp] and p € K. As before, let R > 0 be such that the image of 7} is contained in Br(0)
for all p € K. By taking the a; ; to be sufficiently large, it can be guaranteed that for each p € K
there exists ¢ € [lo] such that

(Lij(p)e'(4id) " < —2(R + 2r) for j = 1,2.

e’ (Wi2) for some a; j(p) > 0 and all p € U;.

In words, 77 “retrocedes” by at least 2(R + 27) at ¢ = u; 1 and t = u; 2, with respect to the axis
e’?”. Thus if k; € [n,,] is such that u; ; € Ji, (p) (j = 1,2 and Ji(p) as at the beginning of the proof

of (5.3)), then

(28) (W (t2k, (D)) — 7Y (t2k,—2(P)) ei‘pp> < —4r.

Here ¢, (p) is as in (24); note that to, —2(p) < Ji,(p) < tax,(p). The crucial observation here is that
(28) implies the existence of ¢’ € [tar,—2(p), tax, (p)] such that (—1)7 (67 (¢') — ) > Z.

Let dp be given by as in (i) and apply to 47, extending the homotopy to [0,2] x K.
(This deformation is necessary to be able to apply as in the proof of ) Because the
subarcs of 44 which are stretched in this homotopy all lie in the interior of some Jx(p), and they
are stretched in the direction of i £ e’#", the coordinate (y?(t),e’?") is the same for all s € [1,2]
provided that ¢ ¢ |J, Jx(p). Hence, is valid with v, in place of 71 (s € [1,2]). Now take R’ > 0
such that the image of 74 is contained in the open disk Bg/(0) for all p € K, and take C as in
(20), but replacing R by R’. Finally, extend the homotopy to [0,5] x K by repeating the proofs
of and (5.3)), with R in place of R. We claim that is sufficient to guarantee that ~?
remains diffuse when the constructions in and are carried out for s € [2,5]. There are
three constructions to consider, which will be assumed to take place for s € [2,3], [3,4] and [4, 5],
respectively. The first one, in the proof of , involves stretching subarcs of 44 in the direction of
+¢'%"; as above, this does not affect the validity of since t,(p) ¢ U, Jx(p) for all even v. The
second, at the beginning of the proof of , involves flattening each of the subarcs v§ [ty—1(P)stw ()]}
clearly, this also does not affect , because by the definition of flattening, v?(¢) remains constant
at the endpoints t = t,_1(p) and t,(p), as well as outside of [t,_1(p),t,(p)]. The last step, near the
end of the proof of , is to flatten the restriction of 4 to the intervals . This may affect ,
but it can still be guaranteed that

<’y§(t2kj (p)) - 7§(t2k]~72(p)) ’ eiLPP> <0 for all s € [4a 5]7 J = 1; 2,
because the restriction of 7§ to A, (p) \ [t,(p), tu+1(p)] has length - < 27. Thus, for each p € K

and s € [0, 5], there exist vy, vy € [0, 1] satisfying 62(v1) < ¢¥ < @& < 02(vy), so that v, is diffuse
for all s. .

Given any family (77, 0”) € Vic.oy,....om)s V(o1,nom) O V(d,on,....0,n) indexed by a finite simplicial
complex, we have shown that y? can be continuously deformed to look like a curve P as in Figure
To finish the proof of , it thus suffices to show that any such family is contractible. This is true
because any 7 as in the figure is essentially determined by p(n, ) = (z,¢), where © = (z1,...,2,)
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is obtained as indicated there and n = |o,,|. To make this more precise, we begin by describing
a construction which implies that each fiber of p is contractible. It will then be shown that p is a
quasifibration.

(5.7) Construction. Let vp,71: [0,1] — C be two regular curves parametrized proportionally to
arc-length and 6., : [0,1] — R be continuous functions satisfying exp (i6,,) = t,, (j = 0,1). Let
99,91 € R and k1 € (0,1). Suppose that v = g, y1 satisfies:

(1) 64(0) =Yg and 6., (1) = Vq;

(if) Ky: [0,1] = [0, k1] is a step function.
Recall that 977 = || k,, for any piecewise C? curve (except at finitely many points). Condition (ii)
thus implies that 6 is an increasing, piecewise linear function. We shall describe a homotopy s — s
(s € [0,1]) joining 7o to 1 through regular curves satisfying (i) and (ii). The idea is to parametrize
both 7; by the argument 6 € [Jg, ;] and use convex combinations; this works only if both 6, are
strictly increasing, but an easy adaptation also covers the general case. See Figure

FIGURE 12. An illustration of (5.7]).

Let {aq < -+ < an} C [Uo, V1] be the union of the set of critical values of 6., and 6.,,. For each k €

[n], let [af, bf] C [0,1] denote the interval 6’;],1({04;6}). Define a reparametrization n; : [¥g,91+n] = C
of 7; as follows: The restriction of 7; to an interval of the form

[ak_l + k-1, ap+ (k- 1)] (ke n+1], ag:=99, apt1:=101)

is the reparametrization of 7j|[b§‘*1,a§} by the argument 6 € [ay_1, ay], where b% := 0 and a}”l = 1.
The restriction of n; to an interval of the form
o+ (k—1), ap + k] (k€ [n)])
is the reparametrization of ’Yj|[a§,b§] proportional to arc-length. Let ns: [J9,91 + n] — C be given
by
1s(t) = (1 = s)no(t) +sm(t) (s €[0,1]).
A straightforward computation shows that the radius of curvature p; = ﬁ satisfies

ps = (1—38)po+ sp1 € [H—ll,—&—oo) (s €[0,1))
in the interior of intervals of the first type. The restriction of 7 to an interval of the second type is
a parametrization of a (possibly degenerate) line segment parallel to e!®*. Thus 7, satisfies (i) and
(ii). The desired homotopy s — 7, is obtained by reparametrizing 7, proportionally to arc-length.
Furthermore:
(iil) If v9(0) = p = 71(0), then v5(0) = p for all s € [0, 1]; similarly at ¢t = 1.
(iv) Let I, = 65 ({Wo}). If |z, is a line segment of length > L (j = 0,1) and slope g, then 4|7,
is also a line segment of length > L and slope g for all s € [0, 1]; similarly for ;. O

(5.8) Definition. Let 01 < - -+ < o, be sign strings, n = |o,,| and §; > 0 (j € [n]) satisfy d;11 > 26;
for all j € [m — 1]. Define H; C R™ to consist of all z = (21,...,z,) € R" such that:
(i) There exist k1, ko € [n] such that 0., (k2) = —om (k1) and o, (ki)zk, >0 (i =1,2).
(ii) For each j € [m], if k1 < --- < k; are all the indices in [n] such that |zi| < 6; (resp. |ag| <
20;), then o; is the reduced string of 7: [I] — {£}, 7(¢) = o (ki).
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This space is weakly contractible for any choice of ¢, J; because it is weakly homotopy equivalent
to the space
X(d,al,al,...,am,o’m)
described in (1.17)); see (1.18) and (1.19). (Here each o; appears twice because it is involved in two
inequalities in (ii), viz., one for ¢; and the other for 24;.)

(5.9) Definition. Let kg € (3,1), 01 < -+ < 0y, be sign strings, n = |o,,| and 6; > 0 (j € [m])
satisfy d,11 > 20; for all j € [m — 1]. Define E; to be the subspace of M(Q) x R(Q) consisting of
all (y,¢) for which there exist 0 = tg < -+ < top41 = 1 and (z1,...,2,) € Hq such that:

(1) Yitage_1y.tan_y) (k € [n+1]) is an arc of circle of radius > % and amplitude < T;

(1) V/itgn_1,t2r) (K € [n]) is a straight line segment of length greater than 8 and

O ([t2k—1,t2k]) = { o (k) + Tk} -

The arcs in condition (i) are allowed to be degenerate. Observe that if (vy,¢) € Eq4, then 7 is
diffuse and (y, 6;)-quasicritical of type o; for each j € [m] (for o; and §; as above). Here R(Q) is
the open interval described in (3.12)).

(5.10) Lemma. The space E; defined above is weakly contractible.
Proof. Let p: Eq — Hgx R(Q) be given by p(v, ¢) = (x, ¢), where x = (x1,...,%,) is as in condition

(ii) of . Fix (z,¢) and (70,9) € p~ !z, ¢); let t{ =0 < --- < th, ., = 1 be as in (5.9) for (yo, ¢).
Given v = 1 € p~H(z,¢) and ty < --- < tan41 as above, apply to the restrictions v[f, _, 1,
and y|jp | ) for each v € [2n + 1] to obtain a homotopy s > 75 joining 7o to v1. The validity of
(iii) and (iv) of (5.7) guarantees that (v, ) € Eq4 for all s € [0, 1]. Therefore, the fiber p~!(x, ¢) is
either contractible or empty, for any (x, ) € Hq x R(Q).
For = (z1,...,x,) € Hy, let
go(@) = min { |zx| : om (k) >0, k € [n]},
ej(2) = min {&; — |ax| : |zx] <d;, k€ [n]} (4 € [m]),
e(z) = min{eg(z),...,em(z)}.
Then the open ball B.(z) is convex and B.(x) C Hy for any € € (0,(z)). We claim that p has a
section over B. ()X R(Q) C Hyx R(Q) for any x € Hy and € € (0,e(x)). In particular, p is surjective.
Together with contractibility of the fibers and (1.11]), this will imply that p is a quasifibration, and
hence that F, is weakly contractible.
Let x € Hy and € € (0,e(x)). For each y = (y1,...,yn) € Be(x), consider the (unique) curve
nY: [0,1] = C of the form
cle...lc
——
such that each arc of circle has radius %0’ ®,0(0) = (0,1) € CxS*, tu(1) = z and by = @, (k) + Yk
over the k-th line segment, which we set to be of length 10 for all k£ € [n]. Then (n¥, ) satisfies
all of the conditions required of elements of E,, except that n¥(1) may not agree with ¢ € C as it

should.
To correct this, choose k1, ko € [n] such that

om(k1) =+, g, >0, op(ks) = —, g, <0

such indices exist by condition (i) in the definition of H;. Moreover, by the choice of €, yx, > 0 and
Yk, < 0 for any y € B.(z). Let ¢: B.(x) — [0,1] be a continuous function such that t,u (t(y)) = e'*.
Then a section (y, ¢) — (7Y, ) of p over Be(z) X R(Q) can be obtained by increasing the length of
the k-th line segment to I > 10 for k = ki, ko and grafting a straight line segment of length Iy > 0
at t(y). More precisely, the origin 0 € C lies in the interior of the triangle whose vertices are €',
e tue) and —ie?(®T¥r2) | Therefore, any complex number can be written as

ape’® + arie’ e — qoietPtUR)  for some ag, a1, as > 10.
Consequently the lengths Iy, g, , lr, can be (continuously) chosen to achieve that v¥(1) = gq. (]
Next we establish a version of ([5.10]) for condensed curves, beginning with the following.
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(5.11) Lemma. Suppose that (v,¢) € V. o) C N(Q) for some sign string o. Then there exists a
critical curve n € M(Q) of type o for which " = ¢ (with " as defined in )

Proof. Let n = |o|, J1 < --- < J, and I C Ji be as in (3.1). Deform each v|;, to obtain a curve
n such that for each k € [n], 6, (tr) = @,(r) for at least one t;, € Iy, but 6,([0,1]) C [p—, ] still
holds. O

(5.12) Definition. Let 01 < --- < 0y, be sign strings, n = |o,,| and 6; > 0 (j € [m]) satisfy
dj+1 > 20; for all j € [m — 1]. Define H. C R™ to consist of all z = (z1,...,x,) € R" such that:
(1) om(k)zr < 0 for each k € [n];
(ii) For each j € [m], if k1 < --- < k; are all the indices in [n] such that |zx| < 6; (resp. |zg| <
26;), then o; is the reduced string of 7: [I] = {£}, 7(i) = om (k:).

Again, H, is weakly contractible for any choice of o;, d; by (1.15) and (1.19)), since it has the
same weak homotopy type as X5, o, ..

')UWL;O"m)'

(5.13) Definition. Let 01 < --- < 0, be sign strings, n = |o,| and 6; > 0 (j € [m]) satisfy
djt1 > 26; for all j € [m —1]. Let J(Q) denote the open interval consisting of all ¢ € R such that
M(Q) contains critical curves n of type o, with ¢" = ¢ (cf. [I7], Corollary 5.7). For S a closed
subinterval of J(Q), define E. C M(Q) x S as in , replacing R(Q) by S and Hy by H..

(5.14) Lemma. Let S be a closed subinterval of J(Q). Then for all sufficiently small 6,, > 0, the
space E. defined above is weakly contractible.

Proof. Tt was established in the proof of Proposition 5.3 of [I7] that there exists a critical curve
n € M(Q) of type o, with @7 = ¢ if and only if ¢ € W and ¢ lies in the open region to the
right of the tangent T}, of direction ie’? to a certain circle. The set of all such ¢ is the open interval
J(Q), and if S C J(Q) is a closed interval, then there exists a positive lower bound for the distance
from ¢ to T, for p € S.

The proof of the present lemma is analogous to that of except for the last paragraph.
Retaining the notation used there, choose ki,ks € [n] such that o, (k1) = —, om(ke) = + and
lyk;| < 61 (i = 1,2) for all y € Be(x), where ¢ < e(x) = min{e1(z),...,en(x)} (and eo(x) is now
undefined). By the preceding observations, if d,, > 0 is sufficiently small, then ¢ lies to the right of
the line through 1¥(1) of direction ie’¥. By further reducing 6,,, > 0 if necessary, it can be guaranteed
that ¢ lies in the cone with vertex at n¥(1) and sides parallel to

iexp (z(ga + ykl)) and —iexp (z(ap + ykz)),

but does not lie in the triangle with vertices
n%(1), n?(1) + 10iexp (i(p + yx,)) and 9(1) — 10iexp (i(p + yx,))
for any ¢ € S, y € Be(x). This implies that ¢ can be written as
nY(1) + arie’Ptue) — qoie(P k) for some ay,as > 10.

A section (y, @) — (7Y, @) for p over B.(z) x S can thus be obtained by increasing the lengths Iy, , I,
of the line segments of n¥ to ensure that v¥(1) = q. O

The proof of ([5.1)) is obtained by assembling the results of this section.

Proof of . It suffices to show that each of Vi, 5 v Vicor,....om) a0 Vg o, . 5. is weakly
contractible. By , the case of V(5,, . 5,,) can be reduced to that of V(45, .. ,)- Let k>0 and
g: SF =V, g(p) = (47, ¢"), be a continuous map, where V="Vc s, 5y 0r V=V o .
In the former case, let S = {L,Op ceR:pe Sk}. By || S is a closed subinterval of J(Q). By
and , g can be deformed within V.4, . ato have image contained in E., with &,, > 0
5.11)

as small as desired. Hence ¢ is nullhomotopic by (
In the latter case, (5.6) and (5.10) immediately imply that ¢ is nullhomotopic. a

(5.15) Corollary. Let T be a top sign string for M(Q) and n = |7|. If there exist critical curves of
type —7 in M(Q), then N(Q) =~ E x S"~L. Otherwise N(Q) ~ E, for E the separable Hilbert space.

Observe that nothing is being asserted yet about the topology of M(Q).
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Proof. Immediate from (4.3)), (4.8) and (5.1). O

6. HOMOTOPY EQUIVALENCE OF M(()) AND A SPHERE

(6.1) Lemma. Suppose that £7 are both top sign strings for M(Q), where || =n. If f: S*~! —
M(Q) and g: M(Q) — S™ ! satisfy deg(gf) = 1, then f and g are homotopy equivalences. In
particular, M(Q) is homeomorphic to E x S*~1 and f represents a generator of m,_1M(Q).

Proof. According to (3.13)), (3.15) and (5.15), under the present hypothesis M(Q) is either weakly
contractible or a homology sphere of dimension n — 1. The fact that deg(gf) = 1 implies that the
latter must hold, and that f and g induce isomorphisms on all (co)homology groups.

When n = 2, it follows directly from that all higher homotopy groups of M(Q) are trivial,
so that f and g are weak homotopy equivalences.

When n > 2, M(Q) and S"~! are simply-connected. Passing to mapping cylinders and applying
the relative version of the Hurewicz theorem, we again conclude that f and g induce isomorphisms
on all homotopy groups.

Thus M(Q) is weakly homotopy equivalent to S*~! ~ E x S"~1. Since a weak homotopy equiv-
alence between Hilbert manifolds is homotopic to a homeomorphism ([I7], Lemma 1.7), M(Q) is
actually homeomorphic to E x S"~1. O

Our next objective is to show that (under the hypothesis of the lemma) such f and g always
exist. In fact, they can be constructed explicitly.

Briefly, the map ¢ defined below measures the extent to which curves in M(Q) fail to be critical
of type 7. Its definition is a slight variation of that of the map A in ; cf. also Figure

(6.2) Construction. Let U, C M(Q) consist of all curves which are (@7, ¢)-quasicritical of type 7
for some ¢ € (0, §), where @7 is given by . Then U, is an open subset of M(Q) containing the
set C, of all critical curves of type 7 by . Moreover, C; is closed in M(Q); here the hypothesis
that 7 is a top sign string for M(Q) is essential.

Given v € U, and intervals J; < --- < J,, satisfying the conditions of for the quadruple
(7,97, 7), define

o) = { Peen B0 = 5 HTRY =4y g
infye g, 0,(t) + 5 if 7(k) = —;

o) = fan(r) -+ an(7)]

It follows from ({3.5)) (a) that the maps ax: U, — R are well-defined (i.e., they do not depend on the
choice of € and the Jj) and continuous; compare (3.18]). Let

S={(z1,....2,) ER" : 3, 2, =0} * R"!
and define
AUy =3, A(Y) = (a(y) —a(¥),- -+ anl(y) — a(v))-
(6.3) Lemma. Let v € U.. Then A(y) =0 if and only if v € C,.

Proof. Tt is clear that A(y) = 0 if v € C,. Conversely, if A(y) =0 then a;(y) =+ = a,(7y). Since
there exist &, € [n] such that

sup 0-(t) = sup 0,(t) and inf 0.(ft) = inf 0.(%),
te})k, 7(f) te[ol,)u 1) ted, 2 (1) t€[0,1] +(t)

the equality of ay () and «;(v) implies that w(v) = 7, that is, « is critical (of type 7). a
Let W C M(Q) be an open set such that
C,CWCWcCU,

and let A\: M(Q) — [0,1] be a continuous function such that A71(1) = M(Q) ~ W and A~1(0) is a
neighborhood of C,. Let r: ¥ — S"~! denote the map which collapses the complement of B;(0)NY
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to a single point, which will be identified with the south pole —N € S™~!, with 0 mapping to the
north pole N. Finally, define

(L= 2AM) + XN EY) ity e W;
—-N if v ¢ W.
Observe that g~ (N) = €,. O

(29) 9: M(Q) = 8", g(y) = {

We shall now construct a generator [f] for m,_1M(Q).

(6.4) Construction. Let C' denote the cube [— 5 g]n C R™, 0C its boundary and

S = {(J:l,...,xn) € C: xg, = 5 and xp, = —75 for some ky, ko € [n]}
Note that S C 9C is the complement of the union of the open stars of the opposite vertices of C
whose coordinates are given by z, = 3 and x;, = —F for each k € [n], respectively. (These vertices

are labeled ++ + and — — — in Figure (b)) We shall identify 0C' with S"~! and S with its
equator S”~2 when convenient.

FIGURE 13. The subset S ~ S"~2 of C' (in thick) for n = 2 and 3.

To simplify the explanation, let us assume first that there exists ¢ € R such that it is possible
to find critical curves 1,72 € M(Q) of types 7 and —7 such that @7 = ¢ = @72, (It is not hard
to show that this is always the case if n is even, but this fact will not be used.) This implies that
it is possible to find a critical curve v € M(Q) of type o with g7 = ¢ for any o with |o| < n.
Let ko, 6 € (0,1). Let T = S x [0, 6] be identified with a tubular neighborhood of S*~2 = § in
S"~1 = 9C, with a point (z,s) € T lying in the hemisphere Hggn(s) at distance |s| from S”~2 and
x € S"? realizing this distance (here Hy are the two hemispheres bounded by S"~2).

For each (x,s) € T, let n®%) denote the unique curve of the form

c...cC
N~
n+1
such that ®, .« (0) = (0,1) € C x 8!, t,(.s)(1) = 2z and
(30) 97](1,5) =p+ (1 + s)xk

at the point where the k-th circle is concatenated with the (k + 1)-th circle, for all k& € [n], where
each of the circles has radius % Observe that for all z € S, n**) is critical, condensed or diffuse
according as s =0, s < 0 or s > 0, respectively.

The curves (%% do not in general satisfy 7(***) = ¢, but this can be corrected as follows. Because
of the hypothesis on ¢, if kg € (0, 1) is sufficiently close to 1 and § € (0,1) sufficiently close to 0,
then

<77(I’S) —q,e%) <0 forallz €5, se[-44).

For fixed = € S, choose to,t1,t2 € [0,1] such that 6, .0 (t;) = ¢, ¢ + 5 and ¢ — § for i = 0,1,2,
respectively. By grafting line segments at 7(*9(t;) (i = 0,1,2), a curve 4% with 4(#0(1) = ¢ as
desired is obtained. Clearly, the same procedure will work in a neighborhood of (z,0), for the same
choices of t;. Using a partition of unity and reducing § > 0 further if necessary, this yields a family
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@5 € M(Q) (x € S, s € [~6,0]). The chosen open sets, the corresponding t; and the lengths of the
segments do not change the homotopy class of f and are irrelevant for the calculation of deg(gf).

The correspondence (z, s) — 7(%*) € M(Q) can be extended to a map f: S*~! — M(Q) through
nullhomotopies of the families v(*9) and (*~% (2 € S) within Uy and U, respectively. The latter
two sets are contractible by Theorems 3.3 and 4.19 of [I7]. This completes the construction of f
under the initial assumption on ¢.

In the general case, let v+, € M(Q) be arbitrary critical curves of type +7, and set p, = §7* €
R. Let Uy, denote the open star in S of the vertices p = Z(7(1),...,7(n)) and —p, respectively.
Since U NU_, = (, we can find a continuous function S — R, z — ¢%, taking values in the
closed interval with endpoints ¢4, such that ¢* = ¢4, if x € Uy,. By Proposition 5.3 in [17], if
|o| < n, then there exist critical curves v of type o with @ = ¢ for all ¢ in this interval. Hence,
the preceding definition of 7(**) works for every € S if ¢ is replaced by ©* in . O

(6.5) Lemma. Suppose that £7 are both top sign strings for M(Q), where |7| = n. Let g: M(Q) —
S~ ! and f: S"! — M(Q) be the maps described in C’onstructions and. Then deg(gf) = £1.

Proof. Let N denote the north pole of "' and p = 5(7(1),...,7(n)) € S € C = S"~'. Then
(gf)"1(N) = {p}, hence the result will follow if gf is a homeomorphism near p. By Brouwer’s
invariance of domain, it suffices to show that gf is injective on a neighborhood of p in dC. Finally,
by the definition of f|r, it actually suffices to show that gf is injective on a neighborhood of p in
S. Let U C S be an open set containing p such that A(U) = {0} and A(U) C B;(0), where A and
A are as in . Forz,z €U,

n

T = xT x 1 =
ak(v") —an(v") =z — Tp (k € [n]) and a(y") —a(y") = n Z(% —Ty).
v=1
Therefore, A(y*) = A(7?®) if and only if (x —Z) is a multiple of (1,1,...,1). In a small neighborhood
of p in S, this occurs if and only if # = Z. Thus gf|s is injective near p, and deg(gf) = +1. O

Obviously, it can be achieved that deg(gf) = +1 by composing g with a reflection if necessary.
The next result is a corollary of (6.1)) and (6.5)).

(6.6) Corollary. Let pr: N(Q) — M(Q) be the restriction of the canonical projection of M(Q) x R
onto M(Q). Then pr is a homotopy equivalence and M(Q) is homeomorphic to N(Q).

Proof. By (3.13)), the induced map pr,: H,(N(Q)) — H.(M(Q)) is surjective. Since M(Q) and
N(Q) are either simultaneously contractible or simultaneously homotopy equivalent to a sphere, pr,
must actually be an isomorphism. We conclude that pr is a homotopy equivalence using the same
argument as in the proof of . O

The proof of the main theorem (stated in the introduction) is now straightforward.

(6.7) Theorem. Let Q = (g,2) € C x St, z # —1. Then M(Q) = E x S? or E x S+ (k > 0)
for q in the open region intersecting the ray from 0 through 1+ z and bounded by the three circles
o d (i
C4k+4(z.z .z) and Capia( (l + lz))7 or | (see Figure[).
Capya(i —iz) and Cypie(E(i+1i2)), respectively
If q does not lie in the closure of any of these regions, then M(Q) =~ E. If q lies on the boundary of
one of them, then M(Q) =~ M((q —0(1+ 2), z)) for all sufficiently small § > 0.

Proof. Proposition 5.3 of [I7] describes precisely when M(Q) contains critical curves of any given
type. If M(Q) does not contain any critical curves (or, equivalently, if it does not admit a top sign
string), then M(Q) ~ E or E x S° according as U, is empty or not, as described in Theorem 6.1 of
[17]. If it does admit a top sign string, then we conclude from and Proposition 5.3 of [I7] that
the theorem holds if M(Q) is replaced by N(Q) in the statement. But M(Q) ~ N(Q) by (6.6). O
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