Collision, explosion and collapse of homoclinic classes

Lorenzo J. Diaz and Bianca Santoro *

December 1, 2003

Abstract

Homoclinic classes of generic C!-diffeomorphisms are maximal transitive sets and pairwise
disjoint. We here present a model explaining how two different homoclinic classes may inter-
sect, failing to be disjoint. For that we construct a one-parameter family of diffeomorphisms
(9s)se[—1,1) With hyperbolic points P and @ having nontrivial homoclinic classes, such that, for
s < 0, the classes of P and @ are disjoint, for s = 0, the classes collide and their intersection is
a saddle-node, and, for s > 0, after an explosion, the two classes are equal. Our constructions
involve bifurcations through heterodimensional and saddle-node cycles.

Introduction

In this paper we study the collision of non-trivial homoclinic classes via saddle-node bifurcations and
the dynamics before and after this collision. The main motivation of this paper comes from recent
results about mazimal transitive sets: for generic! C'-diffeomorphisms, the homoclinic classes are
either disjoint or equal ([Ar] and [CMP]). Our objective is to understand how two homoclinic
classes may be non-disjoint and different as well as the dynamical consequences of this pathology.

Let us start by recalling some definitions. Given a diffeomorphism f, an f-invariant set A is
transitive if there is an € A whose forward orbit is dense in A, i.e., A = Ujenf?(z). A transitive
set is mazximal if it is a maximal element of the family of all transitive sets partially ordered by
inclusion. Observe that any transitive set is contained in a maximal one. A transitive set A
is saturated if it contains every transitive set ¥ such that A N'Y # (. Clearly, every saturated
transitive set is also maximal. The homoclinic class of a saddle P of f, denoted by H(P, f), is
the closure of the transverse intersections of the orbits of the stable and unstable manifolds of P.
Every homoclinic class is a transitive set, not necessarily maximal nor saturated.

The problem of characterizing and describing (for a large class of systems) maximal and sat-
urated transitive sets is a key problem in dynamics. In fact, these saturated transitive sets are
the natural candidates for playing the role of the elementary pieces of dynamics (similar to the
role of the basic sets in the Smale hyperbolic theory, [Sm]). Recently, [Ab] states that for generic
C'-diffeomorphisms f having finitely many different homoclinic classes the non-wandering set of f,
Q(f), is the disjoint union of such classes. Moreover, these classes verify a weak form of hyperbol-
icity (existence of a dominated splitting, see [BDP]) and are the maximal invariant sets of a fixed
filtration (see Section 6.3) independent of the generic diffeomorphism in a neighborhood of f.
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Consider a closed manifold M and denote by Diff! (M) the space of C!-diffeomorphisms en-
dowed with the usual uniform topology. In [Ar], it is proved that homoclinic classes of generic
diffeomorphisms are mazimal transitive sets. [CMP] generalizes this result by proving that ho-
moclinic classes of generic diffeomorphisms are saturated transitive sets. Thus homoclinic classes
of generic diffeomorphisms are either equal or disjoint. We observe that there are locally generic
diffeomorphisms having saturated transitive sets without periodic orbits (so which are not homo-
clinic classes), see [BD2]. The goal of this paper is to give examples of homoclinic classes which are
not saturated transitive sets, presenting an explanation of how this pathology arises. In fact, we
exhibit homoclinic classes which are not contained in any saturated transitive set. For simplicity,
we consider diffeomorphisms defined on three manifolds, but our constructions can be carried out
to higher dimensions after straightforward modifications.

We construct a diffeomorphism f with saddles P and @ with Morse index (dimension of the
unstable bundle) one and two such that their homoclinic classes are nonhyperbolic, nontrivial, and
maximal transitive, and whose intersection is just a saddle-node. So these classes are not saturated
transitive sets. In fact, as mentioned above, we will prove that they are not contained in any
saturated transitive set.

Theorem A. Let M be a 3-dimensional closed manifold. There exist an open set W C M and a
family of diffeomorphisms (gs)se[-1,1]; 9s: M — M, such that, for every s, the diffeomorphism gs
has hyperbolic fixed points P and Q) of Morse indices 1 and 2 such that the mazximal invariant set
of gs in W, denoted by A, verifies the following:

e For every small s < 0, the set Ay N Q(gs) is the disjoint union of the homoclinic classes
H(P,gs) and H(Q,gs), where H(P,gs) and H(Q,gs) are non-hyperbolic and locally mazimal.

o Fors=0, Ao = Ao NQ(g0) = H(P,g0) UH(Q,g0), where H(P,go) and H(Q, go) are locally
mazimal and H(P,go) N H(Q, go) = {S}, where S is a saddle-node fized point.

e For every small s >0, Ag = Ao NQ(go) = H(P, g95) = H(Q, g5)-

This result means that the homoclinic classes of P and Q) collide at s = 0 and thereafter
explode (the point P that does not belong to H(Q, go) is in H(Q,gs) for every small positive s,
and the same holds for the point @ and H(P,gs)). Finally, the homoclinic classes also collapse:
H(Q,gs) = H(P, gs) for positive s.

In the previous theorem the open set W is a level of a filtration, (see Section 6.3). Theorem A
now implies the following:

Theorem B. Under the hypotheses of Theorem A, the homoclinic classes H(P, gg) and H(Q, go)
are not saturated and they are not contained in any saturated transitive set.

Our construction involves saddle-node bifurcations and heterodimensional cycles. We introduce
a codimension-two bifurcation, the saddle-node heterodimensional cycles, and study the lateral
homoclinic classes of a saddle-node. Let us explain all that in details.

Consider a diffeomorphism f having two hyperbolic fixed points P and ) with Morse indices
1 and 2, respectively. Then, f has a heterodimensional cycle associated to P and @ if the 2-
dimensional stable manifold of P and unstable manifold of @), denoted by W#(P, f) and W*(Q, f),
have a non-empty transverse intersection, and the 1-dimensional unstable manifold of P, W*(P, f),



and stable one of @, W#(Q, f), have a quasi-transverse intersection throughout the orbit of a
point xg, i.e., Ty, W*(Q, f) + Tu, WP, f) = Tu,W3(Q, f) ® T o W(P, f), thus dim(T,,W*(Q, f) +
T, W™(P, f)) = 2. A heterodimensional cycle is depicted in Figure 1 in Section 1. Bifurcations
through heterodimensional cycles have been systematically studied in the series of papers [Dy, Do,
DRy, DRy, DU, DRy, DRj].

A saddle-node S of a diffeomorphism f is a periodic point (we here assume to be fixed) such that
the derivative of f at S has 1 as its only eigenvalue in the unitary circle. We consider saddle-nodes
of saddle-type (i.e., the derivative of f at S simultaneously has eigenvalues inside and outside the
unitary circle). Thus the tangent bundle of M at S has a D f-invariant splitting E%* & E¢ @ E*,
where E*® (resp. E"") is the bundle spanned by the eigenvectors associated to the contracting
(resp. expanding) eigenvalues, and E° is the eigenspace associated to the eigenvalue 1 (in our
context, all these spaces have dimension 1). By the theory of invariant manifolds, see [HPS], there
exist the strong stable and unstable manifolds of the saddle-node, defined as the unique f-invariant
manifolds tangent at S to E* and to E** and denoted by W*5(S, f) and W¥**(S, f), respectively.

Motivated by the fact that (generic) saddle-nodes (of saddle type) simultaneously behave as
points of index two and one (the stable and unstable manifolds of the saddle-node have both
dimension 2), we introduce saddle-node heterodimensional cycles. A diffeomorphism f has a saddle-
node heterodimensional cycle associated to a saddle-node S and the saddle P of Morse index one if
the (two-dimensional) unstable manifold of S and stable manifold of P have nonempty transverse
intersection and the (one-dimensional) invariant manifolds W*5(S, f) and W (P, f) have a quasi-
transverse intersection along the orbit of some point. A saddle-node heterodimensional cycle is
depicted in Figure 4 in Section 4. One similarly defines saddle-node heterodimensional cycles
associated to a (saddle-type) saddle-node S and a saddle @) of Morse index two.

Roughly speaking, in our construction we consider a diffeomorphism f simultaneously having
two saddle-node heterodimensional cycles. We consider a two parameter family (f;s);sej—1,1) of
diffeomorphisms such that foo has a pair of saddle-node heterodimensional cycles, one associated
to a saddle-node S and a saddle P of Morse index one and other one associated to a saddle @ of index
one and the saddle-node S. The parameter ¢ describes the unfolding of the cycles (relative motion
between compact parts of W"(P, fio) and W**(S, fi0) and of W*(Q, fi0) and W**(S, f0)). The
parameter s describes the unfolding of the saddle-node: for positive s there are two saddles SJ and
S of indices 2 and 1, colliding at s = 0 to the saddle-node S and disappearing for negative s. We
see that, fixed any small ¢ > 0, for s > 0 (before the collapse of the saddles), H(P, f; ;) = H(ST, fi)
and H(Q, frs) = H(Sy, fis) for all small positive s. Moreover, H(P, fz,) N H(Q, fzs) = 0. At
the saddle-node bifurcation we have H(P, f;o) N H(Q, fro) = {S}. Finally, for s < 0, after the
disappearing of the saddles, H(P, f;,) = H(Q, f;s). See the results in Section 6. Theorem A
follows by considering the arc gs = f; _5. To deduce Theorem B from Theorem A, we consider a
filtration having the open set W as a level and analyze the orbits of recurrent points of Ag.

In forthcoming papers, we will illustrate how this type of bifurcation naturally appear as sec-
ondary bifurcations in the unfolding of heterodimensional cycles and give a model for the collision,
explosion, and collapse of (nontrivial) hyperbolic homoclinic classes, see [DRg].

Let us say a few words about our constructions. As mentioned, our setting necessarily cor-
responds to a non-generic situation, so we focus our attention on an example (we have not done
any effort for generality). We begin by presenting (in Section 1) a model for the unfolding of a
heterodimensional cycle. This model (motivated by [D;] and [BD;]) allows us to give a rather
transparent explanation of the dynamics in the unfolding of a heterodimensional cycle by reducing



it to the study of the dynamics of an iterated system of functions defined on an interval, this is
done in Section 2. Recall that the dynamics of a (linear) Smale horseshoe is given by two affine
expanding maps of the interval (say I = [0,1]) whose domains of definition are two disjoint closed
subintervals of I (say [0,1/3] and [1/3,1]). The interval (1/3,2/3) is the main gap of the horseshoe
and corresponds to points in the basin of attraction of a sink. The affine model for heterodimen-
sional cycles is a system of iterated functions with infinitely many maps F; defined on subintervals
I; of I which are non-disjoint (the interior of the intervals I; are pairwise disjoint, but I; and I; 4
have a common extreme). Thus in this model there are no gaps and there are no escaping points.

In Section 3, we prove that, after unfolding the cycle, the dynamics of the model family is
non-hyperbolic: the point of index 1 in the cycle belongs to the homoclinic class of the point of
index 2 in the cycle. Here, using the one-dimensional reduction, we give a shorter and clearer proof
of the results in [D4]. Since our constructions rely heavily on this proof and there is not any written
version of this approach, we have decided to include a short description of it.

In Section 4, we introduce the lateral homoclinic classes of a saddle-node S of a diffeomorphism f
as above, HT(S, f) and H~ (S, f), respectively defined as the closure of the transverse intersections
WY(S, f) h W=s(S, f) and W*(S, f) h W"%(S, f). These lateral homoclinic classes essentially be-
have as the usual ones. We see that for arcs f; unfolding at ¢ = 0 the saddle-node heterodimensional
cycle (associated to a saddle P of index one and the saddle-node S) one has H(P, f;) C H'(S, f;)
for all small positive ¢. Moreover, under mild conditions, one also gets H* (S, f;) = H(P, f;) for all
small ¢ > 0. The inclusion H(P, f;) C H'(S, f) follows adapting (in a rather straightforward way)
the results for the model family in Section 3. For the inclusion H* (S, f;) C H(P, f;) we need new
ingredients that we borrow from [D].

Using the results in Sections 3 and 4, we get a complete description of the homoclinic classes
H(P, f; ) and H(Q, f;s) before the collapse of the saddles S and S to the saddle-node. Finally,
to study H (P, f; ) and H(Q, f; s) after the collision, we introduce new systems of iterated functions
and analyze their dynamics.

Acknowledgements: We thank W. Horita for the careful reading of a draft version of this paper
and C. Bonatti for suggesting the use of the model family in Section 1.

1 Heterodimensional cycles: a model family

In this section, we construct a model one-parameter family ( ft)te[—l,l] of diffeomorphisms unfolding
a heterodimensional cycle. The study of the semi-local dynamics of f; will be reduced to the analysis
of a one-parameter family of endomorphisms with infinitely many discontinuities which describe
the dynamics of f; in the central direction, see Section 2.

Consider a diffeomorphism f with a heterodimensional cycle having the following dynamical
configuration. In local coordinates in R3, the cycle is associated to saddle fixed points Q = (0,0, 0)
and P = (0,1,0) of indices 2 and 1, respectively, verifying the following conditions:

Partially hyperbolic (semi-local) dynamics of the cycle:

e In the cube [—1,1] x [—1,2] x [—1, 1] the diffeomorphism has the form

f(x,y,2) = (Nsz, F(y), Au2),



where F': [—1,2] — (—1,2) is an increasing map with exactly two fixed points, a source at
0 and a sink at 1, and 0 < Ay < dp, < 1 < dpr < Ay, where 0 < d,,, < F'(z) < dyps for all
xz € [0,1].

e There is § > 0 such that F' is linear in [—¢,0] and affine in [1 — §,1 + J]. We denote by g > 1
and 0 < A < 1, the derivative of F' at 0 and 1, respectively.

Observe that [_171]X{(070)} - WS(Q)> {O}X[071)X[_171] - Wu( )7 {( ’ )}X[_171] - WU(P)v
and [—1,1] x (0,1] x {0} € W*(Q). Thus the curve v = {0} x (0,1) x {0} (called connezxion) is a
normally hyperbolic curve contained in W*(Q)  W#(P).

Existence and unfolding of the cycle:

e The cycle: There exist ky € N and a small neighborhood U of (0,1,—-1/2) € W*(P) such
that the restriction of f*0 to U is a translation,

ffo2,y,2) = (x—1/2,y — 1,2 + 1/2).

Thus f*(0,1,-1/2) = (-=1/2,0,0) € W*(Q) and W*(Q) and W*(P) meet throughout the
orbit of the heteroclinic point (—1/2,0,0). By construction, (—1/2,0,0) is a quasi-transverse
heteroclinic point.

e The unfolding of the cycle: Consider the family (f;)¢c[—. ) of diffeomorphisms coinciding
with f in [—1,1] x [=1,2] x [-1,1] and such that the restriction of £ to U is of the form

Fo(x,y,2) = (@ — 1/2,y — L+ t,2+1/2) = f*(2,y,2) + (0,1,0).

So, fort > 0, {(—1/2,t)} x[-1,1] € W*(P, f;) and z; = (—1/2,t,0) is a transverse homoclinic
point of P (for f;). Similarly, y, = (—1/2,0,0) is a transverse homoclinic point of Q.

Q)

10 AP
W=(P)

W (Q] W

Figure 1: The model cycle and its unfolding

Consider a small neighborhood of the heterodimensional cycle associated with fy, that is, an open
set W containing the connexion v = {0} x [0,1] x {0} and the fp-orbit of the heteroclinic point
(—=1/2,0,0). For small ¢, let A; be the mazimal fi-invariant set in W, Ay = Npez fi*(W). Consider
also the forward and backward fi-invariant sets in W, A" = Ny>of; (W) and Ay = Npso f7H(W).



Fix a small positive p and consider the fundamental domains of F' given by D* = [371p, p] and
D~ =[1—-p,\(1—p)] contained in the neighborhoods of 0 and 1 where F' is affine. We can choose
p such that FN(D*) = D~ for some N € N (for notational simplicity let us put N = 1). The map
FN is the transition from 0 to 1 2. Assume that that (1) = A and F’(0) = 3 verify:

(T1) F'(z) > % 11%5)\_1, for all z € DT,
(T2) (1-A) <B7L, and
1-)x

To get condition (T1) it is enough to consider F' with small distortion. For conditions (T2) and
(T3) it is enough to take 3 close enough to 17. In fact, later we will consider the case where Q is
a saddle-node (saddle-node heterodimensional cycles) and § = 1, see Section 4. Our first result is:

Theorem 1.1. For every t > 0 sufficiently small, H(P, f;) C H(Q, f:) and Ay C H(Q, ft).

This theorem was stated in [D;]. Here we give a more conceptual prove of it, which enables
us to introduce some technical tools to be used systematically later on. First, in Section 2 we will
introduce the system of iterated functions associated to the cycle (this approach is motivated by
[DR5]). In Section 3, we deduce the theorem from the results in Section 2.

2 Expanding one-dimensional dynamics associated to the cycle

For each small ¢ > 0, consider the scaled fundamental domains Di defined as follows: let D; =
[1 —t,A(1 — )] and define k; as the smaller k € N with F~%(D;") C [0,t]. We define

D} = [ag, by = [BH(be), b] = F*(D;), where B2t <a; <b <t

We next define an expanding map Ry, R;: DtJr — D;r , with discontinuities describing the central
dynamics of the return map of f; defined on [—1,1] x D} x [-1,1]. First, for each small t > 0
define the transition map T; from D} to D; by

Ti: D} — D7,z Ty(x) = FF(x).

Lemma 2.1. The map Ty verifies T{(x) > £ > 1 for all x € D;", where { is as in condition (T3).

2This transition plays a key role for determining the dynamics after unfolding the cycle and it is determined by the

Mather invariant of F', [Mal: in a neighborhood of 0, the map F is the time-one of the vector field X (y) = (log 8) y a%v

whose flow is y + 3"y. Similarly, in a neighborhood of 1, F is the time-one of Y (y) = (log\) (y — 1) 5%. Consider,

for y close to 0T, an large n such that F™(z) is close to 1~ and write DF"(y)(X(y)) = u(y) Y(F™(y)). Using the
local F-invariance of X and Y (near 0 and 1), one has that u(x) does not depend on n and that p(z) = u(F(z)).
The function p is the Mather invariant of F' which describes its distortion. For instance, if p is identically 1, then F'
is exactly the exponential of a vector field.



Proof: Given z € D; let k; = ny(z) + 1+ my(x), where F™@)(z) € Dt and Fi(z) ¢ Dt for all
1 <i < mng(x). We claim that

i<ﬁnt(w)<ﬁ_2 and M\t < \"t(@) <
Bt — 1 - -

For first inequalities just note z € DY C (872¢,t] and (7@ e [371,1]. The other ones follow
analogously. As Tj(z) = A™®) F(5™(®) z) hypotheses (T1) and (T3) and the estimates in (1) give

/ m¢(x / n¢(x 1 1—-X 1 1 A(1-=X

as we claimed. O

(1)

> =+

Since Ty(x) € D; = [l —t,1 — At] for all z € D}, we can define the map G; by

Gi: D —[0,t], x+ Gy(z) =Ti(x)+ (t—1).

o .
0o, D D 1
=1, =1
\// B 2 T 0

t 1t DtJr

Figure 2: The expanding maps T}, Gy and Ry

Remark 2.2. The map Gy is monotone increasing and G¢(D;") = [0,(1 — \)].

Claim 2.3. Let (az,b] = D} € D Givenx € D;" leti(x) € 7 be the minimum i with 5i(~Gt(m)) €
D;t. Then there is ig > 0 (mazimum with such property) such that i(z) > ig for all x € D}t

Proof: Recall first that b, € (71t,t]. On the other hand, from (1 —\) < g1 (condition (T2))
and Remark 2.2, G¢(D;") = (0,t(1 — \)] C (0,5711). Thus the right extreme of Gy(D;") is less
than the left extreme of D;r , hence i(z) > 0 for all x € D;r , ending the proof of the claim. ([l

Finally, the return map R; is defined by
Ry: Df = Df, Ri(z) = F®(Gi(x)) = B (Ti(a) + (¢ - 1)).

Next we study the dynamics of R;: the map R; is uniformly expanding and has (infinitely many)
discontinuities where the lateral derivatives are well defined. These discontinuities will play a key
role in our constructions. The definition of ip € N in Claim 2.3 implies that 3% (a;) € G¢(D;"). For
each i > iy define d; € D;r by Gi(d;) = 7 %(ar). By construction, the sequence (d;);>i, corresponds
to the discontinuities of R; and verifies the following:



o di—i—l < d; and d; — ay,

o Let [diy1,d;] = I;, i > g, and I;, = [d;,, b]. The map R; is continuous and strictly increasing
in the interior of each interval I,. We continuously extend R; to the whole I;, obtaining a
bi-valuated return map R; with R(d;) = {a¢, F(a;) = b} for all i > ig. In particular, the
restriction of R; to any I;, i > ig, is onto. We let Ry(by) = ¢ < by.

The main properties of R; are summarized in the next lemma.

Lemma 2.4. The restriction of Ry to each interval I;,i > ig, is onto and Ry(x) > ¢ > 1 for all
x € (at,by] (if © = d; this means that the lateral derivatives of Ry at x are greater than £). Moreover,
0e Gt(Rt(dZ)) fOT all 1 > 1.

The expansiveness of R; follows from Lemma 2.1 and Claim 2.3. Condition 0 € G¢(R(d;))
follows from a; € Ry(d;) and 0 € G¢(ay).

Lemma 2.5. Consider smallt > 0 and an open subinterval J othJr. Then there is k € NU{0} such
that RF(J) contains a discontinuity of Ry. In particular, there is x € J such that G¢(RF(z)) = 0.

Proof: If the interval J contains a discontinuity we are done. Otherwise, let ¢ > 0 be such that the
intervals J, Ry(J),..., Ri(J) do not contain discontinuities. Thus, for each k € {0,...,i}, there is
i > io such that RF(J) C I;,. Lemma 2.4 implies that |RF(J)| > ¢¥|J|, ¢ > 1, for all k € {0,...,i}.
Since the size of the intervals I; is upper bounded, this inequality implies that there is a first m € N
such that R}"(J) is not contained in any I;, thus it intersects the set of discontinuities of R;. [

3 The maximal invariant set: Proof of Theorem 1.1

Next proposition is the main technical result of this section. Heuristically, it means that the one-
dimensional stable manifold of @ topologically behaves as a two-dimensional manifold.

Proposition 3.1. For every smallt > 0 and every two-disk x with W*(P, fy) f x # 0, W*5(Q, f)
X # 0. In particular, W*(P, f;) is contained in the closure of W*(Q, ft).

Proof of the inclusion H(P, f;) C H(Q, f;) in Theorem 1.1. By the definition of H(P, f;), it
suffices to see that any = € W*(P, fy) i W*(P, f;) is accumulated by homoclinic points of Q. By
the configuration of the cycle, W¥(P, f;) C closure (W"(Q, ft)), thus, given any z € H(P, f;) and
any n > 0, there is a disk A,,, contained in W"(Q, f;) and in the ball of radius 1/n centered at z,
whose interior meets transversely W*(P, f;). By Proposition 3.1, A,, h W*(Q, f;) # (). Thus there
is yp, € A, NH(Q, ft). By construction, y,, — x, proving the inclusion H(P, f;) C H(Q, f;)-

3.1 Proof of Proposition 3.1
We now go into the details of the proof of Proposition 3.1. We first introduce some definitions.

o Aset AC[—1,1] x [-1,2] x [-1,1] is a vertical strip if A = {1} x [l1,l2] X [r1,r2], where
li <lyand r1 < 0 < ra. The segment {z1} % [l1,l2] x {0} is the basis of A. The width
and the height of A are w(A) = (Ia — 1) and h(A) = (ro — r1). The strip A is complete if
r9 = 1 and r; = —1, well located if [I, 5] is contained in the interior of D}, and perfect if it
simultaneously is complete and well located.



e A subset J C [—1,1] x [—1,2] x [-1,1] is a vertical segment if J = {x1} x {l1} X [r1,r2], where
r1 < 0 < ry. The point (z,¢1,0) is the basis of J. The height of J is h(J) = (rg —r1). As
above, the segment .J is complete if 1 = —1 and r9 = 1, well located if I; is in the interior of
D;r , and perfect if it simultaneously is complete and well located.

e A vertical segment J (resp. strip A) is at the right of Q if I3 € (0,1].

Given an interval a C [—1,2], let A({z} x a x {0}) = {z} x a x [~1,1] be the unique complete
vertical strip with basis {x} x a x {0}. Similarly, J(z,y,0) is the unique complete vertical segment
with basis (z,y,0). The next algorithm associates to perfect segments and strips their successors:

Algorithm 3.2. Let A = A({z} x a x {0}) be a perfect strip and define Gy(A) as the perfect strip
such that:

e the basis of Gi(A) is of the form ({x'} x Gy(a) x {0}), where 2’ = Ntz —1/2,
e Gi(A) is contained in fF¥*(A) (where F*(D}) = D; ).

Suppose now that o does not contain discontinuities, i.e. o C (djt1,d;) for some i. Define Ri(A)
as the perfect strip such that:

e the basis of Ri(A) is of the form ({#} x Ry(a) x {0}), where & = NX,(\t 2 —1/2),
o Ri(A) is contained in fI*T(A).

Similarly, to a perfect segment J = J(z,y,0) we associate perfect segments Gi(J) and R¢(J) (pro-
vided y # d; for all i).

The strips G:(A) and R¢(A) in Algorithm 3.2 are obtained as follows. Given a set A and a point
x € A, let C(x, A) be the connected component of A containing z. Take a small neighborhood V'
of fi0({0,1} x [~1,1]) € W¥(P, fo), ko as in the definition of the cycle in Section 1, then

gt(A) = C( tkt(m7y70)7 tkt(A) N V) n [_17 1]3)7
Ri(A) = C(fi(«',y/,0), [T (A) N V) N [=1,1]%),

where (z,,0) is any point in the basis of A, ' = (A z — 1/2), and 3’ € Gi(a). The construction
for the successors of segments is analogous.

Lemma 3.3. The manifold W"(P, f;) contains a perfect segment for all small t > 0.

Proof:  Consider the transverse homoclinic point z; = (—1/2,¢,0) of P. Recall that ¢ > b
and 37't € D = [as,b]. Let us assume that ¢ > by, and thus 37t € (ays, b;) (the case t = by
follows similarly, so it will be omitted). Consider the complete vertical segment R:(.J), where
J = J(—(A\71/2),87,0) € WP, f). If Ry(3~1t) belongs to the interior of D}, then R(J) C
WY(P, f;) is the announced segment. Otherwise, R;(3~1t) = b; and there is a homoclinic point
of P of the form (2/,b;,0). Using the A-lemma and the product structure of the cycle, one gets
homoclinic points (2, yn,0) of P and complete segments J,, = J(zy, yn,0) C WY(P, f;) such that
Tp, — 2', yo — by, and y, is increasing. Thus ¥, is in the interior of D, for every big n and
Jn C WY(P, f;) is perfect. O

For clearness we first prove Proposition 3.1 in the following special case:



Proposition 3.4. Let x C [-1,1] x [-1,2] x [-1,1] = {2} x A, where A is a disk of R? whose
interior contains a point of the form (y,0) withy € (0,2). Then x intersects transversely W*(Q, f;).

We claim that is enough to prove the Proposition 3.4 for perfect strips:

Lemma 3.5. Let A be a perfect strip. Then there is k € N such that fF(A) h W*(Q, f;) # 0.

Proof: Suppose that A = A({zo} x a x {0}), « in the interior of D;". By Lemma 2.5, there exist
Yo in the interior of @ and k € N such that G;(RF(yo)) = 0. Thus the vertical strip G;(R}(A))
(contained in the forward orbit of A) intersects transversely [—1,1] x {(0,0)} C W*(Q, f1). O

Proof of Proposition 3.4: By Lemma 3.3, W¥%(P, f;) contains a perfect vertical segment .J.
Since, by definition, x meets transversely W#(P, f;), the A-lemma implies that forward orbit of x
contains a sequence of complete strips x, accumulating to .JJ. Thus y, contains a perfect strip for
all n large. Lemma 3.5 implies that y,, (and thus y) transversely meets W*(Q, f;). O

Proof of Proposition 3.1: We can assume that x is transverse to W (P, f;) and contained in
[—1,1] x [-1,2] x [—1,1]. If x contains a subset of the form {z} x A, where A is an open subset
of R? containing a point (0,%) with y € (0,2), Proposition 3.4 implies the result. For the general
case, consider a point (zo,%0,0), yo € (0,2), in the interior of x th W (P, f;) and for every big n
the vertical strip
Yo ={zo} x [yo — 1/n,y0 + 1/n] x [-1/n,1/n].

The strips X, verify the hypotheses of Proposition 3.4, hence there is (g, yn, 2n) € X h W3(Q, f)
such that H, = [—1,1] X {(yn,2n)} C W*(Q, ft). Since (xo,Yn,2n) — (x0,Y0,0), it is immediate
that H,, meets transversely x for all large n, ending the proof of the proposition. ]

3.2 The maximal f;-invariant set

To prove the second part of Theorem 1.1 (the inclusion Ay C H(Q, ft)), let Vi be the connected
component of the neighborhood of the cycle W containing the heteroclinic point (—1/2,0,0). There
are two types of points of As: (a) those points whose orbit does not meet Vj (i.e., the set v =
{0} x [0,1] x {0} € W*(P, f;) nW*(Q, f+)) and (b) those having an iterate in Vj.

We claim that every point of type (a) belongs to H(Q, f;): given any (0, x,0), x € (0,1), consider
the disk A, = {0} x [vr — 1/n,z + 1/n] x [-1/n,+1/n] C W*(Q, f;) satisfying the hypothesis of
Proposition 3.1. Hence A, \ W(Q, fi) # 0 and thus A, N H(Q, f;) # 0. Since this holds for all
neN, (0,z,0) € H(Q, ft).

For points w € A; of type (b), after replacing w by some iterate of it, we can assume that
w € Vp. Consider the sequence (n;(w));ez, (w) associated to w, where Z;(w) C Z is an interval in Z,
inductively defined as follows: let ng(w) = 0 and, assuming defined n;(w), j > 0, we define n;1(w)
as the first integer k > (nj(w) + 1) such that ff(w) € V. If the forward orbit of w does not return
to Wy for every k > (n;j(w) + 1) then j is the right extreme of Z;(w). We argue analogously for
negative j: assuming defined nj(x), j < 0, nj_i(w) is the first negative integer k < (n;(w) — 1)
with fF(w) € Vp. If the backward orbit of w does not return to Vj for every k < (nj(w) — 1), then
Jj is the left extreme of Z;(w).

Consider the subset Z;"(00) (resp. Z; (00)) of A; NV} of points w such that Z;(w) is not upper
(resp. lower) bounded. Let Z;%(b) be the subset of A; N Vy of points w such that Z;(w) is upper
bounded. The set Z; (b) is defined similarly. Let Z;"(c0) = Z;" (c0) N Z; (c0) and Z:7(b) = Z," (b) N
Z, (b). We borrow from [DRg, Lemma 4.1] the following lemma, whose proof is straightforward:
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Lemma 3.6. For everyt > 0, Z,7(b) C W*(P, f,) UW*(Q, f;) and I, (b) C WP, f)UW™(Q, f;).

Next result immediately follows by observing that f; (resp. ft_l) exponentially expands the
vertical (resp. horizontal) segments:

Remark 3.7. Let w = (v,y,2) € I,/ (00) (resp. w € I, (00)). Then {(z,y)} x [z — e,z + €] h
WE(P, fi) # 0 (resp. [z —e,2 +¢] x{(y, 2)} D W™Q, fr) #0) for every e > 0.

To prove the inclusion Ay C H(Q, f;) in Theorem 1.1 we consider the following four cases.

Case (i): w = (v,4,2) € T, () \ T (b) = T, (b) N T ().

By Remark 3.7, there is a sequence w,, = (x,y, z,) € W*(P, f;) with w,, — w. We claim that
wy, € H(Q, fy) for all large n. Thus w € H(Q, ft). To prove the claim, note that the distances
between the backward iterates of w, and w exponentially decrease, thus w, € A;. Moreover, since
w € Z, (b) we also have that w, € Z,; (b). By Lemma 3.6, w,w, € W"(P, f;) UW™(Q, fr). If
wp, € WY(P, ft), then w,, € H(P, fi) C H(Q, f:) (recall the first part of Theorem 1.1 proved above)
and we are done. Otherwise, w,, € W"(Q, f;) and for each k large, there is a small vertical strip
Ay = Ag(n) of diameter less than 1/k, whose interior is contained in W*(Q, f;) and contains wy,.
Since w,, € W*(P, fi), A h W3(P, f;). Thus, by Proposition 3.1, W*(Q, f;) intersects transversely
the interior of Ay. Hence, since the interior of Ay is contained in W"(Q, f;), Ay contains a
homoclinic point y of @. From diam(Ag) — 0, we get yr — w;,, which implies w,, € H(Q, f).

Case (ii): w = (z,y,2) € Z,7(b) UZ; (b).

We claim that w is accumulated by points w,, € ;" (c0)NZ; (b), and the result follows from Case
(i). To prove the claim observe that, by Remark 3.7, there is a sequence w,, = (xy,y,2) € W*(Q, fi)
with w,, — w. Since the distances between the forward iterates of w,, and w exponentially decrease,
it is immediate to check that w,, € A;. This also implies that w,, € Z,"(00). Finally, w, € W*(Q, f;)
implies w,, € Z, (b), ending the proof of the claim.

Case (iii): w = (z,y,2) € Z;7(b) \ Z; (b) = Z;" (b) N Z; (c0).

By Lemma 3.6, w € W*(P, f;) UW?*(Q, f;) and, by replacing w by a forward iterate, we can
assume that w = (z,y,0), y > 0. Remark 3.7 gives a sequence w,, = (x,,y,0) € W*(Q, f;) with
wy, — w. For each n, there is a vertical disk A,, C W*(Q, f;) centered at w,,, of diameter less than
1/n. Clearly, A,, intersects transversely W#(P, f;). Thus, by Proposition 3.1, A,, h W*(Q, f;) # 0.
As in the previous cases, this implies that A, N H(Q, f;) # 0 for all n large, thus w € H(P, f3).

Case (iv): w € Z5(b).

By Lemma 3.6, there are four possibilities: (1) w € W*(Q, f:) " W™(Q, ft), (2) w € W*(P, fy)N
WY(P, fr), (3) w € WP, fr) N W™(Q, fi), and (4) w € W*(P, f;) N W*(Q, ft). Recall that the
intersections above are transverse or quasi-transverse, depending on the case. Hence, in case (1),
w € H(Q, ft) and, in case (2), w € H(P, fi) C H(Q, ft). In case (3), the same proof of {0} x
[0,1] x {0} € H(Q, f) implies that w € H(Q, f): just observe that for every disk A C W*(Q, f;)
containing w, W*(P, f;) M A # (), thus AN H(Q, f) # 0. Tt still remains the case w € W*(Q, f) N
W*"(P, f;). By replacing w by a forward iterate, we can assume that w = (z,0,0), z € [-1,1], and
the following lemma and Cases (i) and (ii) easily imply Case (4):

Lemma 3.8. Consider w € A; of the form w = (2,0,0) € Vo N (W*(Q, fr) N W™(P, ft)). Then
there is a sequence wy, — w with w, € I;7 (c0).

Proof: For each n € N, consider the rectangle R, (z) = {z} x [0,1/n] x [-1/n,1/n].
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Claim 3.9. There exists k,, € Ry (x) OAZr whose forward orbit returns to Vo infinitely many times.

Assuming the claim, we now finish the proof of the lemma. As in Remark 3.7, but now consider-
ing points in A;", we have that the point s, = (p, ¥n, 2, ) is accumulated by points x™ € W*(Q, f;)
of the form (2], yn, zn). Since the distances between the forward iterates of x, and k! decrease,
the forward orbit of I is contained in the neighbourhood W of the cycle and returns infinitely
many times to V. On the other hand, since k] € W™(Q, fi), its backward orbit also is in W.
Thus the whole orbit of ™ is in W, so k™ € A; and ™ € Z,5(00). By Cases (i) and (ii) above,
Kkt € H(Q, ft), thus k, € H(Q, fi). Since k, — w, w € H(Q, f;), ending the proof of Case (iv).

To prove Claim 3.9, we need the following fact:

Fact 3.10. Let R = R, (z), 1/n < t. Then there is i = i(R) € N such that, for every j > i, f!(R)
contains a rectangle I'(R, j) of the form {a} x [0,1/n] x [-1/n,1/n], a € [-1,0].

Proof: Let N; be the smaller 7 € N such that F*(1/n) € (1 —t+1/n,1) and write
e=(1—t+1/n+g)=F"Q1/n), ge(0,t—1/n).
By the definition of the unfolding of the cycle, for each j > 0, ftN t+i (R, (z)) contains the rectangle
AN () —1/2) x [0,t 4+ M (g +1/n —t)] x [-1,1] D {\N () —1/2} x [0,1/n] x [-1,1],

since t + M(g + 1/n —t) >t + M (1/n — t) > 1/n. This finishes the proof of the fact. O

To prove Claim 3.9, consider R,(r) = R(0) and, using Fact 3.10, let R(1) = I'(R(0),i(R(0)).
Write ig = i(Rp) and R = f,"°(R(1)) C R(0). Assume inductively defined numbers ig, i1, ..., 1
and rectangles R(0), R(1),...,R(k) and R',..., R* as follows:

e R(k) =T(R(k—1),i(R(k —1))) and ix_1; = i(R(k — 1)), in particular, R(k) satisfies the
hypotheses of Fact 3.10,

e RF C R*1 ... C R' C R(0) = Ry(z) and RF = f, "~ """ (R(k)).

We define ij, = i(R(k)), R(k + 1) = D(R(k), iz) and RF1 = f707 """ (R(k 4 1)), completing the
inductive process. Now it suffices to take any point in the non-empty intersection NpenRF. ]

The proof of Theorem 1.1 is now complete.

4 Saddle-node heterodimensional cycles

In this section, we consider saddle-node heterodimensional cycles. For that, in the model het-
erodimensional cycle in Section 1, we replace the function F' (defining the central dynamics) by a
one-parameter family of C?-maps ®,: [—1,2] — R such that:

e For every s, the point 1 is an attracting hyperbolic point of ®; and ®, is affine in a neigh-
borhood of 1 (independent of s). We denote by 0 < A < 1 the eigenvalue of ®; at 1.

e Locally in 0, the map @, is of the form ®,(x) = z + 22 — s. Thus, for s > 0, ®, has two
hyperbolic fixed points +4/s (an attractor and a repellor) collapsing at s = 0. Moreover, for
every s < 0, ®, has no fixed points close to 0.
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e Every @, is strictly increasing and has no fixed points different from 1 and +4/s.

In this way, as in Section 1, one has a two-parameter family of diffeomorphisms f; s, the pa-
rameters t and s describing the motion of the unstable manifold of P and the unfolding of the
saddle-node, respectively. Note that P = (0,1,0) and ST = (0,++/5,0) (s > 0) are fixed points of
ft,s'

We let f; = fi0. For the saddle-node S = (0,0, 0) of f; there are defined the stable and unstable
manifolds (denoted W*(S, f;) and W*(SS, f;)) and the strong stable and unstable manifolds (denoted
by W*5(S, fy) and W*(S, f;)). Observe that W#(S, f;) and W*(S, f;) are two-manifolds with
boundary and W**(S, f;) and W"*(S, f;) have both dimension one. Note that, by construction,

{0} x [0,1) x [=1,1] € W“(S, fr), [-1,1] x [-1,0] x {0} C W*(S, f2),
[—1,1] x {(0,0)} c W=5(S, fr), {(0,0)} x [=1,1] € W*™(S, fy).

wH(Q) . s<0
- i ,Q -1 P _,__,_ s=0
WS(P | —>—§—<—>— s>0

Yz

- +
WSS(Q)\_/ SS Ss

Figure 3: A saddle-node heterodimensional cycle

Keeping in mind these relations, we have that,
e for all ¢, W*(S, f;) meets transversely W?*(P, f;) throughout the segment {0} x (0,1) x {0},
o for t =0, W"(P, fy) meets quasi-transversely W**(S, fy) along the orbit of (—1/2,0,0),

e for t > 0, the point (—1/2,¢,0) is a transverse homoclinic point of P and (—1/2,0,0) is a
point of transverse intersection between W**(S, f;) and W*"(S, fi).

In this case, we say that the arc f; = f; o has a saddle-node heterodimensional cycle associated to
P and S at t = 0. This cycle can be thought as a limit case of the heterodimensional cycles in
Section 1, where the derivative of the point of index two @Q is 17.

The two-fold behavior of the saddle-node S, as a point of index two and one simultaneously,
leads us to consider, for small positive ¢, the lateral homoclinic classes of S defined by

HY(S, fir) = W(S, fr) hWss(S, fr) and  H™(S, f;) = W(S, fi) h W (S, f).
As in the case of the usual homoclinic classes, we have that:

Proposition 4.1. For every smallt > 0, H*(S, f) (resp. H™ (S, fi)) is transitive and the periodic
points of index two (resp. one) form a dense subset of it.

13



Consider a neighborhood W of the saddle-node heterodimensional cycle defined as in Section 3
and denote by Y; the maximal invariant set of f; in W.

Theorem 4.2. For every small t > 0, one has that H(P, f;) C H" (S, f;) and T, C H(S™, f;).

The proof of Theorem 4.2 follows as the one of Theorem 1.1, the only difficulty being to redefine
appropriately the one-dimensional dynamics associated to the cycle (recall Section 2). This will be
briefly done in the next section. To get the inclusion Ht (S, f;) C H(P, f;) we need the following
distortion property for the saddle-node map ® = ®y.

4ef(1-N)
\6

Theorem 4.3. Under the assumption (SN), H*(S, fi) C H(P, f;) holds for all small positive t > 0.

(SN) Let K = max{|®"(2)|/|®(z), z € [0,1]} > 0. Then < % where A € (2/3,1).

To prove this theorem we need new ingredients that will be introduced in Section 4.3. Theo-
rems 4.2 and 4.3 imply H* (S, f;) = H(P, f;) for all small ¢ > 0.

4.1 One-dimensional dynamics for the saddle-node cycle

We now adapt the definitions of scaled fundamental domains, transitions and returns for saddle-
node cycles. As in Section 2, for each ¢ > 0, define the fundamental domains D, = [1 —¢,1 — A ¢]
and D;" = [a4,b], a; = ®1(b), where D is the first backward iterate of D;” by ® contained in
[0,¢]. We have ®*(D;") = D;, for some k; € N. Observe that |D; | =t (1—\) and, since b; € (0, 1],
|D;}F| < 2. For small t > 0, define the transition ¥; and the map &; by

Tp: Df = D7, e %(z) =% (z) and &;: D — [0,t(1 —N)], z+— &(z) =Fy(x) + (t — 1).
Lemma 4.4. The maps %; and &; are uniformly expanding for all small t > 0.

Proof: It suffices to see that (®*t)'(z) > 1 for all z € D;". We use the following standard lemma
(whose proof is omitted here):

Bounded Distortion Lemma 4.5. Let K > 0 be as in condition (SN). Then, for every pair of
points z,y € DtJr and every small t > 0,

e (9M(2)
© = @Ry

The lemma now follows by the mean value theorem, taking y € D, with

geK.

(@) (y) = [D7|/IDf | = (1= N)/t.

Thus, if ¢ is small, (®*t)'(z) > (e75 (1 — X))/t > 1, for all z € D;". O

As in Section 2, given & € (as,by] = D", let i(x) € Z be the first i with ®*(&;(z)) € D;". The
return map R is now defined by

R;: D — D, Ry(x) = '@ (6,(z)) = & (Ty(x) + (£ — 1)).

Lemma 4.6. There exists ip > 0 such that i(x) > ig for all z € D}
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Proof: To prove the lemma it is enough to see that &;(D;") C (0,a;). By definition, &;(D;") =
[0,(1 — A)t]. Observe that, if ¢ is small enough,

UL -N)=0(1=Nt+1-N?t) =1 -Nt+2(1-N?t+hot <t
Thus, the right extreme ®2((1 — \)t) of ®?(&;(D;)) is less than ¢. In particular, the right extreme
of &;(D;") is less than ®~2(¢), and the the lemma follows from D,” C (®72(t),]. O

As in the case of the return map R; in Section 2, for each i > 14, there is d; € D;r with

®.(0;) = @ *(ar). The points J; are the discontinuities of ;. In this way, we get a decreasing
sequence (0;)i>;, with 6; — a4, and intervals J; = [d;41, d;], © > do, and J;, = [0, b¢] such that R,
is continuous and increasing in the interior of each J;. Extending R; continuously to the whole J;
we get a bi-valuated map with R;(d;) = {a¢, b} for all i > .

Lemma 4.7. The restriction of Ry to each interval J;,i > ig, is onto. Moreover, there is £ > 1
such that Ry(x) > € > 1 for all © € (ag,by] (if x = §; this means that the lateral derivatives of Ry
at x are greater than ). Finally, 0 € &4(R¢(6;)) for all i > 1.

Proof: The lemma follows as Lemma 2.4 observing that iy > 0 (Lemma 4.6), &; is expanding
(Lemma 4.4), and that the derivative of ® in (0,¢] is bigger than one. O

Arguing as in Section 2, one gets the following lemma (corresponding to Lemma 2.5):

Lemma 4.8. Given any subinterval I of D; there are x € I and i > 0 with &,(Ri(x)) = 0.

4.2 Lateral Homoclinic classes. Proof of Theorem 4.2

To prove Theorem 4.2 we proceed as in Section 3. After redefining vertical strips and segments
and using Lemma 4.8, one gets that, for any small ¢ > 0 and any disk x with W*(P, f;) m x # 0,
WesS(S, fi) M x # 0 (recall Proposition 3.1). The inclusion (H(P, f;) UY:) € HT(S, f) follows
exactly as (H(P, fi) UA;) C H(Q, fi) in the case of heterodimensional cycles. So we omit the
details of the proofs of these inclusions.

4.3 Proof of Theorem 4.3: the inclusion H* (S, f;) C H(P, f;)

Consider the homoclinic point z; = (—1/2,¢,0) of P for f; and the fundamental domains of ¢
Af (i) = ®7H(A](0)), i > 0, where Af(0) = [®71(t),t]. We now construct a family H; of homoclinic
points of P for f; of the form (x,%,0) such that the set {y: (z,y,0) € H;} is dense in A} (0):

Proposition 4.9. For every small t > 0 there are sequences of homoclinic points of P of the form
(Dis i,y s T izosim ks O)keN* s Diy i i e € [—1,0], 45 € N*, such that

(H1) @i, iy, i € Uiz AF (1) = Ay,

(H2) Ty iesimk ™ Tigyin,osiyn A4S K — 00,

(H3) 24y s, im0 < T g, (im—1) JOT €VETY iy > 1,
(H4) diam((z4, 4y,....im k) k) — 0 as m — o0,

(H5) (zx) is increasing and x — t~ as k — oo,
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(H6) zg € A (1) and xo &€ AS(0).
This proposition will be proved in Section 4.3.2. From the proposition one gets the following;:
Corollary 4.10. The set H; = Un,keN* (@iy ig,...ig.m) contains a dense subset of AF(0).

Proof: The proof of is identical to [Dy, Lemma 4.1], but we repeat it here for completeness.
Take any point z in the interior of A} (0). If x € H; we are done. Otherwise, by (H5) and (H6),
there is 41 > 1 with 23, _;) < = < @;,. Analogously, by (H2) and (H3), there is i3 > 1 with
T, (ia—1) < T < Ty ip. Inductively, using (H2) and (H3) as above, we get a sequence {iy}, ix > 1,
such that, for all k, z;,  ;,—1) <2 < 4., Finally, from (H4), limg—00 @i, .., = . O

4.3.1 Proof of Theorem 4.3

The deduction of Theorem 4.3 from Corollary 4.10 follows as in [Dg, Section 5]. For completeness,
we sketch here this proof. Consider any w € WU*(S, f;) h W*(S, f;). By replacing w by some
iterate of it, we can assume that w = (z,0,0), |z| small. We prove that, for every & > 0, the square
S(e)=(x—e,x+¢e)x(0,e) x {0} C W*(P, f;) intersects transversely W"(P, f;). This implies that
w € H(P, ft). The configuration of the cycle and the A-lemma imply that there is n(¢) > 0 such
that ft_n(a)(S(a—:)) contains a disk S’(g) of the form

S'e)=[-L1x(y—-&y+& x{z}, g€ (l—t1),ze[-1,1] and small £ > 0.

Let m € N be such that ®~™(y) € A/ (0). Thus f; " (5(¢)) contains the horizontal strip
S(e) = [~L,1] x (277 - €), 27" (7 + &) x {N," 2} < W(P, fu).

Since (i) belongs to AF(0), Corollary 4.10 implies that S(¢) meets W*(P, f,). Thus S(e)
contains a homoclinic point of P and the same holds for S(¢). O
4.3.2 Proof of Proposition 4.9: Sequences of homoclinic points:
Let #; be the first k& € N such that ®*(A;7(0)) C [1 —¢t,1], AF(0) = [®1(¢),]. Since, for small
t >0, |®* (AL (0))] <t(1—X)and |A](0)| > A2, the Bounded Distortion Lemma 4.5 implies that

1—
(") (z) < )\t>\ e, for all z € AJ(0). (2)

Denote by i the length of Aj (7). Since the derivative of ® near 0 is close to 1 and strictly bigger
than 1 in (0,¢], for small ¢, we have that

50
60 > 6t > 910 , i=1,...,4. In particular, 25’ € [469,567]. (3)

Consider the interval [1 —n;, 1], n; = 6} + 69, and let oy be the first natural number a with
PETA(AL(0)) C [1 —n, 1]

Observe that |A;7(0)] = 6? < ¢? and 8 < &Y. Thus, for small t > 0, n; < 269 < 2¢2 < At. Since,
Prt (@ 1(t)) € [I1—t,1—At] and (1—\t) < (1—mn), we get that oy > 1 for all small ¢. Observe also
that 2 < n; < 2t2, where the first inequality follows from (3) and 62 > 3t2/4 if ¢ is small enough.
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Lemma 4.11. For every small t > 0 it holds A\** < (2t)/\.

Proof: By definitions of x; and ay, ®*(AF(0)) = [1 —e;,1 — ¢, where e, € [\t,t], and
(1 —e; ) € [1 —m,1 — An). Thus, since ® is affine near 1, \*(e; ) € (0,n]. Hence, from
t2<m <2t and At <e; <t
2
A\¥ < e < 2_t — ﬁ
T T At A
ending the proof of the lemma. O

Next lemma is necessary for getting (H4) and along the inductive definition of (2;, iy i..k)k-
Lemma 4.12. L = max{(®* ) (2); z € UL A (i) and j > 0} < 3.

Proof: Since ® is a contraction near 1, it is enough to compute the estimate when j = 0. We
split the trajectory of a point x € A (i) going from A} (i) to [I — 1, 1) as follows: (i) 4 iterates,
i < 4, for z going from A; (i) to AS(0); (ii) & iterates for ®(z) going from A} (0) to ®F* (A (0));
and (iii) o, iterates for ®7i(x) going from ®F (A (0)) to [1 — 1, 1]. This construction involves
(i + K¢ + ay) iterations of z by ®, so we need to remove the last i iterations, corresponding to a
contraction by A\’. We claim that
K
L<(@t+1hy SN e (4)
@) —_—
corresponding (a) to the expansion of the first i iterates by ® (just observe that in [0, ¢] the derivative
of ® is upper bounded by (2t + 1) and that ¢ < 4), (b) to an upper bound of the derivative of
pretot recall (2), and () to the i (i < 4) negative iterates of ® close to 1. By (SN), Lemma 4.11,
and the fact that (2¢ + 1)4 < 21if ¢t > 0 is small, we get

eK(1—-N)2t 1 2(1—N)eK 1-X) 1
L<(@t+1D)Y———2 2 — —@2t+ 1) 2 <2 o
which ends the proof of the lemma. O

Construction of the sequences (z;, i, . k). To construct the sequences (Z;, i, i, k) We
need the following algorithm about the creation of homoclinic points, which is a consequence of the
definition of the unfolding of the heterodimensional cycle.

Algorithm 4.13. Let (z,y,0), z € [-1,1] and y € [0,t], be a homoclinic point of P (for f;) such
that {(z,y)} x[-1,1] C W™(P, fi). Then, for every m with ®™(y) € (1—t,1), there is a homoclinic
point of P of the form (z,®™(y) +t —1,0) such that {(z, 2" (y) +t—1)} x [-1,1] C W™(P, f).

Take the homoclinic point (—1/2,¢,0) of P and the sequences (y;)ien+ and (z;);en+ defined by
yi =0Tty and x;=(t—1) 4y, yi—1 and z; —t.

Observe that, for each i > 0, there is a homoclinic point (b;, x;,0) of P verifying Algorithm 4.13.
Also, by the definitions of a; and k¢, y; € [I — 1, 1] for all i > 0. Thus, since 7; = 6 + §;, one has

wi € [t —me,t] = [t = (0] +69),1] = A (1) U A (0). ()
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Figure 4: The sequences (i, io,...im.n)n

Lemma 4.14. The sequence (z;)ien+ verifies (H5) and (H6).

Proof: Condition (H5) follows by definition. To get (H6), i.e.zo € (Af(1)\ A/ (0)), note that, by
construction, xg € [t — ng,t — Any] and A (1) = [t — g, t — 6Y]. Thus, by (5), it is enough to check
that An; = A (69 + 6}) > 62, This inequality follows from 8 > d}, (3) and (SN), observing that

59 59 59 59 10 2
The proof of the lemma is now complete. O

We now proceed with the construction of the sequences in Proposition 4.9. For each j € N*,
define the sequences (y;,;)ien+ and (z;,;)ien= as follows,

Yji = q)’it—i_at—i_j (.’El) and Tji= (t — ].) + Yji-

We claim that y;; — y; and, consequently, x;; — xj, as i« — oo. For that just observe that
lim; o ; = ¢, thus, by continuity, lim; o y;; = lim;_o PF T (2;) = PRt HI(¢) =y,

Lemma 4.15. The points (z;); belong to Ui A (i) for all i,j € N*.

Proof:  Since, by construction, the sequences (z;;); are increasing, it is enough to see that
To0 € UL oAf(i). Consider the diameter dy = (¢t — zo) of (z;)ien+. By (5), do < &Y + 6. Let
d1 = |xo — 00| be the diameter of (zg; = "+ (x;) 4+ (t — 1));, which is equal to the diameter of
(®Ft+et(z;));. Thus, since (z;); € AfF(0) UA[ (1), by Lemma 4.12, the diameter d; is bounded by

dy < Ldy < do/2 < (6) +6)/2 < (269)/2 < 62, (6)
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Since 79 € A (1) (Lemma 4.14), to prove that o € Uf_,A; (), it is enough to see that
20,0 =0 — d1 > w0 — (6 + 0} + 6;) = d1 < (07 + 67 + 67),

which immediately follows from 67 4 83 + 0} > 6Y > dj, the first inequality being consequence of
8¢ > (969)/(10), see (3), and the last from (6). This ends the proof of the lemma. O

Suppose now inductively defined sequences (Y;, iy, .. i i)iens and (i, io... im.i)icN+* by

— @Ht-i-at-i-il (

Yiyin,...sim,i xig,...,im,i) and Ly fig,eenyimyi — (t - 1) + Yitin,e.im,i

satisfying conditions (H1), (H2), (H3) and

(H4b) Let d,,, m > 0, be the diameter of the sequence (3307 o ,O,i)i' Then d,;, < (dim-1)/2.
—————

mO0’s

Observe that (H2) and (H3) and are equivalent to (H2b) and (H3b) below, respectively,
(H2b) (Yiyin,.sim.i)i = Yissia,....im 88 1 — 00,
(H3b) Yi1 igseoyim,0 < Yiisi,.oo,(im—1) for all b > 1.

Notice that, for m = 1, (H1) follows from Lemma 4.15, (H2) (or (H2b)) from definition, and
(H4b) from the estimates in (6). To check (H3b), y;0 < yi—1, for every i > 1, recall that, by
Lemma 4.14, xop < ®~1(¢) < ¢, thus

Vi1 = q)’it‘f‘at'f"i—l(t) —_ (I)/it-i-at-i-i(q)—l(t)) > @ﬁt'f‘at'f‘i(xo) = Y-
For simplicity, we say that the sequences (2;, i,.... im.i)ieN*, 2 = &, Y, are of generation m.
Lemma 4.16. Property (H4b) implies (H/j) in Proposition 4.9.

Proof: By construction, the diameter of any sequence (x;, ;. 1) of generation m is bounded by
the diameter d,,, of (a;()’ o ,07i))ieN*- Thus, inductively, d,, < (1/2)dp,—1, so dy,, — 0. O
———

m0’s
Keeping in mind Lemmas 4.14 and 4.16, to prove Proposition 4.9 it suffices to see that the
sequences verify (H1), (H2b), (H3b) and (H4b). We argue inductively on the generation of the
sequences and assume satisfied these conditions for sequences of generation less than or equal to
m. To verify (H2b) for the sequences of generation m + 1 note that, by induction, (y;, iy, .. im.i)i —
Yiyi,....im - L1us, by continuity of ® and by definition,

Yjsivsizseoimsi)i = (TN (4 Gy )i = @FFTT (@ o) = it sinsim

To prove (H3b) observe that, by induction, @;, iy . .0 < Ziy ig,....im—1. Lhus, since ® is increasing,

imv

(I)Rt-l-at-l—j( < (I)Rt-l-at-l-j(

Yt izseomim,0 = T igyim,0) Tiy igooniim—1) = Yt izseensim—1-

To check (H4b) observe that, by the induction hypotheses (H1), xo__0; € Ui_qA} (i), Lemma 4.12
and the fact that the sequences (yo... 0,) and (zo,. 0,) have the same diameter imply that

d

dm+1 = diam((yo,. 0.)i) = diam((®" T ((z0,..04):)) = L diam((zo,. 04))i) = L dpm < 5
—— ——

(m+1)0's m0's
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Finally, to get (H1) for the generation (m + 1) it is enough to see that, for every m, > ;" dp <
469 < Z?:o 8¢, recall (3). By induction and Lemma 4.14, which implies that dy < &Y + &}, we have

m m— m—1
1
;d ; 1/2)"d ;(1/2) (60 +61) < 1_2(5§+5§)<2(5§+5§) < 462,

finishing the proof of our claim, and the construction of the sequences in Proposition 4.9.

5 Homoclinic classes before collapsing the saddles S and S}

We now return to the family f; s in Section 4. Note that S = (0,+/s,0), s > 0, is a fixed point of
index two of f; s (any ¢t > 0) and that f /5,5 has a heterodimensional cycle associated to St and P:

o W"(ST, f s5,s) meets transversely W*(P, f s ;) throughout the segment {0} x (y/s,1) x {0},

o W“(P, f /) meets quasi-transversely W*(ST, f /5 ;) along the orbit of (—1/2,/s,0) (just
observe that [—1,1] x {(v/5,0)} C W*(S{, f 5 ;) and that (=1/2,1/5,0) € W*(P, f 5 5))-

In what follows we assume that the saddle-node arc ®; verifies condition (SN) in Section 4.

Theorem 5.1. There exist a small s > 0 and a strictly positive map T defined on (0,s¢) such
that, for every s € (0,5s0) and t € (v/s,v/s+ 7(s)),

L H(Pv ft,s) = H(Sjvft,s); and

e there is a neighborhood W of the cycle of f s, (associated to P and ST ) such that the
mazimal invariant set Ny s of fis in Wy is contained to H(SF, fi.s).

The the inclusion H(P, fis) C H(Ss, ft,s) and the second part of the theorem follow as in
Theorem 1.1. So we just sketch these proofs. For a fixed s > 0 and t > /s, t close to /s,
t = /s + 7, consider the scaled fundamental domains fos of @,

Dy =[1—(t—v5), 1= A(t— V3] = [l -1 A7]

and D}, defined as the first backward iterate of D;, in [/s, /s +7]. Let ohv *(D{,) = Dy, where
ki s € N. These domains play the role of Dt in Section 2. Observe that

_ 1Dyl T(1=X) 7(l=X)  1-2A
g(t’s)_u);s St 2= T itn) 2vsir

By shrinking s, we can assume that |®7(x)|/|®.(z)] < 2K for all € [-1,2] (K as in condition
(SN)). Thus, there is sp > 0 and a map 7: (0,s9) — RT such that

((t,s)e 2K > 2, forall s € (0,50) and t € (/5,/5 + 7(5)). (7)

Exactly as in Section 2, for s € (0, s0) and t € (v/s,1/s + 7(s)), we define maps

Tis: Df, — Dy, Tholx) = 95 (x),
Gm.Dm—w¢‘v%+Ta N, Gis(@) = Tyo(z) + (t — 1),
Rig: Dif, — Dy, Ryg(x) = 847 (G (),
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where, as in Section 2, i(z) is the first forward iterate of G; s(x) by @, in ths. As in Lemma 4.4,
the Bounded Distortion Lemma 4.5 and equation (7) imply that T} s, G¢ s and R; s are uniformly
expanding. The inclusion (H(P, f1s) UAss) C H(ST, fi,s) now follows as in Theorem 1.1.

To get H(ST, fi.s) C H(P, fis) recall first that Theorem 4.3 gives small £ > 0 with H* (S, f;0) C
H(P, fi0) for all t € (0,%). This inclusion follows by constructing the sequences of homoclinic points
of P in Proposition 4.9. The proof Proposition 4.9 only involves distortion control of the saddle-
node map in [0,1] and the contracting itineraries in Lemma 4.12. Clearly, these properties hold
after replacing, for small positive s, the saddle-node S by the hyperbolic point S; and considering
the restriction of the saddle-node map to [/s, 1]. This ends the sketch of the proof of Theorem 5.1.

6 Collision, explosion and collapse of homoclinic classes

In this section we prove Theorems A and B. Consider a two parameter family of diffeomorphism
ft.s locally defined as follows:

Partially hyperbolic local dynamics:

e Intheset C = [—1,1]x[-2,2|x[-1,1], frs(x,y,2) = (N2, Us(y), \"2), where 0 < A* <1 < A"
and Wy: [—2,2] — (—3,2) is a strictly increasing C2-map such that \* < d,,, < W.(y) < dps <
A" for all y € [—2,2] and small |s|.

e U, (1)=1and Us(—1) = —1 for all s and W, is affine and independent of s in [—1 — 3§, —1 + ]
and [1 — 0,1 + d], for some small § > 0. Furthermore, ¥/(—-1) =3 > 1> ¥/ (1) =\ > 0.

e There is § > 0 such that the restriction of ¥, to [, ] is of the form Uy(x) = z + 22 — s.

e For s < 0, ¥, has (exactly) two fixed points (+1), for s = 0, ¥ has three fixed points (1 and
0), and, for s > 0, @ has four fixed points (+1 and +/s). Let P = (0,1,0), @ = (0,—1,0),
S = (0,0,0) and, for positive s, SF = (0,44/s,0), the fixed points of f; s in C.

Existence and unfolding of cycles:

e There are ky € N and small neighborhoods of (0,—1,-1/2), (0,0,—1/2) and (0,1,—1/2)
such that, for each small |s|, in such neighborhoods, each ft’fg is the translation ft]fg (r,y,2) =
(x —1/2,y — 1+ t, 2+ 1/2), recall the definition of f; in Section 1.

As in previous sections, we have:

e for (¢,s) = (0,0), fo,0 has a pair of saddle-node heterodimensional cycles, associated to P and
S, W*(P, fo,0) meets quasi-transversely W**(S, fo0), and to @ and S, W*(Q, fo0) intersects
WH(S, fo,0), (note that [—1,1]x{(0,0)} € W**(S, fo,0) and {(0,0)} x [-1,1] € W*(S, fo,0))-

e For small [t| and s < 0, the homoclinic classes of P and @ are both nontrivial: notice that,
for negative s, [—1,1] x (—=1,2) x {0} C W*(P, fi ) and {0} x (—=1,2) x [-1,1] C W™(Q, fi.5),
thus (—1/2,¢,0) and (—1/2,—1,0) are homoclinic points of P and @, respectively.

® s, has a pair of heterodimensional cycles associated to P and St and to Q and S; (this
is obtained exactly as in Section 5).

21



homoclinic points

-l 9+
Q Ss Ss P t>\/§
>(

(t,s) = (0,0) existence of homoclinic points

Q |18 P QS| ASIAP 1< s

non-existence of homoclinic points

double saddle-node

heterodimensional cycle

Q Pi-0,5<0

P

romed existence of homoclinic points
of Pand Q

Figure 5: The two parameter family f; s

As in Section 4, we assume the following distortion property (similar to (SN)). Let K be an
upper bound for [¥”(x)|/|¥’ ()|, for small |s| and z € [—1,1],

K K -
(DS) max{4e §\16_)\),4€ (ﬁl__Gﬁ 1)}<%,Wher63/4<)\<1<5<4/3.

6.1 Dynamics before collapsing the saddles S} and S

Theorems 4.2 and 4.3 give a small ¢ such that H(P, f;o) = H1(S, fio) and H(Q, fio) = H (S, fio)
(for this inclusion consider I 01) for all ¢ € (0,tp]. These proofs only involve the following ingredients:

e The inclusions H (P, fi,.0) C H1(S, fi0) and H(Q, fr.0) C H™(S, ft0) are obtained considering
the ratio between the lengths of the scaled fundamental domains at the hyperbolic point and
at the saddle-node and using that such a ratio is arbitrarily large.

e The inclusion HT(S, fi0) C H(P, fi,0) (resp. H (S, fro) C H(Q, fi,0)) is obtained by
constructing sequences of homoclinic points of P (resp. ) verifying Proposition 4.9. The
proof of such a proposition only involves distortion control of the saddle-node map in [0, 1]
(resp. [—1,0]) and contracting itineraries (Lemma 4.12).

These properties hold after replacing, for small s > 0, the saddle-node S by the saddle S (consid-
ering the restriction of ¥y to [{/s,1]) and S by the saddle S; (considering the restriction of ¥y to
[—1,—+/s]). In this way, we get:
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Theorem 6.1. Ift > 0 is small, there is a small s(t) > 0 such that H(P, fs) = H(SS, fi.s) and
H(Q, fi.s) = H(Sy, fi.s) for all s € (0,s(t)).

6.2 Dynamics after collapsing the saddles S} and S

Theorem 6.2. For every small t > 0 there is s(t) < 0 such that H(P, fis) = H(Q, fis) for all
s € [s(t),0).

This theorem follows adapting the constructions in Theorem 1.1. We prove the inclusion
H(P, fis) C H(Q, fr.s) (H(Q, fr.s) C H(P, fis) follows by taking ftjsl). As in Sections 2 and 4.1, de-
fine transitions 7; s and returns Ry s as follows: take the fundamental domain D; = [1—4¢,1—4 \1]

of Uy and let k; ¢ be the first k € N with —2¢ € U;*¥(D;). Let D:’rs = \Ils_kt’S(Dt_) and define

7;,3: D:s - Dt_a %,8(17) = \Il];t’s(ﬂl‘), gt7si DZ_S — [—3t, —2t], Qt,s(a:) = 7;,3(33) + (t — 1)

-k
\I]s t,s

—mﬂ/ét D/

—1 t1 Rts

) /Ew//’\ r—1+t |

DR R el
T I 1

t _

S Dt

Figure 6: The expanding maps 7;, G; and R;

By definition, G; s(D},) C [=3t,¢(1 —4X)] C [-3t,—2¢] (recall that X > 3/4). Since, |D}| <
92 + s, the Bounded Distortion Lemma 4.5 and |D; | = 4 A (1 — t) immediately give

‘Dt_‘ > (6_2K) 4)‘(1 _t)

/Z-/ > —2K .
(x)—(e )‘D;’,_s = 9t2—|—8

t,s

This inequality immediately implies the following:

Lemma 6.3. For every small t > 0 there is s(t) < 0 such that Ty s and G s are 63-expanding for
all s € [s(t),0).

Since, by definition, the right extreme of QM(D;r ) is less than the right extreme of D;r 5, for

each x € D;’rs there is a first i(x) > 0 with \Ili(x)(gms(x)) € D;’rs. The return map R; s is defined by
7—\’,1;732 Dlj,_s - D:,_sv Rms(l‘) = \Ili(x)gt,s(x)'

Lemma 6.4. The map Ry s is 3-expanding for all small t > 0 and s € [s(t),0).
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Proof: Note that the expansion for R; s does not follow immediately from the expansion of 7; :
the i(x) iterates by W at the left of 0 introduce a contraction. By Lemma 6.3, it is enough to
see that this contraction is at most 1/21. Recall that Qt,s(DtJ’r s) C [-3t,—2t] and observe that
0 < i(x) < i, where U (—3¢) € D:S. Write D;rs(j) = \Ils_j(DtJ,rs) and note that, for every = € D;rs,
\D;rs(z(m))| < |D/,(ig)] < 10#% + s. For each i = i(x) there is 2; € D:S(z') such that

t,s
(WY () = Aol 1D 1D
v - - - . — .
’ |D:s(z)| |D;:s(20)| 102 + s

Using the arguments in the Bounded Distortion Lemma 4.5, we have that, for every = € D: (1),

~ KL |+

(1) (z) > %
s - 1082 +s

where L; = 2t is the length of the interval [—3¢, —t] where the iterations by W, are considered.

Finally, since |D; | > (?)/2,

—-K2t + _
. ¢ D; K2tz g
\II’L(I) / > S > > _
(W) 2 =g s 0@ r9s ol

for every small t and s € [s(t),0), ending the proof of the lemma. O

Let D;f, = [e;,,e;,]. Note that there are i1, iy € N such that i(z) € [i1,is] for all 2 € D}, and,
for each i € [i1,iy — 1], there is d; € D:’rs with Ws(Grs(di)) = e, 5. As in Section 2, dj,—1 < dijp—2 <
.-+ < d;, and the d; are the discontinuities of R;s. Moreover, G s((diy1,d;)) = int(DtJfS) and G s is
increasing in (d;y1,d;). Write I;; = [dil,e;rs], I = [di,di—1], 11 <i<ip—2,and I;, = [e;s,diQ_l].
We now continuously extend R s to the closed intervals I; (so Ry s is bivaluated at any d;).

Lemma 6.5. Given any subinterval J of D, there is m > 0 such that RY(J) = ths.

t,s?

Proof: The proof follows as in Lemma 2.5. It is enough to see R}",(J) contains an interval I;,
i1 < i < ig, for some m € N*. Write J = Jy. If Ry s(Jo) contains two discontinuities we are done.
Otherwise, Ry s(Jo) C I; U I;—q for some i. Write J; = R¢s(Jo) N Li—1 and J;7 = Res(Jo) N I,
and let J; be the biggest JE. By Lemma 6.4, |J;| > (3/2)]Jo|. Inductively, one gets intervals .J;
contained in the orbit of Jy such that either J;;1 contains two discontinuities or |J; 11| > (3/2)%|Jo|.
Since the size of D: . is finite, this ends the proof of the lemma. O

Lemma, 6.5 is the main step to prove Theorem 6.2, whose proof follows arguing as in the proof
of Theorem 1.1 after proving the following:

Proposition 6.6. Let x = {z} x A C [-1,1] x [-1,2] x [-1,1], where x € [-1,1] and A is a disk
of R? whose interior contains a point (y,0) with y € (—1,2). Then x h W*(Q, fi.s) # 0.

This result corresponds to Proposition 3.4. After proving it, Theorem 6.2 is deduced as follows.
As in Section 3, Proposition 6.6 implies that W*(Q, f: s) meets transversely every two-disk x with
WH(P, f,s) M x # 0. Now, arguing as in Section 3.1, we get H (P, fis) C H(Q, ft.s). We now prove
Proposition 6.6. The first step is the next lemma, corresponding to Lemma 3.3 in the proof of
Propositions 3.1 and 3.4 (its proof follows exactly as Lemma 3.3, so it will be omitted).
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Lemma 6.7. There are v € [-1,1] and y € z'nt(D;rS) such that {(x,y)} x [-1,1] C W™(P, fis).
Lemma 6.8. For every x € [-1,1], W*(Q, fi,s) meets transversely {x} x D;, x [-1,1].

Proof: Observe that, by construction, the point (0,—t,—1/2) belongs to W*(Q, fr.s) "W*(Q, ft.s)-
Define j > 0 by V7 (—t) € th 5. 1t is now immediate that

H = [-1,1] x {(T;7(0), =A;7 (1/2))} C W*(Q. fus) and  H i ({a} x D, x [-1,1]) # 0,

ending the proof of the lemma. ]

We are now ready to prove Proposition 6.6. By the A-lemma and Lemma 6.7, the forward
orbit of the disk x contains a strip A of the form {x} x [a,b] x [-1,1], where z € [-1,1], and
ag = [a,b] C D: s- Using the map R;, and arguing as in Section 3.1, we inductively define
strips A = {zx} X g x [=1,1], 2 € [-1,1] and o C Dy, such that Apyy C f'*(Ag) and
ag+1 = Ris(ax). By Lemma 6.5, there is a first £ € N such that a1 = R¢ (o) contains D;’S. By
Lemma 6.8, W*(Q, fi.s) h App1 # 0, thus W*(Q, fi.s) h A # ), ending the proof of the proposition.

6.3 End of the proof of Theorem A

We now construct a one-parameter family of diffecomorphisms (gs) satisfying Theorem A. For that
consider the arc f; s defined as in the beginning of Section 6. We fix small ¢ > 0 and consider the
arc gs = fr _s. The results in the previous section imply that

e for every s <0, H(P, gs) and H(Q, gs) are non-hyperbolic and disjoint (Theorem 6.1),
e s=0, H(P,go) = H"(S,g0) and H(Q, fo) = H (S, 90), (Theorems 4.2 and 4.3),
e for every s >0, H(P,gs) = H(Q, gs), (Theorem 6.2).

To finish the proof of Theorem A we need to see that {S} € H(P, gs) N H(Q, gs) and to describe
the maximal invariant set of gs in the neighborhood W of the cycle. We assume that W is a level
of a fitration of fyo (thus, by continuity and compacity, it is also a level of a filtration for f;, for
every small |s| and |¢|): there are compact sets My and M, M) C int(Ms), such that M\ My =W
and fo0(M;) C int(M;), i = 1,2. Hence, if z € W and f;s(x) ¢ W for some i, then x is wandering;:
suppose, for instance, that ftzos(:c) € int(My), where ig > 0. Then, there is a neighborhood U, C W
of x with ffos(Uw) C M;. By the definition of the filtration, fti’o;rj(Uz) C M; for all j > 0. Thus

;OSH(UI) NU, = 0 for all 7 > 0. By shrinking U,, we have that ftJ;S(Uz) NU; =0 for all 7 > 0, and
x is wandering.

Using the definition of the arc f; s, it is immediate to check the following:
Remark 6.9. Let Ay, be the mazimal invariant set of fi s in W. Then, for s > 0 small,

e Fuvery point (x,y,s) € C = [-1,1] x [=2,2] x [=1,1] with y € (—/s,/s) (resp, y € [-2,—1)
ory € (1,2)) is wandering.

o Consider w = (x,y,2) € CN Ars and, fori € Z, let w; = g'(w) = ft—i J(w). If w; € C we let
w; = (24, Y, 2:). Suppose that y; € [\/s,1] and y; € [=2,+/s) for some j > 0. Then, for every
n > j with w, € C, yn, € [—2,4/5).
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Consider now s = 0.
e FEvery point (x,y,s) € C withy € [-2,—1) ory € (1,2) is wandering.

o Consider w = (z,y,2) € CN Ao and, fori € Z, let w; = gh(w) = ft—io(w). If w; € C we let
w; = (x4, Yi,2). Suppose that y; € (0,1] and y; € [—2,0) for some j > 0. Then, for every
n > j with w, € C, y, € [-2,0).

For s > 0 let Agrs (resp. A7) be the set of points w € Az, NQ(f75) such that y; € [v/s,1] (resp.
y; € [=1,4/s]) for all i € Z with w; = (z;,v4,2;) € C. Remark 6.9 implies that, for every small
s >0,
Af,s N Q(fﬂs) = A;:S U Ags.

Arguing as in Section 3, one gets H(P, f; ;) = AtfrS and H(Q, fzs) = A;,. Observe that, for positive
s, one needs to exclude the segment {0} x (—\/é, V's) x {0} C Az, coﬁsisting of wandering points.
Finally, for the saddle-node parameter s = 0, it is immediate that A;O N At‘_,o ={S}.
For parameters s < 0 the result follows similarly (but now the situation is much more simple).

6.4 Proof of Theorem B

Clearly, the homoclinic classes H (P, fz) and H(Q, fz) are not saturated. We claim that there is
not any transitive saturated set ¥ containing H (P, f;(). Otherwise, the set ¥ must also contain
H(Q, f;p). Thus ¥ contains the whole Az . Using the filtration, one has ¥ = Az . But this set is
not transitive: Remark 6.9 implies that there is no orbit going from a small neighborhood Ug of
@ to a small neighborhood Up of P and thereafter returning to Ug. This contradiction ends the
proof of the theorem.
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