GENERATION OF SPINES IN PORCUPINE-LIKE HORSESHOES

L. J. DIAZ AND T. MARCARINI

ABsTRACT. We study certain one-parameter families of partially hyperbolic
maps Fj: Yo xR — Y XR of skew-product type generating so-called porcupine-
like horseshoes. Such sets are topologically transitive and semiconjugate to the
shift map in two symbols. They exhibit a very rich fiber structure characterized
by the fact that the set 32 is the disjoint union of two dense and uncountable
subsets with opposite behavior: corresponding spines (preimage of a sequence
by the semiconjugation) are nontrivial and trivial, respectively, that is, the
semiconjugation is noninjective and injective, respectively. We will study the
bifurcation process of creation and annihilation of nontrivial spines as the pa-
rameter ¢ evolves. In particular, we focus on the Hausdorff dimension of these
subsets of ¥o. This study illustrates the richness of the process.

1. INTRODUCTION

We consider one-step skew-products defined over a full shift of two symbols
(X2, 0) with one-dimensional fibers,

F:5 xR — %y xR, F(& 1) = (a(£), fe, ().

This dynamics is “partially hyperbolic” with a hyperbolic part inherited from the
shift dynamics and a central part corresponding to the fibers. The two fiber maps
fo and fi have no critical points, see Figure 1. The map fy is increasing with
two hyperbolic fixed points, say 0 (repelling) and 1 (contracting). The map f; is a
contraction reversing the orientation satisfying the cycle condition f1(1) = 0. Inter-
esting dynamical properties of these skew-products such as occurrence of heterodi-
mensional cycles, transitivity, intermingled contracting and expanding dynamics,
and phase transitions associated to the central exponents arise from the reversion
of the orientation, the cycle property of f;, and minimality-like properties of the
iterated function systems (IFS) associated to fo and f1. See [5, 7, 9, 8] and the
survey [6].

On the one hand, viewing the dynamics of this skew-product as an IFS, one
gets a genuinely noncontracting IFS which mixes contracting and expanding be-
havior. It turns out to be difficult to analyze the dynamics as common approaches
are rather limited. Investigating random iterations of general noncontracting IFS,
fractal properties and, in particular, relations between Lyapunov exponents, dimen-
sion, and entropy have been studied recently (see, e.g. [9, 8] and also the references
in [6]). Such approaches focus on properties of measures that are stationary with
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respect to the IFS and are “essentially” contracting, compare the discussion in the
introduction of [13].

On the other hand, viewing the dynamics of this skew-product as a partially hy-
perbolic diffeomorphism (with a central part given by the fiber maps) on a maximal
invariant transitive set is not any easier. This is because the transitive set contains
periodic points with different (contracting and expanding) behavior in the central
direction and the dynamics intermingles these two types of hyperbolicity. Thus,
new methods have to be developed.

In this paper we continue the analysis in [10, 5, 7| where a quite simple, but
very rich, model family of skew-products F' as above is introduced. We study
the dynamics of the maximal invariant set A of F' in X5 x [0,1]. The set A is
semiconjugate to the shift map in Yo, that is, there is a continuous onto map
II: A — X5 such that Io FF = o oIl. For each £ € Y5 we consider the set
II-1(¢) C A, called the spine of £&. This spine is nontrivial if it is not a singleton
and trivial otherwise. In this way, the set 35 splits into two disjoint invariant sets
50" and X4V consisting of sequences with nontrivial and trivial spines, respectively.

In some loose sense, the information about the expanding part of the dynamics
is encoded in ¥5°" while the set X4V is related to the contracting behavior. The
occurrence of nontrivial spines also serves as an indicator of the nonhyperbolic
behavior in A. Thus the topology and dynamics of the transitive set A are related
to the sets ¥5°" and IV, Let us explain this point in more detail.

In our setting, the fiber map fy is concave and the fiber map f; is affine. It
turns out that the spines of A are of the form {{} x I C A, where £ € ¥y and
I¢ is either a point or a nontrivial closed segment. In this context, under very
mild assumptions on fy and f; (see the discussion below), the set A is topologically
transitive (existence of a dense orbit) and is called a porcupine-like horseshoe. A
naive geometrical idea of a porcupine-like horseshoe is the following: consider a
horseshoe in the plane and select two uncountable dense subsets of it, for each
point in the first set glue a segment vertically to the plane (a nontrivial spine) and
for the second set just glue a point (a trivial spine). The precise definition is the
following.

Definition 1.1 (Porcupines). Given an one-step skew product map F': 39 x[0,1] —
35 % [0,1], a compact maximal invariant set A of F' in X9 x [0, 1] is a porcupine-like
horseshoe (shortly, a porcupine) if it is topologically transitive and the subsets X5°"
and X5V are both dense and uncountable in ¥.!

If ¥5°" = ¥, we say that the set A is a completely spiny porcupine.

Let us say a few words about previous results about porcupines. Sets of such
type first appeared (without such a name) in the work [10] about the destruction of
hyperbolic sets via heterodimensional cycles. The porcupines in [10] are essentially
hyperbolic sets (they only support hyperbolic ergodic measures, [16]) and their
spectra of central Lyapunov exponents (those associated to the fiber dynamics) have
a gap separating the positive and the negative parts of the spectrum. The results
in [16] state some thermodynamical properties of these porcupines. The notion
of a porcupine was introduced in [5], where genuinely nonhyperbolic porcupines
(supporting nonhyperbolic ergodic measures) are considered.

1Porcupines can be defined in more general settings. The key ingredient is the existence of a
semiconjugation to some shift map, where the spines are the pre-images by the semiconjugation
of the sequences in the set.
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FIGURE 1. The fiber maps fo and fi

Let us observe that a porcupine has the same flavor as the so-called bony sets,
that is, a set which are the union of the graph of a continuous function (over the
shift space) and an uncountable set of vertical segments (so-called bones) belonging
to the closure of this graph. The bones correspond to the nontrivial spines of the
porcupine, see [15].

We study a bifurcation behavior of one-parameter families of maps (F});eo,1] of
the form

(L.1) Fi: Y9 xR — 39 xR, & x) = (0(8), feot(x)),

such that for each ¢ € (0,1) the maximal invariant set A; of F} in ¥ x [0,1] is a
porcupine. We would like to understand the scenario of creation and destruction
of spines in order to understand better one of the features (occurrence of nontrivial
spines) that distinguishes porcupines from hyperbolic sets. For that for each pa-
rameter t € [0, 1] we define the subset X5} and X359 of X5 consisting of sequences
with trivial and nontrivial spines for F}, respectively. The goal is to understand
how the sets Zgr;’ and 59" evolve with ¢. As a first simple, but still quite cum-
bersome, approach we study the Hausdorff dimension of the level sets Egz’ and

53" This can be seen as a first step into a multifractal analysis for porcupines.
Further possibilities of finer analysis could involve an investigation of the Hausdorff
dimension of the level sets of sequences with spines of a given length or within a
given interval.

Let us give more details of the families that we will study. We consider one-
parameter families of skew-product maps as in (1.1) where fo; = fj is an increasing
concave C?-map independent of ¢ with two fixed hyperbolic points fo(0) = 0 and
fo(1) =1 and f1, is the affine map f1.(z) =t (1 — x), see Figure 1.

We denoted this set of families by P. The maximal invariant set A; of F} in
Y9 x [0,1] is defined

A= () F (B2 x [0,1]).
i€z
A key property of the families in P is the cycle condition f1,(1) = 0. Another
important condition is that the IFS generated by f; ! and I1 tl is minimal for every
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t € (te, 1), where t. € (0,1) is given by fi(t.) = 1. This minimality property of the
IFS is key for the transitivity of the porcupines A; for ¢ € (., 1), see [7].

The dynamics for t = 0 and ¢ = 1 correspond to two “degenerate” cases of
different nature: for ¢ = 0 the dynamics has no spines at all, while for ¢ = 1 there is
a completely spine porcupine. The families in P provide simple models describing

a transition from a dynamics without spines (X5 = X3) to a completely spiny

dynamics (¥3%" = X3). This bifurcation phenomenon has a similar flavor as (and
its study was partially motivated by) the monotonicity of the complexity of the
dynamics in the quadratic family, see [2, 18].

One could naively guess that the dynamics of the porcupines A; “gain complex-
ity” as the parameter t increases and approaches the completely spiny porcupine

generating new nontrivial spines?. Translating this guess to the base dynamics

would mean that the set ¥59" monotonically “grows” as ¢ approaches 1. However,
this does not happen and it will turn out that the process of the generation of non-
trivial spines is rather complicated. For instance, a nontrivial spine may disappear
after its generation and remains trivial until it revives at ¢ = 1 (we will call such a
spine evanescent), see Theorem 6. This fact has the same flavor of the annihilation

of periodic orbits in homoclinic bifurcations in [14].

To state precisely our result we need to fix some notation and facts. Given
5: 5716051 € Y9 we write

EE et where €= 6. 6L, FELG. G
Let Z;r and X5 be the set of sequences £ and £, respectively.
In the set Y5 consider the canonical distance d defined by

(1.2) d(w, ) =222 (=9 . n(w,0) is the smallest value of |n| with w, # 0,.

With this distance the Hausdorfl dimensions of ¥, and X5 satisfy HD(X,) = 2 and
HD(X5) = 1. For the definition of Hausdorff dimension see Section 7.

Theorem 1. Let (Fy)eo,1) € P- Then for all t € (0,1) it holds HD(X3%") < 2.

Since f;4([0,1]) C [0,1] for every ¢t € [0,1] and ¢ = 0,1, the property whether
the spine of £ = £7.£T is trivial or nontrivial is determined by the negative part
&~ only: if the spine of £ = £¢7.£7 is trivial (resp. nontrivial) then the same holds
for every ¢ € X of the form ¢ = £~.¢". Thus we say that £~ € X3 has a trivial
spine if, and only if, the spine of any sequence of the form ¢ = £7.¢T is trivial.
Otherwise, we say that {~ € X5 has a nontrivial spine.

A natural question is whether there exist sequences £ € ¥; having the same type
of spine (trivial or not) for every ¢ € (to,1) for some ¢y € (0,1). Asin the definitions
of 5P, XY C ¥y, let Xy ;" and ¥, ™V be the subsets of ¥ of sequences with
nontrivial and with trivial spines (for F}), respectively. Define the subsets

E;’non(to) dof ﬂ Eiinon and E;,trV(tO)déf n E;»%trv
telto1) t€(to,1)

consisting of the sequences in X5 whose spines for all ¢ € (¢g, 1) are nontrivial and
trivial, respectively.

2The topological entropy of Fi|a, is constant and equal to log2 in the parameter range (0, 1].
For that note that the restriction of Fy|,, is semiconjugate to the full shift o: 32 — X2 and the
fiber dynamics is noncritical. This implies that no entropy is generated by the fiber dynamics and
thus the topological entropy of Fi|a, is equal to the one of the shift, see (3, 4].
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Let B be the o-algebra generated by the cylinders of X5, see Section 2.3 for
details. In the set B we consider the Bernoulli probability measures b,, p € [0, 1],
where b, gives weight p to the symbol 0 and (1 — p) to the symbol 1, and consider
the probability space (X2, B, by /2).

By [5] the set X8} is a residual subset of ¥ for all t € (£, 1), recall that t. € (0, 1)
is defined by f{(t.) = 1. Recall also that g = f}(0) > 1. Theorem 2 below states
that these sets have full b; /, measure.

Theorem 2. Let (Fy)ico,1) € P. Then

61/2(232’) =1 foreveryte (0,1) and b1/2< ﬂ Eg;’) =1.
te(0,571)

The above result follows from Theorem 1 and the fact that the Bernoulli measure
by /2 coincides with the Hausdorff measure mo (see Proposition 2.13). A natural
question is to estimate the measures of the sets in Theorem 2 for other Bernoulli
measures. As a further consequence we obtain that the entropy of the porcupine is
“concentrated” in the trivial spines.

Denote by hiop the topological entropy.

Corollary 1. Let (Ft)ico,1) € P- Then hiop(F|a,) = htop(o|zyy) = log?2 for every
te(0,1).

To prove this corollary recall the comments in the footnote above and note that
hiop(F|a,) = log2. On the other hand, Theorem 2 claims that 51/2(2;;) =1
and thus htop(o|25f¥) = log 2 for every ¢ € (0,1). Thus hiop(F[a,) = htop(o]syy),
proving the corollary, see [1].

The following theorem implies that the transition to a completely spiny porcupine
at t = 1 happens suddenly and lots of spines are created instantaneously.

Theorem 3 (Abrupt appearance of spines). Consider any (Fy)icjo,1) € P. Then it
holds HD(X; """ (0)) > 0.

To prove this theorem we exhibit a subset with positive Hausdorff dimension
consisting of sequences £ in X ™V (0). More precisely, for each ¢ € N, £ > 2,
consider the set of words

B, = {1%%0°, 110}

and its associated sets of sequences Ep, defined by
Ep, = {6~ : €_1---&_p--- is a concatenation of words in B} C X5 .

We will see in Proposition 3.6 that HD(Ep,) > 0, thus the next proposition implies
Theorem 3.

Proposition 1. Let (Fy)ic01] € P. Then there is ly such that Ep, C 35°"V(0)
for every £ > £y and t € (0,1).

In this proposition ¢y depends on the map fo. A key ingredient of the proof
of this proposition is the concavity of fy which implies that finite compositions of
the maps fo and f1,, such that f1, appears (never/once/several times/an infinite
number of times) consecutively an even number of times preserve orientation, are
concave and thus have a unique fixed point. This holds for maps “associated” to
words in By.
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We now consider the subset Peyp, of P consisting of the families (F})iecjo,1) € P

such that the map fj satisfies the additional condition:
A2 (1— X

(1.3) Fl(iﬁ—)l > 1, where 0 < A= fj(1) <1< 3= f)(0).
This property implies that the IFS generated by fy and f;; is minimal for every
t € (0,1], which in turn is the key property to show topological transitivity of the
porcupine horseshoe Ay, see [5].

We now study the set of sequences with nontrivial spines for families in Pexp.

Theorem 4. Let (Fy)iejo,1] € Pexp- Then the following holds
(1) HD(57(0)) = 0.
(2) The set ¥5°"°"(0) is uncountable.
(3) For every to € (0,1] it holds HD(X5 """ (t0)) > 0.

We next consider the problem of stabilization of nontrivial spines.

Definition 1.2 (Stable spine). The spine of £ € Xg is stable at tg € (0,1] if the
map ¢ — I¢ 4 is continuous at ¢y (here we consider the Hausdorft distance).

Note that if the sequence & has a stable nontrivial spine for t; the same holds
for all parameter ¢ close to tg.

We observe that the stabilization of “some” trivial spines is an easy problem.
For instance, for every to € (0,1) there is d(tp) (where 6(tg) — 0 as tg — 0)
such that every sequence with a “proportion” of 1’s bigger than d(¢y) has a stable
trivial spine for every t € (0, o], see Proposition 2.6 and Corollary 2.7. A much
more interesting problem concerns the stabilization of nontrivial spines. Note that
Theorem 3 implies that there are “many spines” which are not stable at t = 1. To
state a more precise result consider the subset ¥ S of Y, defined by

¥, P fem e 0T 1 €761 is stable a t = 1 for any choice of £+ € X3},
Theorem 5. Let (Fy)icjo,1] € Pexp- Then HD(%; ") > 0.

,stb

To prove this theorem we exhibit a subset of X, with positive Hausdorff

dimension. Consider the set
C = {0101,001001} = {(01)2, (001)?}
and its associated set E¢ of sequences in 3; with HD(Ex) > 0 defined by
Ec = {¢ : &_1---£_p--- is a concatenation of words in C'} C %5 .
The following result implies Theorem 5.
Proposition 2. Let (Fi)iep,1] € Pexp- Then Ec C L

We close this introduction with a result proving the existence of evanescent
spines.

Definition 1.3 (Evanescent spine). The spine of £ € X5 is evanescent if there are
tc < t1 < t2 < 1 such that {¢} x I, is nontrivial and {{} x I¢, is trivial for all
t € [ta,1).3

3Condition t1 > t. implies that the evanescent spine occurs inside a transitive set.
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The existence of evanescent spines implies that the appearance of nontrivial
spines is not a monotone process.

Theorem 6. There is a family (Fi)ie0,1) € P with an evanescent spine.

To prove this theorem we exhibit a periodic sequence with an evanescent spine.
This result is a first step that illustrates the existence of evanescent spines and the
richness of the process of generation of spines, but it is still quite unsatisfactory.
There are many problems concerning these evanescent spines, for instance, the
question of the existence of nonperiodic evanescent spines.

This paper is organized as follows. Theorems 1 and 2 are proved in Section 2.
This section also contains some general properties of the spines and a sufficient
conditions for a sequence having a trivial spine. In Section 3 we prove Theorem 3.
This section also contains auxiliary results on the dynamics of maps associated to
sequences where the symbol 1 only appears in groups of even size. In Section 4
we prove Theorem 4 about the existence of sequences whose spines are persistently
nontrivial and estimate the Hausdorff dimension of this set of sequences. In Sec-
tion 5 we prove Theorem 5 about the “stability” of the spines at t = 1 for a large
subset (positive Hausdorfl dimension) of 5. In Section 6 we present an example
of family of skew product maps with porcupines exhibiting an evanescent spine and
prove Theorem 6. Finally, in the appendix in Section 7 we recall the definition of
Hausdorff dimension and state some of its properties used throughout the paper.

2. PREPONDERANCE OF TRIVIAL SPINES: PROOFS OF THEOREMS 1 AND 2.

In this section we prove Theorems 1 and 2, see Sections 2.3 and 2.4, respec-
tively. Before proving these results we make a brief discussion about properties and
characterization of spines in Sections 2.1 and 2.2.

2.1. Properties of spines. We begging by introducing some notation and defini-
tions. We say that w = (;...(, € {0,1}" is a word of length |w| = n.

Definition 2.1 (Concatenations). Consider a set of words W = {wq,...,wn}. An
one-sided sequence £t = (&;);>0 € ¥4 is a concatenation of words in W if there is
an increasing infinite sequence of indices (ix)ren with ig = 0 such that &, ... &, ., —1
is a word w;, in W for every k. In this case we write £ = w; w;, ... w,, .. ..

Given a sequence £~ € ¥, we define its conjugate sequence &= (E;) € XJ by
I def

; §~;_1- For a given a finite set W of words we define the following sets:

def

Ew ={ €% : 2— is a concatenation of words in W} C X,
Sw & {£=¢ &1 & €EBy} C .
Remark 2.2. HD(Sy) =1+ HD(Ew).

(2.1)

Given a word w = (y...(k, (G = 0,1, we let

(2.2) Gut = fey 000 oo, where for = fo.

The geometry of the maps F; implies that TI, ' (€) is of the form (&, I¢ +), where
I¢ ¢+ is either a point or a closed nontrivial interval. By definition, we have that

Ie, = {x €[0,1]: (ff_}lt o~~of§_7117t)(x) € [0, 1] for every ¢ € N}.
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Lemma 2.3 (Characterization of spines). For everyt € [0,1] and £ = £~ .61 € 3o,
if we write £ = wiwsy ... Wy ... as a concatenation of words it holds

I£7t = nh_{réo gwl;t ©---0 gw7z7t([07 1])'

Proof. By definition of a spine, x € I¢ . if, and only if, g;i,t o---0 g;it(z) € [0,1]
for every n € N, proving the lemma. ([

Corollary 2.4. Consider a set W = {u,w} consisting of two words. Suppose that
there is an interval [a,b] C [0,1] and a parameter t € (0,1) such that

[av b] C gu,t([aa b]) N gw,t([av b])
Then [a,b] C I¢; for every & € Sy.
Proof. Given £ € Sy write g’ = wMw™ L uliw™ L. with hy,n; > 0. By hy-
pothesis
[a,8] € gt © guy([a, b)), for every j € N,
Lemma 2.3 implies that
[a,0] € Tim gy o guty o0 gy 0 guri([a,b]) C Ieg,
which proves the corollary. O

A immediate consequence of the corollary above is the following.

Corollary 2.5. Let w be a word such that g, : has a repelling fized point. Then
the periodic sequence w” has a montrivial spine (i.e., I,z is a nontrivial closed
interval).

2.2. A sufficient condition for trivial spines. For k € {0,1} and £ = £~ .67 €
Yo consider the limit frequency of the entry k& in £~ given by

(2.3) ®5,(6) & ¢r(€7) L limsup #lie[l,n]: &, = k}'

n—00 n

Proposition 2.6 (A sufficient condition for trivial spines). Consider § € (0,1).
Then I¢ is a singleton for all pair &,t such that ®1(§) > 6 and t € (O,ﬁf¥)

Corollary 2.7. Consider { € 3o such that ®1(§) > 0. Then there is te > 0 such
that & has a trivial spine for all t € (0,t¢].

Intuitively, the previous results mean that the set of sequences with trivial spines
“grows” as t goes to 01 (note that the spines of a sequences of the form 0~N.&+
is nontrivial for all ¢ € (0,1]). On the other hand, there are sequences £ with
®,(¢) = 0 having trivial spines for every ¢ € (¢¢, 1) for some t¢ € (0, 1):

Proposition 2.8. There are nonperiodic sequences & € Yo with ®1(£§) = 0 and
numbers te € (0,1) such that I¢; is a singleton for every t € (t¢,1).

By technical reasons we need to postpone the proof of this proposition to Sec-
tion 3.2. Observe that in this proposition we just exhibit a sequence £~ with
$1(£7) = 0 with a trivial spine. Our method can be used to get more sequences
with ¢1(£7) = 0 having trivial spines. Note that the set of these sequences is
necessarily “small”: Proposition 4.1 claims that HD({{~ € X5 : ¢1(£7) =0}) = 0.
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2.2.1. Proof of Proposition 2.6. We need the following simple lemma.

Lemma 2.9. Let £ = .67 € ¥y and write E_ =wWj... Wy ... GS a concatenation
of words w;. Suppose that there are p > 1, C' > 0, and an increasing subsequence
(n,.), such that

/
‘ (g;nlwt 0---0 g;f,t) (x)‘ >Cp",  forevery x € I¢ ;.

Then I¢+ is a singleton.

Proof. Note that for each r one has 1 > ‘(g;ir,t 0---0 9;3,t>(15,t)‘ > Cp |Iey)-
Since n, — oo this implies that |I¢ ;| = 0 and thus I¢ ; is a singleton.

Take £ € ¥5 and § > 0 as in Proposition 2.6. By hypothesis, for every n € N
there exists m > n such that

#{iel,m]: £ =1}
m
Recalling that f1;, =t (1 —z) and 5 > fj(z) > 0if x € (0,1), we get

’<f§ilm,t 0---0 fgill,t>/(x)| > ¢~ Lom] B_mﬂém, for all € I¢ 4,

> 0.

where |a] stands for the entire part of & € R. The proposition follows from
[

Lemma 2.9 taking ts = (6)_1% O
2.3. Proof of Theorem 1. Fix t € (0, 1] and for z € [0,1] let

def

Yo = {£ € Xy such that x € I }.
The following proposition is the key step of the proof of Theorem 1.
Proposition 2.10. Given t € (0,1) there is py < 2 such that HD(X, ;) < pp < 2
for every t € (0,1) and x € [0,1].

To deduce Theorem 1 from this proposition note that if I¢ ; is a nontrivial interval
then it contains some rational number = € (0, 1). Therefore

e Yo Sew
zeQNn(0,1)
Since this union is countable one has that (see Proposition 7.2)

HD(X57) < sup HD(Xg:) < pr <2,
’ z€QN(0,1)

proving the theorem.
Proof of Proposition 2.10. Fix t € (0,1). Note that f§(ff,([0,1])) = 1 as n — oo

and that f7,(f3([0,1])) converges to the (attracting) fixed point %5 of fi; as
n — oo. Therefore there is large N; € N (N; — oo as t — 1) such that

(2.4) (7820 r2,00,1D) () (A2 0 3 (0. 1D)) = 0.
Given z € (0,1) and K € N define the set

S, = {w € {0,1}M such that @ € g,,.([0,1])}.

K
x,t*

We now give an upper bound (independent of z) of the cardinality of ¥
Lemma 2.11. For every x € (0,1) it holds # X5, < (2N — 1)K,
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Proof. Consider w € XK, and write w = wyw, where |wy| = (K — 1) Ny and
|wa] = N;. Note that

T e Gwy,t © ng,t([oa 1]) C gwl,t([oa 1])

Therefore w; € Ef;l.

By (2.4), if g} () € fo" "% 0 f2,((0,1]) then g, ,(z) & fi; %o f2([0,1]). This
implies that there is at least one element u € {0, 1}"* such that g;i og;it(x) ¢ [0,1].
Thus, necessarily, w # wiu. Arguing recursively this implies that

#EK, <#ufteNM -1 <2V —DF,

xz,t —
proving the lemma. O

Recall the definition of the metric d(w,d) = 27"(=% in (1.2). Consider the
cylinders of size m + 1 defined by

Clio, it .- rim; ko, k1 - .., km) = {6 € Bg such that 6;, = kg, 0 < £ < m}.

Lemma 2.12. The set ¥, has a covering Uy by cylinders of diameter 2= KNt
with (at most) 2ENe+1(2Ne 1)K elements.

Proof. Take £ = £ .6T € 3, 4 and write Z_ =C...¢ ..., ¢ €{0,1}. Note that
C1...CknN, € Zf,t for every K. Lemma 2.11 implies that ¥ ; has a covering U by
cylinders of diameter 275Nt with at most 2KVe+1 (2Nt — 1)K elements (to see why
this is so just note that for a fixed negative tail (; ... xn, of a cylinder there are
at most 25 N¢+1 possibilities for the positive part). (I

Let Uk be a covering of ¥, ; as in Lemma 2.12. Then for any s € R
(25) mg(l/{]{) < 2KNt+1 (2Nt o 1)K (27KN,£)S'

See Section 7 for the standard definitions of the measures ms(Xy 1), Ms,e(Xyt), and
ms(U). We have that

M, e(Xg,¢) = inf{ms(U) : U is a covering of ¥, ; with diam(U) < €}.
Thus if 275Nt < € then m; (X, ;) < ms(Ur). Hence equation (2.5) implies that

ms(zz,t) = Eli%l-;_ ms,e(zz’t) < Kl_lg_loo 2KNt+1 (2Nt _ 1)K (2—KNt)s —

K
- Ny (9N; _ —s N
= 11111 2 (2 (2 1)(2 ))

Hence, by definition, HD(X, ;) is upper bounded by the number s € R satisfying
2Ne (2N — 1) (2750 = 1.

Therefore
log(2Vt — 1)
Ny¢log2

which ends the proof of the proposition. O

HD(X.:) <1+ =pt <2,
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2.4. Proof of Theorem 2. Let B be the o-algebra generated by the cylinders
C(io,---,m;ko, ..., km). Denote by by /5 the Bernoulli probability in (32, B) given
by

bl/g (C(ZQ, e ,’im; k(), ey km)) déf 2—(m+1).

Next proposition is probably well known, we sketch its proof for completeness.
Proposition 2.13. mgy = by/s.

Proof. Note that any pair of cylinders C and C’ with the same size satisfies mo(C') =
ma(C’): just note that associated to any finite covering U = (U;) of C there is a
covering U’ = (U}) of C" with the same number of elements and “comparable” di-
ameters. This implies that these cylinders (and thus all cylinders of the same size
as C') have the same measure ms. Thus any cylinder C of size m + 1 satisfies

ma(C) =27 MHD = b (0,
proving the proposition. O
By Proposition 2.13, Theorem 2 is a consequence of the following lemma:
Lemma 2.14. Lett € (0,1), then ma(X57}) = 1 and mg(ﬂte(oﬁ_l) oY) = 1.

Proof. By Theorem 1, HD(X5%") < 2 and thus mg(X3%") = 0. Hence, by Proposi-
tion 2.13,
1 =ma(2) = ma(255") +ma(357) = ma(257),
proving the first part of the lemma.
To prove the second part take the characteristic function x[;; of the cylinder
C(0;1) = {€ € ¥3: & = 1} and recall the definition of the frequency map @ in
(2.3),

n—1 —j
e l,n]: &, =k . o~ J
O () = limsup #li € Ln]: § } = lim sup ZJ_O XM( (£)>
n—00 n n—o00 n
Since o is by /o-ergodic, the Birkhoff Ergodic Theorem implies that there is a set
Sy satisfying b1/2(§]2) = 1 such that for every £ € S, it holds

®1(§) = /X[1] d51/2 = %

Take a strictly increasing sequence (o, )nen of real numbers with lim,, o, v, = 1/2.
Note that for every & € ¥, and every n € N one has ®;(£) > «,. Proposition 2.6
now implies that I, is a singleton if { € S, and t € (0,67%) c (0,871).
Taking n — oo, we have that I, is a singleton if £ € S, and t € (0,571). Thus
S, C MNic(o,5-1) 254 » ending the proof of the lemma. O

The proof of Theorem 2 is now complete. O

3. ABRUPT APPEARANCE OF SPINES: PROOF OF THEOREM 3

In this section we prove Theorem 3. This proof relies on the analysis of the
dynamics of maps associated to sequences where the symbol 1 only appears in
groups of even size (11-sequences). Section 3.1 deals with this sort of sequences.
Lemma 3.3 localizes the spines of these 11-sequences. In Section 3.3 we prove
Theorem 3. Before, in Section 3.2, we prove Proposition 2.8.
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3.1. Spines of 11-sequences. A word w is a 11-word if it is of the form
w=0m012mm 1270 0™ g >0 and ng,m; > 1fori=1,...,r.

In this case, the map gy, associated to w is called a 11-map and is concave.

We say that £~ € X5 is an 11-sequence if g’ can written as an infinite concate-
nation of 11-words. In particular, £~ contains infinitely many 0’s.

Proposition 3.1. The spine of a periodic 11-sequence is trivial for all t € (0,1).

The subset of ¥ consisting of periodic 11-sequences £~ is countable and hence
has zero Hausdorff dimension (see Proposition 7.2). Thus to prove Theorem 3
(HD(%5 "V (0)) > 0) we need to concatenate different types 11-words.

3.1.1. Proof of Proposition 3.1. We begin with the following simple lemma.

Lemma 3.2. Lett € (0,1) and w be an 11-word. Then g+ is concave and 0 <
9uw.t(0) < guw (1) < 1. In particular, g, has a unique fized point p,; € [0,1] that
15 attracting.

Proof. Note that the composition of concave maps with positive derivatives is also
concave with positive derivative. As w is an 11-word this holds for the map g, ;.
As g,,:([0,1]) C (0,1), the map g,,; has at least one fixed point in [0,1]. We
claim that every fixed point of g, is attracting, thus g, : has exactly one fixed
point. Take z with g, :(2) = z. By the mean value theorem and as g, +(0) > 0,
there is a y € (0, z) such that
_ Guwit(2) = gwi(0)  z2—gu4:(0) 2

Hence, by concavity, 0 < g;, ,(2) < g5, ,(y) < 1 and thus z is attracting. O

By Lemma 3.2, for every 11-word w and ¢ € (0,1) we can associate the unique
attracting fixed point p,, ; of g,,;. We have the following lemma (which will be also
used in Section 3.3) that is implies the proposition. Recall the definitions of the
sets Ey and Sy in (2.1).

Lemma 3.3 (Localization of spines). Consider a set W = {wy,...,w,}, r > 1,

consisting of 11-words. For each t € (0,1) let Jy; = [p;VVt,p?,'Vyt] where
Pw = min{py, ¢, w; € W} and p"vi/ﬁt B max{py, ¢, w; € W}.
Then I¢; C Jw, for every & € Sy and t € (0,1).

The lemma implies that if E ~ is obtained concatenating a unique 11-word w then
I+ C J{wyt = {Pw,t}, proving the proposition.

Proof of Lemma 3.3. We argue by contradiction, suppose that there is a point x in
[0, pyyy) N Ie ¢ for some £ = £7.6% € Sy and ¢ € (0,1). Write £~ = wj, -+~ wy, -+,
where w;, € W. Since x € I¢; it holds

(3.1) T, = 9;_7-1T,t 0.0 g;jll () €[0,1], forallr>1.

As x < py, ¢ for every w; € W and p,, + is the attracting fixed point of g, +, the
concavity of the maps g,,, implies that the sequence (z,), is decreasing and has a
limit 2+ € [0,1].
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Since f7,(0) =t —t* one has that then g,, (0) >t —t* for every w; € W. This
implies that zo € [t — t?,2]. As z < py, there is § > 0 such that

max{g;ilyt(:voo), w; € W} < oo — 0.
Therefore for large r we have z,41 = g;jlr+1 +(2r) < Too, which is a contradiction.
A similar argument gives (p?,{,’t, 1] N I¢ ¢+ = 0, proving the lemma. O
3.2. Proof of Proposition 2.8. Consider any sequence £ = £~.£7 such that
(3.2) ¢ =1101100...110"110"t111 . . ..

By definition, ®;(§) = 0. We now see that I¢ ; is a singleton, proving the proposi-
tion.

For i > 0 let ¢; = 07110 and p,, ; be the (attracting) fixed point of g., ; given
by Lemma 3.2. Note that p.,: depends continuously on ¢ and that p.,; is close to
17 if ¢ is close to 1~. Thus there are k € (0,1) and ¢, € (0, 1) such that

(3.3) fo(x) < k, for every x € [pe, .+, 1] and t € [t4,1].
Lemma 3.4. For all x € [p, +,1], i > 0, and t € [t,,1] it holds g, 4(z) < Kk < 1.

Proof. Note that g.,: is a contraction in [pe, ¢, 1]. The lemma follows recalling
(33) and noting that gCo,t([pCoﬂf? 1]) - [pCo,tJ 1]7 fo([pCo,h 1]) - [pCo’tv 1]’ and Jeit =
fé © gCO,t' D

Lemma 3.5. For every t € [t, 1) there exists ny € N such that
Q;{t 0-++0 gcit o g;:t o g;ﬁt(lg,t) C [Peo,ts 1], for every n > ny.

Proof. Note that fixed t € [t, 1) there is n; € N such that for every n > n; and
x € [0,1] we have

Gen t(T) =[5 0 Geo t () = [§ © Geo,t(0) > Peq -
Therefore
(3.4) 9ent([0,1]) C [pegi, 1], for every n > ny.
Noting that gey:([Peo,t> 1]) C [Peo,t, 1] and that fo is increasing it follows
(3.5) gcht([pc()’t, 1]) C [peo,ts 1],  for every i > 0.
Equations (3.4) and (3.5) imply that for n > n; one has that
ggo,t ©0cy,t0" -0 gcmt([O’ 1]) - gzo,t ©gcy,t©-"-0 gcn—lyt([p007t7 H) - [p007t’ 1]'
This inclusion and Lemma 2.3 imply that for every n > ny it holds
Ig,t - gfo,t O0fcy,t 00 gcn,t([oa 1]) C [Pco,u 1]a
which implies the lemma. U

Lemmas 3.4 and 3.5 imply that there is C' > 0 such that for every ¢ € [t,,1) and
n > n; one has

i
(g;ﬁt 0--:0 g;%t o ggo?t> () > Ck™", forevery x € I¢ ;.

By Lemma 2.9 it follows that I, is a singleton, proving the proposition. [
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3.3. Proof of Theorem 3. We begin this section with an auxiliary proposition
whose proof is given in Section 7.2.

Proposition 3.6. Consider a set consisting of two words
W = {w0:91...9k, w1 :<1~--Cm}a
such that 6;,¢; € {0,1}, k <m, and 0; # ¢; for some j < k. Then

1 1
— < HD(E < —,
e (W)_k

For each ¢ € N, £ > 2, consider the set of two independent 11-words
By = {eg & 12°0%, v = 110}
and its associated sets of sequences Ep, and Sp,. Note that the set By, £ > 2,

satisfies the hypothesis of Proposition 3.6.

Theorem 3.7. There is £y such that for every £ > Ly, every t € (0,1), and every
£ € Sp, the set I¢; is a singleton.

This result implies Theorem 3: by Theorem 3.7, Eg, C X,°"""(0) for all £ > £
and by Proposition 3.6, HD(X; """V (0)) > HD(Eg,) > 0.

3.3.1. Proof of Theorem 3.7. Given £ = £~ .61 € Sp, write
(3.6) E— = e?ovnle?l ...v"’”eif” ..., where h;,n; > 0 for ¢ > 0.

Assume first that there is j € N such that either h; = 0 for every i > j or n; =0
for every i > j. Let us consider the first case (the second one is similar and thus
omitted). Note that if the spine of ¢ is trivial then the spine of any o*(¢) is also
trivial. Therefore we can assume without loss of generality 7 = 0. In this case £~
is periodic and by Proposition 3.1 the set I¢; is a singleton.

We now consider the case where n;, h; > 1 for all i > 1 (note that hy may be 0).

Proposition 3.8. There is £y such that for every £ > £y and for every t € (0,1)
there are constants Cy > 0 and py > 1 with the the_following property:

Given any & = £~.£T € Sp, write the conjugate £~ of £~ asin (3.6). If hj,n; > 1
for every i > 1 then for allr > 1 and x € I¢; it holds

!
37 () e g e o (gl )T o (g T o (gle) ™) (@) = Cupy

By Lemma 2.9, this proposition implies that the set I¢; is a singleton for all
t € (0,1) and £ € Sp,, ending the proof of Theorem 3.7.

Proof of Proposition 3.8. It is enough to see that there are C} > 0 and p; > 1 with

!/
(gl o (g oo (gt ) o (g1) ™) (@) = Cl )
forallr>1and z € Ia,;zo(g) +» where ho = 3ho L.

We need some preliminary constructions. Consider the attracting fixed points
Dou,t and pe,+ of the maps g, and g, +. Note that for ¢ close to 0 these maps are
contractions, while for ¢ close to 1 this is not anymore the case. Define t; by
(3.8) 9ot (0)=1, 1 =712
The choice of ¢ implies that
(3.9) gy +(x) € (0,1) forall t € (0,¢1) and z € [0,1].
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The definition of ¢; also implies that for ¢ > ¢; there is (exactly) one point ¢, €
[0,1] (depending continuously on t) with
gi},t(‘]v,t) =1, gt =0.

For t € [0,1] let ¢, ; = 0. The points g, ; depend continuously on ¢.
For t € (0,1] consider the fixed point a; = /(1 +t) of f1; and note that

Gu,t(ag) = f12,t o fo(at) > f12(at) = Qy.
This fact and the concavity of g, ; immediately imply that
(310) Dot > Qt for all t € (0, 1]

Remark 3.9. Consider an 11-word ¢, the concave map g.; (Lemma 3.2) and its
fixed point p. . The calculation above implies that p.; > a; for every ¢ € (0,1].

Choice of £y. To define £y we first define auxiliary constants ky and R. The concavity
of gy+ and (3.10) imply that ¢, ; < py: and a; < py:, respectively. This implies
that the number kg below is well defined,

(3.11) ko = min{k > 0 such that g;f(qv’t) < ay for all t € [t1,1]}.
Lemma 3.10. Let R = max{g, ,(at), t € [t1,1]}. Then
(3.12) Rko > max{(g;’,t)’(x): x € lat, put], n €N, and t € [t1,1]} > 1.

Proof. We first see that R*0 > 1. This is obvious if kg = 0. If kg > 1 then a; < g,
for some t € [t1,1]. The concavity of g, ; implies that 1 = g, ,(qu+) < g, ,(a:) < R.
Thus R* > 1 proving the assertion. To prove the lemma tt remains to check the
first inequality in (3.12).

By the concavity of g, (recall Lemma 3.2),

(g:}’t)'(at) > (g:}’t)'(x) for every x € [at,pyy] and t € [t1,1].
This implies that

max{(gﬁ’t)’(:t): z € [at, pps], n €N, t €[0,1]} =

= max{(gg,t)’(at): neN, te[ty,1]}.
Thus it is enough to to see that
RF > max{(g},) (a:): n €N, t € [t1,1]}.
For each t € [t1,1] define k; as the first k with g;f(qw) < a;. Note that k; < kg

and g} ;(ay) < gy for all 0 < j <k — 1.
Claim 3.11. [t holds (g; )" (a:) < (gfft)’(at) for alln >0 and t € [t1,1].

Proof. Take first n > k;. Note that from (gffft)(at) > @+ and the definition of ¢, 4
it follows that (gg’?kt)'(gfjt(at)) < 1. Hence

(g52)"(ar) = (907 ™) (914 (ar)) (951) (ar) < (g34)'(ar)-
For the case 0 < n < k; note that (9170(%) < gy for every 0 < j <k, —1. Thus

(9u,0) (g} 4(ar)) > 1 for every 0 < j <k — 1.
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This implies that

(gf”‘t)’(at) = g;,t(gf,tt_l(at)) o 'glv,t(gg,t(at)) (gff’t)/(at) > (g:fﬁt)/(at),

concluding the proof of the claim. ([

We are now ready to end the proof of the lemma. If kg = 0 then k; = 0 and
RFo = 1. In this case a; > gy for all ¢ € [t1,1] and thus (g,) (a¢) < g, ,(ar) <
1=RY If kg >1,as R >1 (and thus R > 1) and k; < ko one has

RM > Rk > (git) (au).

The last inequality follows from the definition of R and the concavity of g, ;. This
ends the proof of the lemma. (I

We define ¢ as follows,
(3.13) Lo Emin{¢>2 suchthat (f)(z) < (2R)"%+V forall z € [ay,,1]}.

This number is well defined: just note that f}(1) < 1 and lim,_ o f§(z) = 1 for
every x € [ay, 1].

Lemma 3.12. For every { > £y and t € [t1,1) one has

(f&) (pos) < (2R)~ ot < 1.

Proof. As p, > a; > ay, (see (3.10)), from the definition of £y, R > 1, and t > t;
we have

(3.14) 1> (2R)™5H > (£8) (po,e) = fo(fo" ™ Po,t)) - Fopo,e)-
AS B (Do) < FHUE Do) < -+ < Fi(punt) we have that
Fo(flo Y (pyy)) <1 forall te€ [ty 1].
The concavity of fo now implies that f}(f°(p,.)) <1 and thus
(50 (flo(pos)) <1 forall te [ty 1].
Now using (3.14) we immediately get that for all ¢ € [t1, 1] it holds
() (o) = (™) (60 o)) (F6°) (Poe) < (f5") (pue) < (2R) oD,

proving the lemma. O
End of the proof of Proposition 3.8. We now see that the expansion in (3.7) in the

proposition holds for £y. We fix £ > ¢y and, for simplicity, write e = e;,. Given a
sequence £ = £~.£1 € Sp, write
fA_ = ehoymieht | yrelr . where hg > 0 and h;,n; > 1 for i > 1.
For 7 > 1 define iy = ni, by < 1y + hy and for r > 2 we let
Ay ng + Z (hi—1 +mn;) and h, = Z (n; + hy).
2<i<r 1<i<r
Given any j € N we can write
j = jr + 0, with 0 < j,. < h, if j € [0y, hy),
J = jr+ hy with 0 < j, <y if j € [hy, firga).
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Consider the segment I, -sen (¢) 4 of the spine of o730 (¢). Let Io+ B Iy—seno ey

def

and for j > 1let I; = I,—j-swno(¢),- Note that by definition,
Lt =goi" 0g,im 00 g, 0 gyt (Iog), if j € [Ar, ),
I = gv_,g“ o g;g” ...0 g;?l o g;?l(]07t), if j € [iLT, ﬁr-&-l}-
Remark 3.13. By Lemma 3.3, the set I;; is contained in the closed interval Ji, 1 ;
bounded by the fixed points p.: and p, ; of g+ and g, , respectively.
We need to consider two cases according to the value of ¢ € (0,1).

Case 1: t < t; = B71/2. In this case g, is a contraction (recall (3.9)). We
claim that g.; is also a contraction. Note that for any = € [0,1] it holds

gei(@) < gl ,(0) = (f77 0 f5)'(0) = £*(f5)'(0) = 8" < 7B = 1.
Hence in this case gJ% and ge_t1 are expanding in [0, 1] and thus (3.7) holds.
Case 2: t > t1 = 5_1/ 2, We consider two subcases according to the relative

positions of p.: and p, ;.

Case 2.1: pyy < per. By Remark 3.13, I;; C [put,Pes]. To get (3.7) it is
enough to check that g.; and g, are uniform contractions in [py ¢, pe:]. To get
the contraction of ge; note that the concavity of ge; implies that ge ¢(Pv,t) > Dut-
Thus

gé,t(pv,t) =( 12,5 © fg)l(pv,t) < (fé)/(pv,t) <1,

where the last inequality follows from ¢ € [¢t1,1) and Lemma 3.12. The concavity
of ge,s implies that g ,(x) < 1 for all € [py ¢, pe t]-
The contraction for g, ; follows noting that

g:;7t(x) < gq/;7t(p1),t) <1 forallze [pv,tape,t]-
This completes the proof in this case.

Case 2.2: pe; < pys. The expansion in (3.7) is a consequence of the following
lemma.

Lemma 3.14. Let x € Iy C [Det; Do), t > t1. Then, for every j > 1, one has
i o _ Y )
(g™ o (g™ oo (gl ™ o (i)™ () = 27,
Proof. We first estimate the derivatives of the maps gé“t By Remark 3.9 and since
ay (the fixed point of fi+) is increasing with ¢ we have
[pe,z‘npv,t] - [at7 1] - [atp 1]
The definition of g.; = f7{ o f§ and Lemma 3.12 imply that
(3.15) gea(x) < (J0) (@) < (2R)""*V, for all & € [pe.t, po.].

Recall that, by Remark 3.13, I,.; C [De,t,Pv¢]. This implies that if z € I;_1, for
some i € N, then g, ;" () € [pe,t, o] for every 0 < m < h;. The concavity of ge
and (3.15) imply that

(3.16)  (gl)(x) < (gl.)""(z) < (2R)™™ *FV) for all z € I;_14 and i € N.

This provides an upper bound for the derivatives of the maps ggft.
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To estimate the complete product of the derivatives in the lemma consider

min (g, (2) = (  max <g:}:;>'<x>)_1 > R,

[Pe.tDv,t] [Pe,t:Pv,t]

where the inequality follows from Lemma 3.10. This inequality, (3.15), and R > 1
imply that for every = € Iy, and every j € N it holds

/
(g o g™ o (gl o (gl) ™) (@) 2
> (2 R)Mi (ko) p=ko (2 R)hi(ko+1) p=hko >
> 9hjtt+h R(hj+"'+h1)(ko+1)—j ko > 2j,
where the last inequality follows from h; > 1 and thus hy + --- + h; > j. This

proves the lemma. O

The proof of Proposition 3.8 is now complete. g

4. PERSISTENCE OF NONTRIVIAL SPINES: PROOF OF THEOREM 4

In this section we prove Theorem 4 about the existence of sequences whose
spines are persistently nontrivial and estimate the Hausdorff dimension of this set
of sequences.

4.1. Proof of item (1) of Theorem 4: HD(X;"°"(0)) = 0. Recall that by
Corollary 2.7 we have

E,MM0) c{E exy s 4(§7) =0}
Thus it is enough to prove the following;:
Proposition 4.1. HD({{~ € 5 : ¢1(¢7) =0}) =0.
Proof. Take € < 0 and let

@ 2 #{(e 0 oy S

n
Recall that |y] denotes the entire part of y € R and note that

(4.1) an(€) = 09; § <?>

Define
5(e) EHD({¢™ €%y« 1(67) <e}).

By the definition of Hausdorff dimension, the number §(¢) is given by the condition

(4.2) IO N oo i <dle),

n—oo 2NT

0, ifr>d(e).
In what follows, we will consider small € € Q and large numbers n € N with en € N.

Lemma 4.2. For every small € > 0 and large n € N with en € N it holds

(e) < 2n
an(€) > .
6(1 _E)(l—s)n&«sn

Proof. We need the following estimates.
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Claim 4.3. For every n > 1 we have

n\" n\"
6(7) <n!<ne <7> .
e e

Proof. Clearly, this inequality holds for n = 1. We proceed inductively, assume
that the inequalities hold for n. Note first that for € > 0 it holds

% <log(l+e)<e = € <(1+e)tte<eltale,
€

Therefore

1 1 1
—(1+e): <1< -(1+¢)=T
e e

This implies that for every n > 1 it holds (take 1/n = ¢)

<n+1>”+1 1
€ n 1/~
1 1 1 1 n
c _nt (n+ ) <(n+1)<1+> <n+1=

o (ﬁ)" e n e
e

This inequalities and the induction hypothesis for n imply that

(n+1>n+1
n41 e\ —
. <n—|—1> <l %
e (%)
e

A similar argument proves the other inequality in the claim, ending the proof of
the claim. 0

< (n+ 1)

To get an upper bound for a,(¢) note that for k € N with k < (n+1)/3 one has

n n 1 1 n
4. 1+ ik — 4.} =2 .
w8 )G ez e) =2 ()
0<j<k
This inequality follows arguing recursively and noting that for j < k it holds
()
Iy _noitly
n J
(")
Recalling (4.1) and that en € N and using (4.3) and Claim 4.3 we have that
n n 2n!
an(e) = (,><2( )zS
n Ogjzg:sn 7 EN (STL)'(TL*ETL)'

n n
2ne (g> 2Im

enyEn (1*6)71 (1—s)n76(1_€)(1—s)n65n’
() (T

2.

IN

e



20 L. J. DIAZ AND T. MARCARINI

proving the lemma. (]
Given r,e > 0 define the map

(4.4) R(re) = (1—¢)l72ef2"

and define ro(e) implicitly by the condition R(ro(¢),e) = 1, that is,

aer (1 —¢)log(l —¢)+eloge . B
T log 2 ’ g%ro(s) =0

Note that with this choice R(r,g) > 1 if r > ro(e).

ro(e)

Lemma 4.4. For every small rational € > 0 it holds §(g) < ro(e).
As ro(e) = 0 as € — 0 and 6(e) > HD(X;"°"(0)) this implies the proposition.

Proof of Lemma 4.4. By equation (4.2) it is enough to prove that for every r >
ro(g) it holds
lim e ()
np—oo 2MkT
where nj is an increasing sequence of natural numbers with e ng € N and ny — oo.
For notational simplicity let us omit in what follows the subscript k.
In order to calculate the limit above let
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(4.5) L(n) = (2”> . : lim L(n) = 1.

e n—o0
With the notation in equations (4.4) and (4.5) and using Lemma 4.2 we have
an(€) < 2n ([ L(n) \"
2 = e(l—¢g)d-e)ngengrn — \ R(re) )

Fix r > ro(e). As R(r,e) > 1, the second part of (4.5) implies that for every n
large enough it holds L(n) < k < R(r,¢) for some x. Thus

L) o1 — lim(L(n)>n—>0.

R(r,¢) n—oo \ R(r,¢)
Hence li () _ ) for all d thus 8(e) < O
ence limp, o0 <05 = 0 for all » > ro(e) and thus §(g) < ro(e).
The proof of Proposition 4.1 is now complete. [

4.2. Proof of item (2) of Theorem 4: ¥,"°"(0) is uncountable. Recall first
that we are assuming that A < 8\ < 1 < 8. This implies that there are decreasing
sequence of parameters (¢, )nen with ¢, — 0" and increasing sequences of natural
numbers (kp)nen and (7, )nen such that

tn > ﬂ*kn > /87(kn+1) > (5 )\)Tn+1'
The previous equation implies that
(4.6)  ty > pFn > pTkatl) 5 gratratl) o gm(kndrat2) o yratl
For small v € (0, 1), consider the fundamental domains of fy in [0, 1] given by
DY = [f'(1).9] and DL = (1=, fo(1— )]
and define ¢(7y) > 0 as the first natural number with

£(D2) n DL #£0.
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It is not difficult to check (for details see [9, lemma 2.1]) that there is a decreasing
sequence (v )nen such that ¢(y,) =n —1 and
(4.7) fEOHHDY ) = f(DS,) = DI
Fix large N € N, denote by v,, the word v,, = 0"1, and consider the sequence
$n = kp+ 70+ N, sp, ky as in (4.6).

Define now the following subset I'; of 35,

~

Iy % {g— €3y ¢ & =y iy Ve iy Vs i, - i) € {0,1}}.

By definition the set 'y is uncountable. Thus the proposition below implies item (2)
of Theorem 4.

Proposition 4.5. If N is large enough then I'y C X5°"°"(0).

Proof. For simplicity let us omit the subscript N and write v = vy and I' = I'y.
Define for n € N the sets

E, = E,(7) = J fo(Dy) = 1= f (1 =)l
i=0

Note that if m < n then r,, < r, and thus F,, C E,,. We need the following key
lemma:
Lemma 4.6. For every n € N and every t € [t,, 1]

B © (5N o fra(Ba)) 0 (54 o fr () )
Proof. Let us assume (for simplicity) that fy is affine in [0,~] and [1 — ~, 1],

fo(x) =Pz and fo(1—xz)=1— Az, for every z € [0,7].
The proof in the general case is analogous. In this case,

En = [1 -7, 1-— )‘T”+1’V]'

By definition of N we have f&¥ (f(;l(v)) = fV(B~tv) =1—~, thus
f(;(kn,+rn+N)(En) _ f(;(knJrrnvLN) ([1 41— Al ’Y]) _ [ﬁ—(kn-i-rn-i-l) ’Y,ﬁ_k" ’V]-

Similarly,
fo Bt tNTY () = [ (et et gkl g),
This implies that
wy e fo AN (B = L =71 Ry 1 — g g et 4,
fid o fo Er e N (B) = L =7t g g 1 gt pr et o),
Note that for ¢ € [t,, 1] the inequalities in (4.6) imply
t>t, > /B_kn > B_(kn+1) > ﬁ_(kn"l'rn"rl) > ﬁ_(kn+r7b+2) > \ntl
These inequalities immediately imply the following inclusions for every ¢ € [t,, 1],
= 1 54:" v, 1—t! 57(kn+rn+1) AJcl—n,1— At ] = E,,
L=ttty 1=t gt d A C L=y, 1 = N ] = B,
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Using the identities in (4.8) and the inclusions above we get
fito fo "t (B C B, and  fito fy T NY(E,) € B,
These inclusions imply the lemma. ]

As t, — 0% and E, is a nontrivial interval, the following lemma implies the
proposition:

Lemma 4.7. Consider £ = £=.£%, where €~ € T and EA_ = Usytiy -+ Vsjtij -« 5
i; €{0,1}. Then for any t € (t,,1), t,, as in (4.6), it holds

Gvayqiyt 97000 g”5n71+in71>t(E”) c Ié’t
Proof. Applying Lemma 4.6 to g,, : (i, =0) and g,, ., (in = 1), where
Go, 0 = £ N o fry and gy, 0= £ TN o fry,
and the nested intervals E,x, k > 0, E, C E, 4+, one has that
(49) En C En+k C gv57z+k’t(En+k) and En C En+k C gvsn+k+1,t(En+k)~
This implies that
E, C gvsn+in,t(En) - gﬂanrin,t(EnJrl) - Guspy4ip st © gﬂ5"+1+in+1,t(En+1)'
Arguing recursively, we get that
t(En-i-k)-

E, C gUanrfzmt(En) C Gvg, 4i,t © " C gvsn+k+i”+k7

Therefore
En C klggo Gvsppin,t ©77° 0 g“%,+k+in+k’t([0’ 1])
In particular,

(410) gvleril,t ©---0 gvsn_1+in_17t(Eﬂ) - klingo gvsl+i1,t ©---0 gvs"JrkJri”Jrki([Oa 1])

Lemma 2.3 implies that g, ., t© *00uv, 4. | +(Ey) C I¢ 4, ending the proof of
the lemma. O

The proof of the proposition is now complete. O

4.3. Proof of item (3) of Theorem 4: HD(X; """ (t)) > 0. Fix small ¢y > 0
and consider the sequences (t,), (ky), and (r,,) in (4.2). Lemma 4.6 holds for all
t > tp. Asty > tp, for some ng, the following holds for all ¢ > ¢y and n > no,

(4.11) By © (S5 o fia(Ba)) 0 (N o fuu(Bn)).
Consider set A consisting of the words
A= {u = 0FrotrnotN gy = OknotTno FNFL )

and its associated set of backward sequences E 4. By Proposition 3.6, HD(E,4) > 0.
Thus item (3) of Theorem 4 follows from the lemma below.

Lemma 4.8. E4 C X, (t).
Proof. Take £~ € E4 and any sequence & of the form & = (£7,£T). By (4.11)
E, Cgui(Ey) and E, Cgy(E,), forallte [to,1).
By Corollary 2.4 the interval F, is contained in I¢ ¢, proving the lemma. [
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5. STABILIZATION OF SPINES. PROOF OF THEOREM 5

In Section 3 we described a large subset of 35 whose spines are abruptly created
at t = 1. In this section, we prove Theorem 5 that is a result in the opposite
direction: there is also a subset of ¥ with Hausdorff dimension bigger than one
consisting of sequences whose spines depend continuously on the parameter ¢ for
t = 1. In particular, these nontrivial spines are created before ¢t = 1.

We now go to the details of the proof of Theorem 5. Consider the set

C = {u = 0101, s = 001001},
its associated maps g,,; and g, and the set Ec C ¥;. By Proposition 3.6,

0 < HD(E¢).
Consider the set

5,5 e e nT 0 g6t is stable a ¢ = 1 for any choice of £+ € X7}
Theorem 5.1. E¢ C 3,5,
This result implies that 0 < HD(E¢) < HD(X; "), proving Theorem 5

Proof of Theorem 5.1. Note first that condition (1.3) implies that f}(0) fi(1) =
B A < 1. We begin with a simple claim that follows by a straightforward calculation
that we omit.

Claim 5.2. The points 0 and 1 are hyperbolic attracting fized points of g,.1 and
9s,1-

For j = u,s and t € [0, 1] close to 1, denote by p%t the continuation for g;; of
the hyperbolic fixed point 0 of g; ;. Similarly, p}’t is the continuation of 1 for g; ;.
Consider the sets of words consisting of sub-words of u and s

def def

U % 0,01,010,0101} and S % {0,00,001,0010,00100,001001}.
Lemma 5.3. There exists t € (0,1) such that
pﬂ,t,pg’t,pi_’t,p;t €[0,1], for everyt € [t,1].

Moreover,

gﬂ,t(pivt) €[0,1], foreveryuweU andi=0,1
and

95t (Pl,) €10,1] for every s € S and i =0,1.

Proof. The second part of the lemma follows from the first part noting that p;t €

[0,1] for ¢ = 0,1 and j = s,u, and f;,([0,1]) C [0,1], =0, 1.
We now prove the first part of the lemma for the continuations pgvt and p}m.
def

By Claim 5.2 there is small § > 0 such that (g,,1)'(z) < 1 for every z € I5 =
[—8,0] U[1 — 4,1+ 8] and
Gu,1(—0) > =0, gu1(d) <0, gu1(1—0)>1—-96, gu1(1+06)<1+4.

Note that g,,:(0), gu:(1) € (0,1) for every ¢t € (0,1). This fact, the continuous
dependence on ¢ of g, ¢, and g, ,(z) < 1 for x € I5 for ¢ close to 1 imply that there
exist ¢, € (0,1) and small § > 0 such that for every t € [t,, 1] we have

gut(0) <6, gut(x) >z, forall z € [-6,0),
gut(l—=0)>1—=06, gy.(z) <z, forall z e (1,1+4].
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These inequalities imply that pj, , € (0,6) and p;, , € (1 —6,1) for all ¢ € [t,, 1),
proving the lemma for the continuations p,, ; and pj ;.

Arguing similarly, we get ¢ such that p?, € (0,9) and pl, € (1 —6,1) for all
t € [ts,1). The lemma follows taking ¢ = ma;{{ts, tu}. 7 O

Let ¢ as in Lemma 5.3 and for each ¢ € [f, 1] define

0 def 0 0 1 def . 1 1
pt - maX{pu,tvps,t} and pt - mln{pu,taps,t}'

Note that p{ < p;.
Proposition 5.4. There ist € [t,1) such that [p?,p}] C I¢, for all € = €. with
¢~ €Ec and t € [t 1].

This proposition implies Theorem 5.1. To see why this is so, fix small € > 0. As
the points p? and p} depends continuously on ¢ and pY = 0 and p! = 1, there is
te € [t,1) such that:
€ €
—<1—-=
2 2
Proposition 5.4 implies that 1 — € < Hp?, pt1]| < |I¢,¢|, which implies the theorem.

Py < <pp forevery telt,1].

Proof of Proposition 5.4. Given £~ € E¢ consider its conjugate

- =uM sl where hy,n; >0 fori> 1.
By the characterization of the spines in Lemma 2.3,

: h Ry "
ley = lim g%, o glh oo g, o gl ([0,1])-

Therefore to prove the proposition it is enough to see that

n

gl 0 giioroguy 0 gii(0) < pf <pp < guh o gilho- oy o gli(1).
These inequalities are consequence of the following lemma.
Lemma 5.5. There is t € [t,1) such that for every t € [t,1] the following holds:
© g, © 923(@) € [p},1] for every @ € [p},1] and
© g 0 gli(x) € [0.97) for every x € [0, ).
Proof. We prove the first item of the lemma, the second one follows analogously.

For each t € [¢,1] and 7 = s,u consider the subsets of [0, 1] defined by

def

F,i = {r €0,1]: g;+(r) =7 and r is not an attractor}

and select the subset of parameters

def

L={te[t,1]: (FutUFs) N ([0,p)] U [p;,1]) = 0}.
Claim 5.6. There is { € [t,1) such that [{,1] C L.
Proof. Note that for ¢ = 1 one has

O=pi=ph,=p0y and 1=pj=p,, =pi,
and these points are hyperbolic attractors of g, ; and gs ;1. Thus there is small e > 0
such that for ¢ close to 1, ¢t < 1, the only fixed point of g, in [1—¢€, 1+¢€] (resp. gs,)
is p,,; (resp. p,) which is the continuation of 1 and is attracting. Similarly, the
only fixed point of gy, (resp. gs:) in [—¢, €] is pj, ; (resp. pY ;) which is attracting.
This completes the proof of the claim. O
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To prove the lemma let us assume that p; = p;, ; (the case p; = p} , is analogous).
As pi,t > th, by the definition of L, if ¢ € L the map g5+ has no repelling points
in [py, ;,pt,]. Thus one has

(5.1) gf,t(pi,t) 2 pzlz,t for every k> 0.

As that gs+ and g, ¢ preserve the orientation we have that for for every z € [p}, 1]
it holds

Gur © 904 (@) > gy 0 9ui(hs) > 90 (Pas) = Pus

This ends the proof of the lemma. O
The proof of the proposition is now complete. O
The proof of Theorem 5.1 is now completed. O

6. PROOF OF THEOREM 6: PORCUPINES WITH EVANESCENT SPINES

In this section we study the persistence of nontrivial spines after their generation.
We prove Theorem 6 claiming the existence of fiber maps fy such that the porcu-
pines associated to the corresponding one-parameter families of skew-product maps
have evanescent spines: there are a sequence £ € Y5 and parameters 0 < t; <ty < 1
such that I¢,, is a nontrivial interval and I¢ ; is a singleton for every t € [t2,1).

We first construct an auxiliary family of porcupines with an evanescent spine
where the fiber map fy is piecewise affine. Thereafter we will modify this construc-
tion to obtain a map fo that is C°.

6.1. An evanescent spine: a piecewise affine model. Consider the skew-
product maps F; defined as in (1.1) whose fiber maps are

5 . 1

5% if x < T
f]~7t('1:) = t(l - x)a fO,t(z) = fo(l’) = 1 T 1

42 gf s <1.

5 + 5’ if 1 <z <1

Note that for ¢ > 1/4 one has fl(x) < 1 for every >t > 1/4. This implies that
for t > 1/4 the set A; is transitive?.

Proposition 6.1. Consider the family (Fy)¢cjo,1) above. Then the spine of w = 107

is nontrivial for t = & and is trivial for t € (%, 1).

Proof. To see that the spine of w = 107 is nontrivial for ¢ = % note that the

restriction of 10,1 to [0,1/4) is of the form 910,%@) = % (1 — %m) Thus % < i is

a fixed point of g, 1. As gio N (%) = —%, this point is repelling. By Lemma 2.5 the
: 3

spine I 1 is nontrivial.

We now see that the spine of w = 107 is trivial for every t € (%, 1). Note that
the restriction of gio; to [0,1/4) is of the form gio4(z) =t (1 — 3 z). A direct
calculation gives that for € (0,1) and ¢ > 2/3 it holds

3
gro.¢(x) >t <8) > .

4In this nondifferentiable case the parameter ¢t = 1/4 plays the role of the parameter ¢. in the
differentiable case (f{(tc) = 1), arguing as in [8] one gets the transitivity of A;.
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FIGURE 2. The maps g%o,t

Thus the fixed points of g10, are in (1/4,1]. As g10.(x) is a contraction in (1/4,1]
t

(the derivative is —#/2) this fixed point is unique and equal to ¢ = 535.

We argue by contradiction assuming that the spine of @ is nontrivial. In this case
910, necessarily has a periodic point ¢’ < ¢ of period two. Thus g%o’t has at least
3 fixed points ¢’ < ¢ < g10,¢(¢’). Observe also that g3, ,(0) > 0 and g7 ,(1) < 1.
These conditions imply that the derivative of g3, , has at least five different values.
These maps are depicted in Figure 6.1

On the other hand, by definition of gjo., there are closed intervals I,...,I4
such that [0,1] = I; U I, U I3 U Iy and g7, is affine in each interval ;. Thus the
derivative of g%O,t has (at most) four different values, getting a contradiction.

The proof of the proposition is now complete. O

We close this subsection with a remark about the afﬁne model. Recall that % is
the fixed expanding point of 910,1 and that for ¢t > 2/3, 2—+t is the attracting fixed
point for gio,¢. Given ¢t > 3 con51der the “orbits”

2 D t
Og,;—{gufo(g)} and O, = {2+t’f0<2+t>}

Claim 6.2. There is small € > 0 such that the e-neighborhood V, of 2 7 is disjoint
from Oz 1 U OL,t for every t € [2 +e1).

Proof. Note that 1 §é Oz 1 and for small € > 0 and ¢ € [2 +¢,1) one has 2+t > 1
As the fixed pomt 2+t of g10,¢ increases with t and fo(z) > z for every z € (0,1),
the e-neighborhood V- of 7 L is disjoint from Oz 1 UO ot , for every t € [g—l—e, 1). O

9°2

6.2. An evanescent spine: general case. To construct evanescent spines in the
general differentiable case we modify fy in an small neighborhood of the nondiffer-
entiability point 2z = 1/4 and denote by ﬁ) the resulting map. We let J/C\Lt = fit
and write g, for the correspondmg compositions. We denote the skew product

map associated to fo and f1 ¢+ by Ft

Consider the set V; in Claim 6.2 and any C'*° concave map ]?0 whose restriction
to [0,1] — V¢ coincides with fp and such that ﬁ’)(i) = 1. Theorem 6 follows from
the next proposition.
Proposition 6.3. Consider the skew-product family (ﬁt)te[o,l]- The spine of w =
107 is nontrivial fort = % and is trivial for every t € [% + ¢, 1).

Proof. Since Oz 1 N Ve = one has that §10’%(%) =2 and ’g\’m’%(%) = —2 Thus 2
is an expanding fixed point for §107%. By Lemma 2.5 the set Im% is not a singleton.
This proves the first part of the proposition.
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Analogously, we see that 5% is an attracting fixed point for g1 ¢ for t € [2+¢€1).

We now see that I, = {55} for every t € [2 +¢€,1). This follows as in the
piecewise affine case arguing by contradiction. If I ; # {Q%Ft} then gio.+ has at least
one periodic point ¢’ of period two that not is attracting. This implies that g%o,t
has three fixed points, ¢’ < ¢ < g3, ,(¢'). Since that g3, ,(0) > 0 and g3, ,(1) < 1
this implies that /9\%0,75 changes its concavity at least four times in [0, 1].

On the other hand, by construction, the map /g\%O,t changes the concavity at most
three times in [0,1]. This gives a contradiction.

The proof of the proposition is now complete. O

7. APPENDIX: HAUSDORFF DIMENSION

In this section we state some properties of the Hausdorff measure and dimension
that we used throughout the paper.

7.1. Hausdorff dimension and Hausdorff s-measures. Let (M, d) be a com-
pact metric space and K a subset of M. The diameter of a covering U = (U;) e
of K is defined by

diam (i) = sup{diam(U;), j € J},

where diam(U) denotes the diameter of the set U.
The s-measure of a finite covering U = (U;);es of K is defined by

ma(U) = (diam(U;))".
jed
For each pair s,e > 0 the (s, €)-measure of K is defined by

ef

M. (K) = inf{my(U) : U a finite covering of K with diam () < €}.

Note that m, ((K) decreases with e. The Hausdorff s-measure of K is defined by

The map m4(K) is decreasing with s and there is a value HD(K), called the Haus-
dorff Dimension of K, such that

HD(K) = inf{s € R : m,(K) = 0} = sup{s € R : m,(K) = co}.
For further details see [12|. The Hausdorff Measure of K is the number myp k) (K).

Remark 7.1. The definitions of HD(K) and mgs(K) depend on the metric con-
sidered in the set K. However, the Hausdorff dimension of a set is the same for
equivalent metrics and isometric sets have the same dimensions (see [12], p. 32-33
for details).

Another classical result is the following, see [11, page 1041].

Proposition 7.2. Let K = U,y Kn. Then HD(K) = sup, y{HD(K,)}. In
particular, every countable set has zero Hausdorff dimension.



28 L. J. DIAZ AND T. MARCARINI

7.2. Proof of Proposition 3.6. Define the “conjugate” set of Ey by Ej, =
{wo, w1}, Note that HD(E};;) = HD(Ew ). Thus to prove the proposition is
enough to see that i <HD(Ej,) < %
Note that the definition of W implies that for any sequence ¢ € Ej;, there is a
unique sequence w;(§) of words in W = {wg, w1} with £ = w; (§)wa(§) ... wi(§) .. ..
Given &, n € Efy, with £ = wqi(§wa(§) ... and n = wi(n)wa(n) ... we let
p(&:n) = min{n: wn(§) # wa(n)}

and define the metric d; by
dy(&,m) =21 /297rlEm),
Consider the “substitution” map
he (35,d) = (Biy,dr), h(o. g 1) S we, o we_, .-
By construction, the map h is an isometry. This implies that HD(Ej,,dq) =
HD(X5,d) =1, see Remark 7.1.

Recall that wg = 6y ...0; and wy = (1 ... and let s be the first j with 8; # ;.
Recall that the number n(£,7n) in the definition of the metric d is the first j with
& #n;. As k < m we have that for every £, € Ey;,, n # &, it holds

(p(&m) = 1) k+s <n(&n) < (p(&n) — 1) m+s.
Therefore
o—PEm) mtm=—s < g=n(&n) < 9=p(&m) kth—s
Rewriting these inequalities using the distances d; and d we get

2M7S dy (&, )™ < d(€,m) < 2875 di (€, )"

Using the definition of Hausdorff dimension one immediately gets

1 1 1 1
— = —HD(E}y,d;) < HD(E}y,,d) < — HD(Ey,, d) = —
m m ( W 1) = ( W ) = ( W ) L’
ending the proof of the proposition. (I
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