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ABSTRACT. Following the model in [DHRS] we introduce a two-parameter
family of “partially hyperbolic” skew products (Ga,t)a>07t€[,€76] maps with
one dimensional center direction. In this family, the parameter a models the
central dynamics and the parameter ¢ the unfolding of cycles (that occurs for
t = 0). The parameter a also measures the “central distortion” of the systems:
for small a the distortion of the systems is small and it increases and goes to
infinity as @ — oco. The family (Gq,:) displays some of the main character-
istic properties of the unfolding of heterodimensional cycles as intermingled
homoclinic classes of different indices and secondary bifurcations via collision
of hyperbolic homoclinic classes.

For a € (0,log2) the dynamics of (Gq,t) is always non-hyperbolic after
the unfolding of the cycle. However, for a > log4 intervals of t-parameters
corresponding to hyperbolic dynamics appear and turn into totally prevalent
as a — oo (the density of “hyperbolic parameters” goes to 1 as a — 00).

The dynamics of the maps G ¢ is described using a family of iterated func-
tion systems modeling the dynamics in the one-dimensional central direction.

1. INTRODUCTION

In [BDV, Preface] there are discussed semi-local bifurcation mechanisms which
are sources of persistent forms of non-hyperbolic dynamics. Based on these mech-
anisms two sorts of dynamics are presented:

(1) Critical dynamics whose paradigmatic examples are the quadratic and the
Hénon families and whose genuine bifurcations are the homoclinic tangen-
cies (the invariant manifolds of a saddle have a non-transverse intersection);

(2) Non-critical dynamics associated to the coexistence of intermingled hy-
perbolic sets having different unstable dimensions (indices) and exhibiting
some weak form of hyperbolicity (partial hyperbolicity, a dominated split-
ting, for example). The genuine bifurcations in this sort of dynamics are
the heterodimensional cycles (the invariant manifolds of a pair of hyperbolic
saddles of different indices intersect cyclically).

In homoclinic bifurcations (tangencies) the one-dimensional quadratic family
plays a key role and in some aspects it “models” the dynamics at these bifurcations:
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FIGURE 1. Heterodimensional cycle

in very rough terms, the quadratic family is a limit dynamics and some of its
properties can be translated to the dynamics of the bifurcating maps. See [PT2,
Chapters 3 and 6] for details.

Still in the critical setting and for dynamics in surfaces, the Hénon family is a
model that illustrates the transition from hyperbolic behavior to a non-hyperbolic
one (boundary of hyperbolicity, see [BS, CLR]). In this transition some of the typ-
ical features of non-hyperbolic critical dynamics (as coexistence of infinitely many
sinks [N], existence of strange attractors [BC, MV], and persistence of homoclinic
tangencies [N], among others) are displayed. This family was intensively studied
since the 80’s and one of its appeals is its simplicity (a quadratic map depending
on two parameters) which in some cases allows explicit calculations.

In the case of heterodimensional cycles there are no such “model families”. The
aim of this paper is to introduce a simple two-parameter family that displays most
of the typical features of heterodimensional bifurcations (see the discussion below).
This family has a “one-dimensional” model given by a system of iterated functions
(IF'S in what follows). Before going into the details we need a preliminary discussion.

Let us fix some notation. Consider two saddles P and @Q of different indices
of a diffeomorphism f which are involved in a heterodimensional cycle (in what
follows just a cycle) such that W*¢(P)NW*(Q) is a curve v joining @ and P called
a connexion® (see Figure 1). A heuristic principle is that the dynamics after the
bifurcation is “essentially” determined by the restriction of f to v (called central
dynamics). Oversimplifying the analysis, the dynamics given by the “transition”
from P to @ (called cycle dynamics) plays no relevant role (indeed, the only rel-
evant point is if this transition preserves or not the “central orientation”, but let
us skip this technical point). When the “distortion” of the restriction f|, is small
the dynamics is robustly non-hyperbolic after the bifurcation, [D1, D2|, while when
this distortion is “big and nicely distributed” large parameter intervals of hyper-
bolic dynamics appear, [DR1]. Systems with “intermediate distortion” are poorly
understood?.

In the sequel of the unfolding of the cycle the homoclinic classes of P and @ (see
definition below) explode and new homoclinic and heteroclinic points are generated.
A key problem is to determine the dynamics of these two classes. A pre-requisite
for hyperbolicity is the disjointness of these classes. Typical features displayed by
the dynamics at these cycles include the following phenomena:

1n this case one speaks of a connected cycle.

2Here, for each fixed a we have a family of maps G4,¢ unfolding a heterodimensional cycle,
where the central dynamics is given by a map g, and the unfolding by a family of isometries g1 ¢.
The parameter a of the map g, determines the central distortion.
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FIGURE 2. One-dimensional dynamics

e robustly non-transitive sets and intermingled non-hyperbolic homoclinic
classes, [D1, D2, DR2];

e collisions of homoclinic classes (at the collision the homoclinic classes of P
and @ are non-disjoint and their intersection is the orbit of a saddle-node),
[DR4, DSJ;

e robust cycles (existence of two transitive hyperbolic sets of different indices
whose invariant manifold intersect cyclically and robustly) [BD, BDK]; and

e hyperbolic dynamics, [DR1].

We present systems (Ga,¢)a>0,tc[—e, With a heterodimensional cycle at ¢ = 0 for
every a. The parameter ¢ describes the unfolding of the cycle while the parameter
a measures the central distortion which goes from 0 to oo as a increases. The
central dynamics of G, (any t) is given by (suitable compositions) of a central
map g.: [0,1/2] — R having a repelling point 0 and attracting point 1/2 and
the cycle map g14: [0,1/2] — R (independent of a) satisfying g1,0(1/2) = 0 and
g1.t(1/2) = t (see Figure 2). Suitable compositions of these two maps lead to a
two-parameter family of IFS’s that determine the dynamics after the bifurcation
(see the discussion below). An advantage of our model is that the maps g, and g
are given by explicit simple formulae which allows precise quantitative estimates.

‘We now discuss our results a bit more precisely. We follow the approach proposed
in [PT1], we consider a skew product map® f with a cycle associated to a pair of
“saddles” P and @ as above. We first fix a small neighborhood V' of this cycle (i.e.,
an open set that contains the intersections W*(P) N W*(Q) and W*(P) N W*(Q)
and the points P and Q). The goal is to describe the dynamics of perturbations g
of f in the set V. Key objects in this description are the relative homoclinic classes
of P and @ in V, denoted by Hy (P, ¢g) and Hy (Q, g) (we omit the dependence of
the saddles on the diffeomorphism). Recall that the class Hy (R, g) is the closure of
the transverse homoclinic points of R whose orbits remain in V', see Definition 2.5.

The strategy is to consider curves of diffeomorphisms (f;)icc,c) With fo = f
unfolding the cycle. One pays special attention to those dynamical features which
are displayed more frequently or with positive frequency after the bifurcation (say
for t > 0) by the diffeomorphisms f; in the neighborhood V of the cycle. This leads
to two main sets of parameters corresponding to non-hyperbolic and hyperbolic*

3The skew product maps that we consider have differentiable realizations. On the other hand,
in the case of a diffeomorphism which has well defined strong stable and unstable foliations, the
corresponding quotient map provides a skew product.

4By hyperbolicity we mean that the system is Axiom A and has no-cycles.
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F1GURE 3. Return maps

dynamics:

N = {t>0: Hy(P, f;) N Hy(Q, fr) # 0};

(1.1)
H = {t > 0: the relative dynamics of f; in V is hyperbolic}.
We are interested in the limits
of . N N0, _aet.. . o |N(s)N]0,
NT & lim sup M, N~ ¥ liminf M,
s—0+ S s—0t S (1 2)
. H(s)NJo, _aerq. . o |H(s)N][O, ’
H < lim sup 7‘ (5) N[0, 5] , H™ = liminf 7| (5) [0, 5] ,
s—0+ S s—0+ S

that measure the frequency of non-hyperbolic and hyperbolic dynamics at the bi-
furcation, respectively (here |- | stands for the Lebesgue measure). For each family
(Gat)te[—e, We define the sets No(s) and H,(s) and the limit frequencies N and
HI as above.

The family (G,,) exhibits the known complex features associated to heterodi-
mensional cycles mentioned above and has the property that the proportion of
hyperbolicity after the bifurcation goes from 0 to 1:

e a € (0,log2), if ¢ is small then (0,t) C N,4(t) and thus N, =1 and H} =0,
e H; —1asa— oo.

A much more complete description of the bifurcating diagram of the family (G, )
can be found in Theorem 2.7 that provides a picture of the bifurcation scenario for
this family, that includes secondary cycles and collisions of homoclinic classes. Our
methods allow us to consider parameters with “intermediate” distortion. However,
there is a-parameter window with intermediate distortion for which the description
of the dynamics is still embryonic.

We close this introduction with a brief discussion of the underlying IF'S associated
to the bifurcation which is interesting by its own. To study the dynamics of G ; we
fix an appropriate fundamental domain D, ; = (dq.t, ga(da,+)] of the central map g,
and consider the returns to this domain by (admissible) compositions of the maps
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do and f;. This leads to a “return map” with resembles the Gauss map (although
it preserves the orientation) with the following properties (see Figure 3):

(1) It has infinitely many branches and an asymptote at z = dg ¢;

(2) The derivative is positive and decreasing in each branch;

(3) The only branch that may not be onto is the one containing the extreme

Ya (da,t)~

The transition from systems with “small” to “big” distortion is illustrated as fol-
lows: (i) For maps with small distortion all branches are expanding. (ii) In the
intermediate regime, a branch with contracting and expanding points appear. In
some cases defining an induced map one may overpass this lack of expansion. (iii)
For maps with “big” distortion the contracting points occupy a large proportion of
the phase space.

This paper is organized as follows. In Section 2 we define the family G, and
state the pertinent definitions and Theorem 2.7. Some terminology and general
facts about skew products are presented in Section 3. In Section 4 we introduce the
IFS associated to the skew product and study the dynamics of this IF'S. There are
two different types of parameters, those whose returns are expanding (studied in
Section 5) and those having a hyperbolic-like mixed behavior (studied in Section 6).
In Section 7 we study the dynamics in a neighborhood of the cycle using the IFS.
Finally, in Section 8 we prove our main result (Theorem 2.7).

2. THE MODEL FAMILY AND STATEMENT OF THE MAIN RESULT

In this section, we describe the model family G ; of one-step skew product maps
that we consider and state precisely our main result. This family was motivated by
the example of a skew product map with a cycle in [DHRS]>.

Consider the shift map o defined on the set X = {0,1}” endowed with the
standard metric. Denote an element o € X5 by @ = («;);ez. By definition o(a) = @
where &; = o;41. We consider maps of the form

Ga,t: Z32 X <2(ea_i1)’oo) — Z2 X R» Ga,t(a;x) = (J(Q);gao,a,t(x))' (21)

We now define the fiber maps go,q,¢ and g1,4,¢ for a € (0, 00).

e The central central map go,a’t6 are independent of ¢ and defined” by
Te?

9a() = 2zev + (1—2x)°
e The cycle maps g1 4+ are independent of a and defined by
g1.(x) = (. —1/2) + .

Remark 2.1 (Fixed points and cycle condition). In (—1/(2(e*—1)), 1] the map g,
has two fixed points (independent of a): the repelling point 0 with g/, (0) = e® > 1

5Let us observe that our example has a completely different nature: the cycle map in [DHRS]
reverses the orientation, while in our case the orientation is preserved.

6The resulting dynamics, and in particular the central dynamics, is mostly determined by the
map ¢q, this justifies choice of the name.

"Note that for @ = 1 the map g1 is the time-one map of the vector field 2’ = 2z (1 — 2 ).
Observe also that the maps g, have a singularity at

1
2(ea—1)"
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and the attracting point 1/2 with g/,(1/2) = e=* < 1. The map g1,0 maps the
attracting point 0 into the repelling point 1, justifying the name cycle map.

Let 0% € 3, be the sequence consisting of 0’s and 0~N.10N € ¥, be the sequence
with ap = 1 and a; = 0if i # 0. Consider the points Q = (0%,0) and P = (0%,1/2).
These points are fixed points of G, for every (a,t) and the following relations hold

{07} x (0,1/2) C W*(Q,Ga) NW*(P,Gay),

(07N.10%,1/2) € W*(Q, Gao) N W™(P,Gyap).
This implies that the stable and unstable sets of P and @ intersect cyclically for
every Ggoo. As the points P and @) have different central behavior (contracting

and repelling, respectively), one can think of theses points as points with different
indices and thus G, as a map with a heterodimensional cycle.

2.1. Hyperbolicity, cycles, and homoclinic classes. We next discuss suc-
cinctly how the notions of hyperbolicity, cycles, and homoclinic classes can be
translated to the maps G, ¢ (this can be done in the general setting of skew-product
maps). A more detailed discussion can be found in Section 3.

Definition 2.2 (Hyperbolicity). A G, -invariant set K, ; is hyperbolic of contract-
ing type if there are constants C' > 0 and A € (0, 1) such that for all (o, z) € K,
and for alln >0

[(Gan,at ©* © ag,an) (@)] < C AL
The set is hyperbolic of expanding type if
|(Gan,at ©** © Gag,ai) ()] > cax L

It follows that @ = (0%;0) and P = (0%;1/2) are hyperbolic fixed points of G, ;
of expanding and contracting type, respectively.

Definition 2.3 (Heterodimensional cycle or cycle). Two hyperbolic periodic points
A and B of G, (of different type) have a heterodimensional cycle if their invariant
sets intersect cyclically,

WA Gat) NW?(B,Ga) #0 and WP(A,Got) "W (B,Gay) # 0.
Consider the sets
[N = {a=-a_, -a_1.08 wherea_; € {0,1}};
0N = {a=0"Yag--a,---, wherea; € {0,1}}. '
Note that
[07N] x {1/2} c W%(P,Gay) and [.0Y] x {0} € W*(Q, Gay).

This implies that (0~N.10N,1/2) € W*(Q, Gu.0) "W*(P,G4,). On the other hand,
for all @ > 0 and ¢ it holds

{07} x (0,1/2) C W¥(P,Gat) NWQ, Gart)-

This implies that G4 has a cycle associated to P and Q.
More generally, fixed (a,t), suppose that there are natural numbers n; > 1,
i=0,1,...,k, such that

(910095 )0---0o(gre094%) o (g1t 09,") 0 g1,(1/2) =0. (2.2)
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Then, by definition,
(07N.10m0"21...0™10Y;1/2) € W*(P, Ga) N W5(Q, Gavt)-

Hence G, ; has a cycle associated to P and Q.

A neighborhood of the cycle of G, associated to P and @ is an open set V'
that contains the set {02} x (0,1/2) C W*(P,Ga0) "W*(Q, Ga,0) and the orbit of
(07N.10%;1/2) € W*(P,Gqay0) NW*(Q, Gay).

Definition 2.4 (Homoclinic class). The homoclinic class of hyperbolic point A for
Ga.t, denoted by H(A, Gq ), is the closure of the intersections of the invariant sets
W3 (A,Gqy) and WY(A,Gq ) of the orbit of A.

Two hyperbolic periodic points A and B of G, + are homoclinically related if they
are of the same type and the invariant sets of their orbits meet cyclically.

Given a neighborhood U of the orbit of a periodic point A, the relative homoclinic
class of A to U, denoted by Hy (A, Gq.1), is the subset of H(A, Gq,.) of points whose
orbit is contained in U.

As in the case of differentiable dynamics, the homoclinic class of a periodic point
coincides with the closure of the set of points (of the same type) homoclinically
related to it. In the skew product context the transverse intersection condition
on the invariant manifolds in the definition of homoclinic relations is not required
(indeed it does not make sense). This is due to the fact that the dynamics in the
central direction is non-critical (the maps g, and g1 ; have no critical points and
as a consequence there is a well defined central direction) and therefore all the
intersections between invariant sets of hyperbolic periodic points of the same type
behave as transverse ones. For details see Section 3.2.

Finally, note that homoclinic classes are transitive sets (existence of dense orbits)
and they may fail to be hyperbolic (see items A and B of Theorem 2.7).

In what follows, we fix a small neighborhood V of the cycle and study the
dynamics of G, in such a neighborhood (the dynamics relative to the set V). See
Section 7.1 for a more detailed discussion. There are three key sets in this study:

e The mazimal invariant set of G,: in the neighborhood V of the cycle
defined by Aqs = At (V) = ez GL (V).

o The non-wandering set of G, ¢ relative to V', denoted by €,+(V). A point
X €V belongs to Q,; if for every neighborhood U C V there are Y € U
and j > 0 such that Gi’t(Y) € U and the segment of orbit Y, ..., Gfl’t(Y)
is contained in V.

e The relative homoclinic classes of P and Q) in V, that is the sets Hy (P, Gy¢)
and Hy (Q, Gq.1)-

Definition 2.5 (Relative dynamics). We say that G, ; is Aziom A relative to the
neighborhood V' of the cycle if the non-wandering set of the restriction of G,; to V
is hyperbolic and coincides with the closure of the set of periodic points.

Similarly, a (heterodimensional) cycle relative to V associated to a pair of hy-
perbolic periodic points A and B of different type means that there are heteroclinic
points X € W*(A,G, ) NW?*(B,Ga,) and Y € W9(A, Gy 1) N W™ (B, G, ) whose
orbits are contained in V.
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Remark 2.6 (Hyperbolicity and the maximal invariant and non-wandering sets).
By the corresponding definitions, the following inclusions hold:

Hv(P, G(Lt) ) HV(Q7 G(Lt) C Qa7t - Aa,t-

Since the periodic points P and @ are of different type a necessary condition for
the hyperbolicity® of Q,; is Hyv (P, Go,) N Hyv(Q,Ga) = 0. Since the connexion
{0%} x (0,1/2) is contained in A,; and the points in such a set do not admit a
hyperbolic splitting, another necessary condition for the hyperbolicity of Q. is
7N Qs = 0. Thus in the hyperbolic case the set Q,; must be properly contained
in Aa,t-

We observe that, in general, the disjointness of the homoclinic classes Hy (P, Gq ¢)
and Hy (Q, G,,) does not imply the hyperbolicity of the set Q, , see [DR3]. How-
ever, we believe that in the particular case of this paper (where the central dynamics
satisfies nice monotonicity properties - g/, is monotonous-) this implication holds.

2.2. Main result. Recall the definitions of the set of parameters N,(s), H,(s) in
(1.1) and of frequencies N and HF in (1.2). Recall also that a periodic point
(;a), a = (ag...ax)%, is a saddle-node of Gt if (Gay.t © 0 Gag,t) (a) = 1.

We are now ready to state our main result describing the dynamics and some
typical bifurcations of the maps G, ;. Figure 4 depicts (in terms of the parameters a
and t) the bifurcations and the regions of hyperbolic and non-hyperbolic dynamics
described in this theorem.

Theorem 2.7. Consider the family of skew product maps Gq, in (2.1) and the
hyperbolic fived points Q = (0%;0) and P = (0%;1/2) of different type. For every
small neighborhood V' of the cycle associated to P and Q the following holds:
(A) Robustly non-hyperbolic dynamics: for everya € (0,log2), a # log 1+T\/57
there is t(a) > 0 such that (0,t(a)] C Ny.
(B) Persistence of non-hyperbolicity: Let a € (log 2, log %) There is a
sequence of parameters t,(a) \ 0 such that:

(a) either Goy,(a) has a (relative) cycle related to P and Q or there is a sequence
ap(a) = 0% such that

[tn(a) — an(a), tn(a)) C N,.

(b) There is ((a) € (0,1) with {(a) — 1 as a — log2, such that for every n large
enough

(tn1(0). a2 (@) +C(@) (ta(@) = tusa (@) ) € No.

(C) Prevalent hyperbolicity and secondary bifurcations: for every a > log4
there are sequences of parameters tn(a),tr(a) N 0, th(a) € (tnt1(a),tn(a)), such
that:

(a) Hyperbolicity: It holds (t}(a),tn(a)) C H, and for every t € (t7(a), t,(a))
the resulting non-wandering set of Gq 4 is the disjoint union of the relative homo-
clinic classes of P and Q in V. Moreover,

lim H, = 1.

a— 00

(b) Secondary heterodimensional cycles: for ecvery t,(a) the map Gy, (a)
has a cycle relative to V' associated to P and Q.

8For simplicity, in this remark hyperbolicity means Axiom A relative to the set V'
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[J hyperbolicity

[ non-hyperbolicity: intermingled classes

—— secondary cycles

collisions of classes via saddle-nodes

lg4

lg 1+2\/5

lg2
Ig 1+2\/§

FI1GURE 4. Bifurcation diagram

(c) Collisions of homoclinic classes via saddle-noddes: for every ¢} (a)
the intersection Hy (P, Gy tx (a)) N Hv(Q, Gax (a)) 18 the orbit of a saddle-node.
Moreover, compact invariant subsets of these classes disjoint from the saddle-nodes
are uniformly hyperbolic.

The parameter a = %5 is exceptional (see Lemma 5.4) and corresponds to the

appearance of branches of the IFS with contracting points. Similar results can be
obtained for this parameter, but the proofs must consider different types of returns.
We skip this technical discussion.

3. SKEW PRODUCT DYNAMICS: HOMOCLINIC AND HETEROCLINIC POINTS

In this section we state some properties of one-step skew product maps
G: 22 XK%ZZ XKa G(f,.’l}) = (0(5)?ggo($>)7

where K is a one-dimensional manifold (the circle, an interval, or the real line),
0: Y9 — Yo is the shift map, and gg,g91: K — K are diffeomorphisms. We see
how the notions of hyperbolicity and homoclinic and heteroclinic intersections are
stated in the skew product context.

We use the cylinder notation for compositions of maps

def
Iléo-&m] = 9&m OO Yeo

and the following notation for pre and/or post-periodic sequences

E=(&iez = ((p=r--p=1) " N nor o= (- o))
o i=nifie{-n,...,0,...,k};
® &irsmyi =« for every i € {1,...,m} and s > 0;
o ¢y sr_i=p_;foreveryie{l,...;r} and s > 0.
We similarly define a periodic sequence (& ... &, 1)%.
Given a sequence & = (&);cz we consider its positive and negative tails £+ =

(&)iz0 and €~ = (&)i<o.
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3.1. Hyperbolicity and continuations. Given a hyperbolic fixed point p of
9léo...en) consider its local invariant manifolds Wi>'*(p, gj¢,...¢,.))- If p is contracting
(resp. expanding) then W3, (p, gje,...e,.1) = {p} (resp. Wie (P, gieo...¢,.)) = {P})- As-
sociated to p there is the “hyperbolic” periodic point P = ((&y...&m)%; p) of period
m+ 1 of G (and vice-versa). We say that P is contracting (resp. expanding) is p
is contracting (resp. expanding).

As in the differentiable case, hyperbolic points of skew product maps have well
defined continuations. If F' close to G then the cylinder map fg,. ¢, is close to
lo...c,n,] and thus the continuation pr of p is uniquely defined (pr is close to p and
figo...em)(PF) = pr). Then the continuation of P for F is Pr = ((& ... &m)% pr).

The stable and unstable invariant sets of the periodic point P above are

< B L 77("'~770"'77k(§0"'§m)N),},
WiE ) = {(n’x)' Yo (@) € Wige(Ps 9ieo-6,) S
" P n= (¢ &m) N np-mo1. o), }
PG = {(n’x)' I 1o (@) € WD, 91y -6,0)) '

3.2. Homoclinic and heteroclinic intersections. A point X € W*(P,G) N
W#(P,G) is called a homoclinic point X of P. Homoclinic points behave as the
“transverse” ones in the differentiable case and have well defined continuations. To
see why this is so suppose, for instance, that P is contracting. Since X = (n;z) €
W*(P,G)NW?(P, ), after replacing X by some iterate if necessary, we can assume
that

X=(maz)=(E &) "m0 (0. Em) s 7).
As W"(p, gieo...¢,.)) = {p} one has that = = p and thus X = (n;p). Note that

GT+1(X) = (77’ i') = (ﬁ;g[no..-nr] (p))v where 77 = ( Tt (fo e gm)N)

Since X € W#(P,G), after replacing & by some iterate of it of the form gfgomém] (%)

we can assume that & € (p —d,p+0) C W (P, gjeo...e,0])-

Consider a map F close to G and the continuation Pr = (§;pp) of P for F.
If F' is close enough to G then (p —d,p +9) C W (pr, fig...c,.))- Consider the
point X = (n; pr). Note that by construction Xp € W¥(Pg, F) and F"1(Xp) =
(1, fino..n,1(PF)). As F'is close to G then f,,). ., 1(pr) is close to gp,..n,1(p), thus

f[nowT]T] (pF) € (p - 5,]7 + 5) - Wlf)c(pF7 f[fomfmfﬂ)'

This implies that Xp € W*(Pp, F). Thus Xp € W¥(Pp, F) N W?*(Pp, F) and it is
a homoclinic point of Pg, called the continuation of X.

The following conditions for the existence of homoclinic and heteroclinic inter-
sections are consequences of the arguments in the discussion above.

Corollary 3.1 (Homoclinic and heteroclinic intersections). Consider hyperbolic
periodic points A = ((50 . ..§m)Z;a) and B = ((V() . ..Vz)z;b) of contracting and
expanding type of G, respectively.

(1) If there is a finite sequence By ... [0, such that

91808, (a) € Wige(a, gigo...£,07)
then ((50 )N By B (G0 €)Y, a) is a homoclinic point of A.
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(2) If there are a sequence o, ...y and z € Wi (b, gpu,...y)) with
g[a,r...a,l](z) =b.

Then ((vo---ve) Na_yp--a_y.(vg---vg)N,b) is a homoclinic point of B.
(3) If there is a finite sequence 7 ...y such that
o) (@) = b
then ((&o-+-&m) ™ 707 (o )N, a) € W*(A,G) N W*(B,G).
(4) If there are x € Wl’gc(b,g[yo__w]) and a finite sequence Ty ...T; such that
Glro...m3)(®) € Wie(a, gig,...&,))
then ((vo---ve) ™ .70 1 (S0 &m)s @) € W(B,G) NW*(A,G).

4. ONE-DIMENSIONAL DYNAMICS. ITERATED FUNCTION SYSTEMS

In this section we introduce the iterated function system associated to the maps
G+ and the unfolding of the cycle. This IFS describes the central dynamics in the
sequel of the bifurcation.

4.1. Preliminary calculations. The definitions of g, and g+ provide explicit
formulae for their iterations, compositions, and derivatives. We list some identities
(that follow from the definitions of g, and g; ) that we will use throughout the
text.

For z € (0,1/2) a straightforward calculation gives,

T en a , e—n a 2

_ , n = (¢g" ) 4.1

Ty @ = @) (1)
For a fixed a > 0, consider sequence of parameters t,(a) given by

9o (tn(a)) =1/2—tn(a) <= G1t,(a) ©Ya © 91t (a)(1/2) = 0. (4.2)

An immediate consequence of Corollary 3.1 is the following:

9q ()

Remark 4.1. Given a > 0, the map G, (1) has a cycle associated to P and Q
for every parameter t,(a).

From (4.1) after a simple calculation we get

—na __ (2 tn(a))Q
e = A —2tu(@)? (4.3)

In particular, ¢,(a) \, 0%. We also have the following relation between the param-
eters t,(a),

tni1(a) —
tn(a) (1 =2tn(a))

Using (4.3), we can rewrite (4.1) as follows,

B (1 —2t,(a))? )

C22(1—2t,(a)2 + (1 —22) (2t,(a))?’

o 2t,(a)(1 — 2t,(a) 2 (tala))?
(ga)(fﬁ)<2x(1_gtn(a))2+(1—2x)(2tn(a))2> ( x > '

Throughout the paper the notation ~ means that the limit of the quotient of the
two compared quantities goes to 1 as n — oo.

1-2t, . t .
A=2tnla) g lim 1@ . (4.4)
n—+oo t, (a)

wle

9q ()
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4.2. Returns and iterated function systems. Given n define the interval of
parameters

I(a) = (tnt1(a), tn(a)].
For each t € I,,(a) define d,,; € (0,1/2) by

91,6 ©9q (dayt) =0 (4.6)
and consider the fundamental domain of g, given by
Day = (dayts ga(dayr)]- (4.7)

This domain varies continuously with ¢ in I,,(a). For © € D, and k > 0 one has

0<g1i0gi () < g14(1/2) <t <day.

a
Thus for each k > 0 there is exactly one ix(x) > 1 with
g 0 g4 0 gitF(x) € Dy
Bearing this in mind, for every pair j, k > 0 we define the following subsets of D, ¢,
k) de . .
DI = {z € Doyt in(x) = j}.
Note that some of these subsets may be empty. By the monotonicity of the maps
(4,k)
a,t

g1+ and g, one has that D; 3" is either empty or

j k) de -,k (4K
Dt(zj,t ) def (da,t(J )’d;t(] )]'
Finally, by definition, for each k£ > 0 one has
Doy =|JDYY, DYP Dy =0 it j#£m. (4.8)
j>1
Define now the return maps
j K j k ik of n
P DEY = Doy, TIP (@) E ghogiiogi™ (@), t€Lu(a).  (49)
We also consider the compositions of the maps I'/:F)

b, k) o o0 DR Dy b= (k) (i, kr),  (4.10)

where DP, maximal set where the return map '}, is defined (this set may be
empty). Observe that if this set is not empty it is an interval of the form (a,b].
Note also that (I'f ;)" is strictly decreasing in DP .

We close this section with some estimates for d, ;. Note that, by definition, if
t € (th+1(a),tn(a)) then

91,4 © 94 (tn(a)) < g1t,(a) © 9a (tn(a)) = 0.
Thus
dat,(a) =tn(a) and da; >ty(a) >t ift € (thyi1(a),tn(a)). (4.11)

Write ¢ =, (a) (1 4+ p), £ < 0. From the definition of d,; and (4.5) one gets

(1 —2tn(a) (1 + p)) tn(a)

dat = . 4.12
T2 (1= 2t (a)(1+ ) tala) + (1 + p) (1 — 2n(a))? (4.12)
It follows that for large n one has
tn(a) e’ tn(a)
Aot =~ d g.(d, ~ , t=t, 1 . 4.1
e O ad () = T @0+, (413
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%
a,t (ba,t

m
Fa,t

FIGURE 5. The return map ®,; (m = mg).

5. EXPANDING RETURN MAPS

In this section, for appropriate pairs of parameters (a,t), we will construct an
expanding return map @, as follows: (i) the map ®,; is a composition of maps
ng;o), has infinitely many discontinuities (a countable number) and is uniformly
expanding in each domain of continuity, (ii) the discontinuity points are mapped

to the right extreme of D, ;.

5.1. The expanding return map ®,,. In this section we only consider maps
Fgftj) with j = 0. Thus for notational simplicity let us write T = ng’,to) and
D; .= DY,

Let us explain the definition of ®, ;. This map is obtained using compositions
of the maps T, ;. Let mg be the first j > 1 such that Di’t # (. We will see that
the maps r’

a,t’

j >4, are uniformly expanding in ngt (Lemma 5.6). On the other
hand, when m,; < 4 the map I‘Z?;” may fail to be expanding. This is the reason
we need to replace the map I'y'{** by some map of the form I'¥ , o ' In some
cases this new map is expanding. We now go into the details of this construction.

For each point € D" we define r(z) = rq () by the condition

et (x) € DY) (5.1)
Noting that Dot = U5, , Diﬁt we define the following induced return map (see
Figure 5):
Ffm(az) ifx e U Dfm,
®ui: Doy = Dagy Pay(a) = i>ma i+ (5.2)
I ot () if x € DI

In Sections 5.4, 5.5, and 5.6 we will see three different cases where the return
map P, , is uniformly expanding (for some pair of parameters (a,t)).
Remark 5.1 (Discontinuities of ®, ). Given a pair of parameters (a,t) we denote
by D(®,,) the set of discontinuities of @, ;. Write m = mg ¢ and define ¢, ; = ¢ by
the condition T, (ga(da,t)) € DY ,. For each j > ( there is a unique d,';’ € D},
such that T (d,'y) = d}, ;. Then
D(Pay) = {dy, i >mbU{d)y, > ().

a,t

Note that de‘;j — dy as j — oo.
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Observe that, by definition, g1 ¢ 0 g"(ds,c) = 0. Using this fact and the definition
of the discontinuity set we get the following:

Remark 5.2 (Images of the discontinuities of @, ;).
e giiogito Fiﬁl(dz,t) =0;

n—1 ¥ Mat ( Ma,t,J\ _
® 01t °9Gq o Fa7t o Fa,t (da,t ) =0.

5.2. The sets Déyt. The analysis of the dynamics of the map ®, ; crucially involves
the extremes of the sets D}, ,. Define

di,t €(0,1/2): g' o g1, 0 gg(dz,t) =dgs, wheret € (tht1(a),tn(a)]. (5.3)
Note that D7 , = (d’ ,,d’ '] # 0 if j > may and Dy = (dyy, ga(dayt)]-

a,t) Ya,t a,t

Lemma 5.3. Consider a > 0 and t = (14 p)tn(a) € (tnt1(a),tn(a)]. Then for
every n sufficiently big

e’ (1+p)
eta(l+p)2—1
Proof. Consider the extension of I} ; to [0,1/2] given by gi o g1, o gi'. With some
abuse of notation we will denote this extension also by Ffl,r Fix a and write
tn = tn(a) and dj = di ;. Using the first part of (4.5) and (4.13), we rewrite
equation (5.3) as follows,

dfz,t ~t,(a) K;(a,p), where K;(a,p) def

i ; 1 di (1 —2t,)? t
% (dp) ~ et | (1 tn — = , ! Lo ~
wr(di) = e (( e 3" 2di(1 —2t,)% 4 (1 —2d}) (2t,)? L+ p

Simplifying the central term of the equation above we get

n - 4di(

eta 1—2¢t,)24+2(1—2d}) (2t,)%
Or equivalently,

el _Adi(1=2t,)" +2(1 = 24d)) (2,)?

tn (e”(1+u) T ) - (1—2d}) (2t,)? (5:4)

14+p

With the notation in the lemma it follows

. K; tn — 212 Ki(a,p) — 2t,
g Klent -2t (a, 1) o Ko,
2t, Ki(a,p) + 1 —4t, 2ty Ki(a,p) + 1 —4t,
This completes the proof of the lemma. (Il

Next lemma states some relations between m,; and a.

Lemma 5.4 (Values of mg ).
(1) Let a € (0,l0og2). Then mgt > 1 for every t small enough.
(2) Leta € (O,log HT\@) Then mq+ > 2 for every t small enough.
(8) Let a >log2. Then mgy, (q) = 1 for every ty(a) small enough.
Proof. For t € (ty41(a),t,(a)] write t = (1 + p) t,(a).
To get that m,, > 1 (ie., D;t = () it is enough to see that gq(d, ) < d}l,t. By
Lemma 5.3 and (4.13),
e*tn(a)
1+p

e“(I+p) 4
(T -1 o

9a(dat) =~ < tn(a)
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This inequality is equivalent to
(1+p)°
e (14 u)?2 -1
which holds for all @ € (0,log2) and 1+ u € (e~%/2,1].
To prove item (2) it is enough to see that D2 ; = § (or equivalently that g, (dq,:) <
dz ;) for every t small enough. As above

e’ tn(a)
<tn(a
T+, (a)

Thus it is enough to see that

e (1+p) 2
e2a (L+p)2—1" "

ga(da,t) =~

e (14 p)?
e2e(l+p)2—1°
Note that for 14 p € (e%/2,1] one has

e® e (1 + p)?
e2a _ 1 62(1(1_;'_/1/)2_1

1<

Thus it is enough to see that e?? —1 < e®, where this inequality holds for all
0<a<log 1+T\/5

To prove item (3) note that condition D;)t"(a) # 0 is equivalent to d, ¢ < d}m <
ga(dat). As above

a

dat, (a) = tn(a) < d}lytn(a) ~t,(a) 1 < Galdayt, (a) = " tn(a).

et —
That is
a
a
1< a1 <e”,
which is satisfied for a > log 2. The proof of the lemma is now complete. O

We close this subsection with an extension of the first part of Lemma 5.4 that will
be used in Section 5.5. Observe that D}, = 0 (or ma,; > 1) when d}; > ga(da).
By Lemma 5.3 and equation (4.13), for sufficiently large n, this occurs when

tn(a) (W) > e” (t"(a)> — _U+w? > 1.

(I+p)2-1 L+p e (14 p)?—1
For a > log 2 define v(a) € (e=%/% —1,0) by the condition
Qtva)?

e (1+v(@)?—1

Observe that v(a) — (e~%/? — 1) as a — oco.
Note also that for a > log2 we have D2, # 0 (or mq,; < 2). This is equivalent

to
e (1+p) 20 (tn(a) e (14 p)?
t(a) | 55— | <e*® [ ——= = @ — <1,
( )(62“(1+u)2—1) <1+u> e (14 p)?—1

where the last inequality holds for every p with e=%/2 < (I14+p) <1lifa>log2.
Define for a > log 2

L(v(@) 2 (tas(a), (1 + (a)) ta(a)) C Lu(a). (5.5)

The choice of v(a) and the discussion above imply the following lemma.
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Lemma 5.5. Consider a > log2 and v(a). Then there is ng(a) such that for every
n>ng(a) and p € (e~ —1,v(a)) it holds

Mar =2  for everyt € I,(v(a)) C I,(a).

5.3. Lower bounds for (I‘fm)/. The next step in the construction of the expand-
ing returns is to get a lower bound for (Fi,t),' In what follows, for the extremes of
D}, the expressions (I ,)(d) ;") and (I ,)'(d} ,) mean the derivatives to the left
and to the right, respectively.

Lemma 5.6. Let t =t,(a) (14 p) € I,(a).
(1) For every n big enough it holds

N ) /
(Ffz,t) (2) > eV (14 )%, forall ze D ,.

(2) Let a > log 1+T‘/5 Then there is T(a) > 1 such that for every n big enough
and j > 3 it holds

. / .
(Ffl,t) () > 7(a), forall xe D},

Proof. Consider = € Dit where t = t,(a) (1 + p) € I,(a). From the monotonicity
of ¢/, and (¢7)'(0) = e/ * we get

. / . / . . ’ . ) .
(F00) @) = (M) (@) = (g ogieogn) (dh) =& (g2) (). (56)
Using the monotonicity of the derivative of g, we get
j ! j n\/ ja (. n
(1) (@)= (93 0 910 00) (9aldas)) = €% (67) (Galdar)) (5:7)

Noting that gq(de:) ~ e®d, and that d,; ~ t,(a)/(1 + ) (see (4.13)), from
equation (4.5) one gets

(gg)/(ga(da,t)) = e—2a (]- + :u‘)z'

The first item of the lemma now follows from (5.7). ,
For the second item of the lemma, using equation (4.5), dj ; > d}, , for all j > 3,
and Lemma 5.3 we get for j > 3

2
2
NV . t t t
J ja n 3a n ~ p3a n
(Fa*t) (z) 2 e (dj ) = <d3 ) B PRI T
a,t a,t ne¥a (14p)2—1

As %2 < (1 + p) < 1 we have that

e3ag—a/2

i\ a (€% =1 ? ~2a(.2a 2
(Fa,t) (z) > e — | =e (e** =1 =7(a) > 1.

Where the last inequality follows from a > log (1+2

5B
O
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5.4. Expanding returns for a € (0,log2).

Theorem 5.7 (Expanding induced map @, ). Let a € (0,log2) with a # log HT\/E;
There is k(a) > 1 such that for every small t

@, +(x) > K(a) for all x € Dqy.

Proof. Take t = (1 + u)t,(a) € I,(a), p < 0. By Lemma 5.6 and (1 + u) > e~ /2
(recall (4.3)) for sufficiently large n we get

. ! . .
(Ffm> () > eV D14+ p)? >e? > 1, ifz e D} 4, and j > 4. (5.8)

This estimate and the definition of ®, ; imply the theorem for points in Dg’t with
j > 4 (note that if m,, > 4 this inequality also implies the expansion of ®,; in
D).

Recall that D} , =0 (mq, > 1) for a € (0,log2) (item (1) in Lemma 5.4). Thus
to prove the theorem it remains to estimate the derivative of ®, in D2, U D3 .
Note that in this case mg;: = 2 or 3. The expansion of ®,; comes from the next

proposition.
Proposition 5.8. There is p(a) > 1 such that ®; ,(v) > p(a) for every v €
D3, uDz,.
Proof. We need the following lemma.
Lemma 5.9. Let x € D,';"". Then @), (ga(days)) > (e* —1)72 > 1.
Proof. Let m, = m and note that g,(da¢) € Dy, By the monotonicity of g;, it is
enough to see that @7, ,(ga(da+)) > 1. To see why this is so define
doe = T0(9a(dar) = 97 0 10 g5 (da) > €™ (1= e™*) (L+ i) tn,  (5.9)

where the last identity follows from ¢7"*(d,) ~ 1/2 — e~ %t (this follows from
9a(dat) =1/2 —t) and hence g1,4 0 g7 (ga(dat)) ~ (1 —e %)t
On the other hand, by equations (4.5), (5.6), and (5.9)
. / ) t2 eja

I’ ) d )~el® o = )

( at) (day) =e e2la (1 —e=a)2(1+ p)22  e2fa(l — e—a)2(1 + p)2
This identity, Lemma 5.6, and r = r(g4(dq,¢)) > m (definition of m = my ), imply
that

@4, 1(9a(da)) = (T5,) (de ) (T51) (9a(dat)) =

For m = 2 or 3 we get

ema e(m72)a (1 + M)Z
eZma(l _ e—a)Z(l + H)Q'

1 1
P’ > = 1.
a,t(ga(da,t)) = 2a (1 — efa)Q (ea _ 1)2 >

This ends the proof of the lemma. (]

We are now ready to conclude the proof of the proposition. If Dit = () the propo-
sition follows immediately from Lemma 5.9 and (e® —1)72 > 1 for a € (0,log 2).

If D2, # 0 then mq; = 2 and a > log # (see item (2) in Lemma 5.4). The
expansion for points in D2 ; follows from Lemma 5.9. For points in D , note that
item (2) in Lemma 5.6 implies that (@) (z) > (I3 ,) (z) > 7(a) > 1.

To conclude the proof in this case just take p(a) = min{7(a), (e¢—1)"2} > 1. O
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The theorem follows taking x(a) = min{e?, p(a)} > 1. O

5.5. Expanding returns for a € [log2,log 3'“[) close to (t,(a))”. For a €

[log 2,log 3""[) we select values of p such that for every n big enough and every
t = (1+ p)ty(a) the following properties hold:

(i) mag =2 (ie. Dy, =0and D, #0) and (i) I3 ,(ga(das)) & D,

We will select parameters (a,t) where the map ®,, is uniformly expanding (see
Theorem 5.12).

Given a > log 2, take v(a) as in Lemma 5.5 and recall the definition of I,,(v(a))
n (5.5). Then (i) and (ii) hold for ¢ € I,,(v(a)) and n > ny(a).
Lemma 5.10. There is a continuous map &: [1og2 log 3"'[) (e=*/2 —1,0)
with £(a) — 0 as a — log % such that

FZ +(9a(dat U D
>3

forallt =ty (a)(1 4+ p) € I(a) with 1 + p < 14+ £(a) and n big enough.

Recalling the definition of rq4(x) = r(z) for z € D" = D2, (ie., T2 () €
D;(f )) this lemma immediately implies the following:

Corollary 5.11. For every t = tp(a)(1 4+ p) € I, (a) with 1+ p <14 &(a) and n
big enough it holds rq(x) > 3 for every x € D2

Proof of Lemma 5.10. We need to select parameters such that T'2 ;(ga(da,¢)) < d2 ;.
Arguing as in the proof of Lemma 5.3 and recalling the approximation of g,(dq ;)
in (4.13) we get

PQ( (d ))NFQ (eatﬂ)Ne (1+ ) _i —
a,t Ya a,t — Ta,t 1_|_u M ela-:; (510)
=e%t, (14 p) (e —1).

Recalling the definition of dz’t and Lemma 5.3 it is enough to see that

e?a (1 + ,LL) e

“tn (1 o)<ty 5 = )<

€t (14 ) (€ = 1) < by it € -V < gy
Note that for 14 = e~%?2 this inequality is equivalent to (e —1)? < e that holds
3+f) -

for all a € [log2,log 34Y5)  We define a continuous map &(a): [log 2,log
(e*a/2 —1, 0) such that
e

“ e ¢

=V < gy =i

By definition, &(a) — 0 as a — log((3 + v/5)/2. The proof of the lemma is now
complete. 0

a

for every p with e=%/2 < 1+ pu < 1+ &(a).

Define the map n(a) = min{v(a),&é(a)}, where v and ¢ are defined in Lem-
mas 5.10 and 5.5.

Theorem 5.12 (Expanding induced map ®,,). Considera € (log 2, log 3+‘f) and

p € (e=*2,14n(a)). Then for every n sufficiently big andt = t,(a) (1+pu) € I,,(a)
there is k(a,t) > 1 such that (®q4) (x) > k(a,t) for all x € Dgy.
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Proof. We now estimate the derivative of ®, ;. The result for points in the com-
plement of D2, follows exactly as in Theorem 5.7 (see equation (5.8) that does not
depend on the choice of a). We now consider points = € D?I’t. As in previous cases,
it is enough to estimate the derivative in g,(dqs,¢). From (4.13) and (4.5) we get

2
(F?L,t)/(ga(da,t)) = €2a (gg)/ ( ‘ t" > - 62a (%) = (1 + M)z' (511)

L+p T+u

Arguing as in Lemma 5.3 we get

1—\2( (d ))NF2 <eatn)N€ (1+ ) i —
a,t Ga\la,t — ta,t 1+/1/ 1% €ty (512)

1+p
ety (14 p) (e — 1),
Using (5.10), for r > 3 we have that?

(17 ) (T2 (ga(daye)) = (T5,) (€ tn (1 + ) <e —1)) ~
~ " (gl (€% tn (14 ) (e — 1)) >
3o t al (5.13)
= (eatnuw)(ea—l))

TP e -
Consider z € DZ ;. By Corollary 5.11 we have that r(z) = r > 3. Equations (5.11)
and (5.13) imply that
((I)a,t)/(x) > (Fg,t)/(r?z,t(ga(da,t)) (Fi,t)l(ga(da,t) >

2 e e

where the last inequality follows from a € [log2,log 3+‘f). This completes the
proof of the theorem. ([l

— o1

5.6. Expanding returns for a € [log2,log 35/3) close to (t,(a))*. In the
previous two subsections we have constructed expanding returns for parameters
such that D} , = 0. In this section we consider the case when Dj ; # (). Recall that
item (3) of Lemma 5.4 implies that Dtlz,tn(a) # () every a > log2 and every n large
enough. Note also that Lemma 5.5 implies that we must consider parameters close
to ¢} (a) since otherwise D ; = 0 (recall that a € [log2,log 3+‘[))

Lemma 5.13. Consider a € [log2 log 3*‘[) and n sufficiently big. Then
Ftlz,t”(a) (9a(dat, () & D;,tn(a)'
The conclusion in this lemma is depicted in Figure 6.

Proof of Lemma 5.13. Fix a and write t,, = t,,(a). To prove the lemma it is enough
to see that

Lot (9a(dag,)) = ga© g1, © 90 (ga(day,) < dy,. . (5.14)

9Here there is a slight abuse of notation, if ngt(ga(da,t) ¢ Dy, ; we consider the extension of
this map given by gJ; 0 g1,¢ 0 gi: [0,1/2] — R.
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Fz,t a)

1—\1

a,ty(a)

FIGURE 6. The maps I'} tn(a)

Recall that g,(da,) ~ €ty (see (4.13)). Arguing as in the proof of Lemma 5.3,
for sufficiently large n we get
et (1—2t,)2 )

1
Fl t ~ % tT _
astn (9a(t)) = € < T T St (1262 (1-2e0t,) (20,)
~et (1—e %) ty.

By Lemma 5.3 it is enough to see that for large n

e’ (1—e %) t, < K1(0)t, = mtn.
This inequality is equivalent to
L—e < (e"—1)"" = " —3e" < 1.
The lemma now follows from a € [log 2, log 3445)), O

Lemma 5.13 implies that r, ,(z) = r(z) > 2 for every x € D;At“(a), recall that
r(z)

r(x) is given by the condition I'y , ,\(z) € D, t(a)

Theorem 5.14 (Expanding induced map ®,;, (q)). Let a € [log2,log 3+T\/5)
Then for every n big enough

(1) either Fl)t"(a) (ga(tn(a)) = d;)tn and then bemn (9a(tn)) = 1;

a

(2) or there is kin(a) > 1 such that (Pq 4, (a)) (x) > kn(a) for all z € Doy, (a)-

For t close enough to ¢, (a) with ¢t < ¢, (a), we can define the induced return map
®, + as above and obtain the following:

Corollary 5.15. Leta € [log?2,log %) and big n such that I‘(ll’tn(a) (ga(tn(a)) #

dy ;.. Then there are Rn(a) > 1 and an(a) > 0 such that (®a)'(x) > Rn(a) for all
x € Doy and t € [ty(a) — ap(a), ty(a)].

Proof of Theorem 5.14. For simplicity write ¢, = t,,(a). There are three possibil-
ities for a point x € Dy, (i) € D3, with j > 3, (ii) z € D2, , and (iii)
z €D, . In Case (i), by Lemma 5.6, @, , (x) >e* > 1.

We now consider Case (ii). Note that by symmetry of g, if z € (0,1/2) and
k > 0 satisfy g¥(z) = 1/2 — z then (¢%)(z) = 1 and if g¥(z) < 1/2 — z then
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(¢%)(x) > 1. This fact and ¢7*2(g; (tn)) = 1/2 — g; *(t,) (definition of t,,) imply

1
(9a) (9a(ta)) (92)" (9 (ta)) =1, (92)(9a(tn)) = —5r 1
(92) (ga " (tn))
Lemma 5.16. For every t, sufficiently small there is 7, = T,(a) > 1 such that

(T3

a,tn

(5.15)

)/ (x) > 71, for all x € D?

avtn :

2,0)
a,tn

Proof. If x € D then g1, o g"(x) < g5 '(ts). Thus, by the monotonicity of g,

(92) (91,4, © g0 () > (92)' (92" (tn))-

Since x < gq(ty) (recall item 3 in Lemma 5.4), the previous inequality, the mono-
tonicity of g, and (5.15) imply that

(T2:) (@) > (92) (91,1, 0 92 ()) (92) (9a(tn)) >
This concludes the proof of the lemma O

To conclude the proof of the theorem it remains to consider points in D;,tn‘ It
is enough to prove the following lemma:

Lemma 5.17. For every x € D, it holds @, , (x) > 1. Moreover,

(1) @, (1) > 1 for cvery z # galtn);
(2) @, (9a(ta)) > 1 and ®,, (gu(ta)) = 1 i, and only if, T, (ga(t.)) =
1

atn

Proof. We need to estimate derivatives of compositions (FZ,tn o I‘(ll_tw (a))/(x) with
T € D}L’tn and r > 2. Since these derivatives are lower bounded by the minimum
of (Fi,tn © lez,tn(a)

Ftlz,tn (9a(tn)) < dclz,tn and Fi,tn (dtlz,tn) = ga(tn).

The monotonicity of g, implies that

Pz,tn © lez,tn (ga(tn)) < Fi,tn (dtlz,tn) = ga(tn)-

Consider now the auxiliary map hg, defined by

hat, (€)= g1, 0 gi ' (). (5.16)
Using the map h,:, we get

)’ it is enough to estimate this last derivative. Note that

gaoha s, (tn) < galtn). (5.17)
This implies that
ha i, (tn) < g5 (ta) and hay, (tn) < (ha,) " (g5 (tn),  (E>1).  (5.18)
From (5.15), h2, (tn) < g5 ' (tn), and the monotonicity of g/, we get
(92) (her,, (tn)) = (92) (g2 (t)) = ((92)'(9a(tn)))
We now write the equality in (5.17) as follows

L%, oL, (ga(tn)) = gaohiy (tn) = g2 © hay, © g1, © 9 (ga(tn))-

-1

(5.19)
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From (5.19) we get

(Fi,tn © lez,tn), (ga(tn)) = (gg)l(hi,tn (tn)) (ha,tn)/(ha’tn (tn)) (gg)/(ga(tn)) >
> (93)/(9;1(%)) (ha,tn)/(ha,tn (tn)) (gg)l(ga(tn)) =
Z (ha,tn)l(ha,tn (tn))7

where this inequality is not strict if, and only if, Ft(ll}gi) (9a(tn))
Thus to prove the lemma it is enough to see that

Claim 5.18. (hq,,) (hay, (tn)) > 1.

_ +,(2,0)
=dgp

Proof. We have the following:
o hay, (ta) < hoy, (95 (tn)) (see (5.18));
-1
o (92)'(hiy, (tn)) = ((92) (9a(tn)))  (see (5.19)); and
e Arguing as in the proof of (5.15) one gets
1, -1
Rt (Rae, (tn) = (hoe, (hat, (92 (t0)))) -

Using the monotonicity of the derivative of h,+, and putting together these in-
equalities we get

1, —1
Rt (ha,t, (t0) > by, (Rt (927 (t0)) = (R, (hat, (ta))) -
This implies that (hf, ; (ha.,(tn)))*> > 1. Therefore, as (hq,(q)) > 0 we get

he v, (hat, (tn)) > 1, ending the proof of the claim. O
The proof of Lemma 5.17 is now complete. (]
The proof of Theorem 5.14 is now complete. O

5.7. Covering properties for expanding returns.

Definition 5.19 (Expanding pair of parameters). We say that (a, t) is an expanding
pair of parameters if ®,, satisfies the hypotheses either in Theorem 5.7, or in
Theorem 5.12, or in Corollary 5.15.

Proposition 5.20 (Covering property). Let (a,t) an expanding pair of parameters
with t € I,(a) = (tn+1(a), tn(a)]. Then for every open interval ) # U C D, there
are k (arbitrarily large), i, and x € U such that

g1,t © 93_1 ° Fi,t o @E,t(x) =0.
Recalling the definition of ®,; we get the following:

Corollary 5.21. Let (a,t) an expanding pair of parameters with t € I,(a) =
(tnt1(a),tn(a)]. Then for every open set U # O C Dg, there are arbitrarily large
r, a sequence of pairs (N, ¢.)...(n1,41), and x € U such that

griogy to Pz(sztr’&)m(m’&)(x) =0.

Proof of Proposition 5.20. Let k > 1 an expansion constant of @, ; (i.e., (g ) (x) >
k for all x € D). By Remark 5.2 it is enough to see that there is £ such that
@4 ,(U) contains a discontinuity of ®,,. If this is not the case then ®;,(U) is
contained in an interval where ®, ¢ is continuous and therefore |®% ,(U)| > * |U].
Since the intervals of continuity of ®,; are bounded this is a contradiction. O
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FIGURE 7. The maps ng,o).

6. HYPERBOLIC DYNAMICS FOR a > log4

In this section we consider parameters a > log4 and their associated parameter
intervals (t,,41(a),t,(a)], (large n). The main result in this section is Proposi-
tion 6.4, to state it we need a preliminary result. Consider the parameter

. 2t,(a)

t5(a) =t = Ui € (tn Jto(a)). 6.1

n(a) n (1 _ Qtn(a))ef + 2tn(a) ( +1(a) (Cl)) ( )
In what follows, the parameter a > log 4 remains fixed and thus it will be omitted

(although in some cases we will keep a for clearness).

Lemma 6.1 (Saddle-node bifurcations). For everyt € (t%,t,) the map I‘gl’o) has a
pair of fized points s; (expanding) and s} (contracting) in Dtl’o, s, < s, colliding
to a saddle-node s¢; = s, = s?}L fort=17:
F%’O)(st;) =54 and (Fg;’o))’(st;) =1;
F,El’o)(sj) =55 and (Fgl’o))/(sj’) €(0,1), ifte(ty,tn);
T30 ) =5 and (DY (s7) > 1, ift € (85, t0).
(1,0)

The maps I'; and the points sti are depicted in Figure 7. The discontinuous

line in that figure corresponds to F,E}’O), the saddle-node sy« is also depicted.

Proof of Lemma 6.1. To prove the first part of the lemma, for ¢t € [t5,¢,) define
the map
he: g7 Y (D) UDy —[0,1/2], hi(z) = g1t 0 gt ().

Claim 6.2. The point

t
Z*déf na S —1 Dy, ).
"= 2t,)eE + 28, O ey

is a saddle-node fized point of hyx .
Proof. From equations (4.1) and (4.3) we get

1—2t, L, Cta( =14 (1 2t,)ed +2t,)
2(1 —2t,) +4t,e"5 2 " (1—2t,)es +2t, ’

*
n*

gre, 090t (2h) =

After a straightforward calculation we get hq - (25;) = 2
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Another simple calculation using (4.1) implies that for ¢ € (¢,,11,t,) it holds

(he)'(z3) = (91,0, 0 921 (21) = (971) (=17) = 1,
ending the proof of the claim. ]

Note that the map ¢ — h;(2}) is increasing and thus h:(2) > 2% for t € (¢, t,).
Since h} is strictly decreasing, for ¢ € (t%,¢,) the map hi has a pair of fixed points
z; (expanding) and z; (contracting) with z;” < z;. Let

st = ga(2F) for t e (t5,t,) and S¢x = ga(22).

Note that hi(D;) is at the left of Dy, thus we have that h;(d;) < d;. Thus from
he(2ex) > 24 we get that 2 € (2, dy) C g ' (Dy). These observations imply that
5§ € D; and thus s} € D(1 0

We consider the (natural) extension of Fgl’o) to D, and, with a slight abuse of
notation, denote it also by I‘gl’o). Note that by definition

+

5) = ga 0 hu(z) = galzi5) = s

T (5E) = 0 0 9100 93 (5) = ga 0 91,0 0 93 (50
A similar property holds for s .

The fact that s; € Dt(l’o) follows from Fgl’o) (d;’(l’o)) < d;’(l’o).

The fact that s, is expanding and s is contracting for Fﬁl’o), t € (tr,t,), follows
from the similar properties for z;” and z;" for h; above. A similar argument implies
that s« is a saddle-node for Fg,o)_ This completes the proof of the lemma. O

For small ¢ > 0 consider the set of hyperbolic parameters'® in [0,t] defined by
Ha(®) 2 0,40 (|t (@), ta(a))). (6.2)
Lemma 6.3 (Density of hyperbolic parameters).

H,(t
lim inf # > h(a) >0, where h(a) =1 as a — oo.

t—0t

Proof. Recalling the relation between ¢,,(a) and t,,41(a) in (4.3) and the definition
of t(a) in (6.1) it follows

gk tn(a) 1-— t:L(Z) _
lim —tn(a) fr(a) = lim ( ()) 262 Qdeh()

n—+oo ty(a) — tht1(a n—+o00 _ tayi(a) es —1
) +1(a) tn(a) (1 NN )

It is obvious that h(a) — 1 as a — 0. O

To state the next result we need a definition. A point © € D, has a return of
type (i,7) it z € DU ie. F(m)(x) € D, . Note that a point have infinitely many

a,t >
different types of returns.
Proposition 6.4 (Contracting and expanding returns). For every n sufficiently
big and every t € [t¥,t,) consider the points s; , s;, and stx in Lemma 6.1 and the
associated partition of the fundamental domain Dy of g, given by

Ly =[dy,s; ], L= (s;.sf), and Lj=[s{, ga(ds)]

1OPlroposition 6.4 justifies this name



SKEW PRODUCT CYCLES WITH RICH DYNAMICS 25

(note that L§. is empty). This partition satisfies the following invariance and ex-

pansion/contraction properties for parameters t € [t%,t,):

The contracting and trapping region L;j:

(s1) Every return of a point of L to Dy is of type (1,7) for some r > 0 and
T (Ls) € Ls for every r > 0;

(s2) if t € (t,t,) there is A, € (0,1) such that 0 < (Fgl’r))l(x) < At for all
e L ﬁD(l’T) and r > 0;

(s3) 0 < (FS’T)) (z) <1 forallz € Lj, ﬂD(l ) with x # s¢x and F(l 0 ) (st) =1;

(s4) T (Dt)CLsforallk>1

The Wanderlng region Ljf:

(w1) Every return of a point of LY to Dy is of type (1,r), r > 0. Moreover,
FEI’O)(Lf) = L¢ and F,E“’) (x) > x for all x € LS.

The expanding region L}:

(ul) Every return of a point of Ly to Dy is of type (r,0) with r > 1 or (1,7) with
Jj=1

(u2) if t € (5, tn) there is o > 1 such that (FET’O)>/($) > o, for all z € L¥ N D}°
and r > 0;

(u3) (Fg;’r))’(x) > 1 for all x € L, Dt(g ") with x # s¢x and I‘(1 0)) (s )=1.

Remark 6.5 (Coding orbits). Using Proposition 6.4 we code the forward orbits of
points in D; by the IFS ng’j): Dt(i’j) — D;. To each x € D; and each orbit of it we
associate a sequence (j;)i>o0, ji € {s, ¢, u}, as follows: write = z¢ and list z; € Dy
the successive iterates of = by the IFS, if x; € L¥ we let j; = k. By Proposition 6.4,
if j; = s then j, = s for all £ > ¢ and if j; = ¢ then j, € {s,c} for all £ > i.

Proof of Proposition 6.4. To prove the assertions for the interval Lj note that
1,0), 15 1,0 1,0 ,
(L) = [0 (50,08 (ga(d)] C [ ga(de)] = L
For r > 1 the set Fgl’r)(Dt) is at the right of 1“§1’° (L7) and contained in Dy, thus
1Dy c Ly, forall t € [t%,¢,) and 7 > 1.

This proves the inclusion property in (s1) and the trapping property (s4).
To see the first part of (s1) (points of L; have only returns of type (1,7)) note
that if ¢ > 2 then for every j one has

T (2) > TP (1) > ga(s8) > galdy),

thus 1" b 7)( ) € D,. This prevents points in L to have returns of type (¢,j) with
> 2. ThlS completes the proof of (s1).
To get (s2) note that the monotonicity of the derivatives implies that if x € L
then
0< (T8) (@) < (@Y (sh) = A < 1.

To obtain (s3) one argues similarly, obtaining 0 < (I‘E}’T))'(x) < (FE}’O))/(st;) =
1, where the equality only holds for z = s7 ! !

This ends the proof of claims concerning the contracting and trapping region.

The proofs of the assertions for the regions L§ an L} (conditions (wl) and (ul)-
(u3)) follow similarly and are omitted. O
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7. DYNAMICS OF THE MAPS G, IN A NEIGHBORHOOD OF THE CYCLE

We consider a neighborhood of the cycle associated to the points P = (OZ; 1/2)
(contracting) and @ = (0% 0) (expanding) of G, (see (2.1)) for t = 0. We study
the dynamics of G, in a neighborhood of such a cycle. This analysis relies on the
results about the iterated function systems in Sections 5 and 6, see Proposition 7.10
and Remark 7.13.

We use the cylinder notation for compositions of the maps g, and g1 +,

léomlsart = et O+ © Geots  Where go ¢ = go and & € {0,1}.
Given r,m > 0, the cylinder [§_, -+ .&y - - &y] is the subset of 3y given by
[€—reoe G0 -m] = {(n)iez: mi = & for alli € {—r,...,m}}.
These cylinders define a basis of the topology of .
7.1. Choice of a neighborhood of the cycle. Consider the heteroclinic set
Y= {OZ} X (Oa 1/2) C Wu(Qa Ga,t) N WS(Pa Ga,t)a for all a,t
and the (e, k)-neighborhood of its closure given by

Vit o & (07704 x (—e, % + e> : (7.1)
Consider the point
Z ((o N 10M); 1/2))
By Corollary 3.1,
= ((077.10%);1/2)) € W*(P, Ga0) N W*(Q, Gu0).
Note also that

{(GL(2),G5(2), £ = kY CVh ).

Pick small § = §(a) € (0,€) and to = t(a) € (0, ¢) such that for all ¢ € [0, o] it holds

(s (/2= 6172+0)) J (hH 0 guul1/2-6,1/243)) € (0- ,1/2+ )
and consider the neighborhood of Z defined by

Yok A [g=2h=2 1(2k+1] (; ps % + 5) ) (7.2)

These choices imply that for every t € [0, tg] one has

8,k —k— 6,k ek
closure (G’;ftl(VZ ) U Ga,lg \z )) C Vg

Remark 7.1 (Choice of parameters). We can assume that t(a) > 0, €, and 0 are
small enough satisfying

914(1/2) =2t —1/2< —€ and t+da; <1/2—¢, forallte|0,t(a).
Finally, consider the (4, k, €)-neighborhood of the cycle!! given by
k+1
8,6,k def J, k
Ve Vs o <U Gl o(Vy ) (7.3)

i=—k

HThis set contains the elements in the cycle: the two fixed points P and @ and the orbits of
the heteroclinic point Z and the heteroclinic connexion .
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From now on 4, ¢, k will remain fixed and they will be omitted, thus we will use

the notation V % Vyoek v, S Vg’k, and Vg 1/9] S V[S”’;/?]. In what follows we

study the dynamics of G, ¢+, small ¢, in the neighborhood V' of the cycle.
Relevant sets in our context are the maximal invariant sets of G, ¢ in the set V'

ALENGLV), AL = GL(V), A ®ALNAL. (T4)
i<0 i>0
We also consider the non-wandering set of G+ relative to V denoted by q:. A
point X € V belongs to 2, 4 if for every neighborhood U C V there are Y € U and
j > 0 such that G;t(Y) € U and the segment of orbit V..., G;AY) is contained
in V. Note that Q4+ C Ag+.
Remark 7.2. If X = (§;2) € V then z € [—€,1/2 + €.

We close this subsection with the following consequence of Corollary 3.1.
Remark 7.3. Consider a finite sequence o = «; ...y, such that
(9tamscmlat) -(0) €10,1/2) foralli=0,...,m—1.
Then Y, = ((O_Nal e O OY; O) is a homoclinic point of () contained in A, ;.

7.2. A reference domain and its returns. Given X = (§;z) € Ay, for i > 1
we write

Xi = Gl (X) = (079 9leo. .60t (0)) = (07 (€); ).
Recall the definition of the fundamental domain D, = (dg,t, ga(dat)] C [¢,1/2)
of gq, see (4.7) and (4.11), and consider its associated reference cube A, ¢

Agy Z[07F.0F] x Dy = {X = () € Via € Doy} C V. (7.5)

To study of the relative dynamics of G, + in V' we analyze the returns of points in
Agt to Ag . We first consider points in the maximal invariant set A, ;. Note that
the non-wandering set ), ; is contained in A,; and that in our analysis we need to
consider both sets. In Section 7.4 we will see that, for the parameters considered,
these two sets are different (recall that this is a pre-requisite for hyperbolicity,
Remark 2.6).

Definition 7.4 (Returns to A,;). Let X € A, ;. The sequence of return times
0;(X) of X to Ay 1, 0i(X) < 0i41(X), is defined as follows: go(X) =0, Ggft(x)(X) €
Agy, and G ((X) € (V\ Aqy) for every i € (0;-1(X), 0;(X)) NN.

We let Xp & X, x) = GZ7Y(X) the i-th return to Mg, of X and I(X) the
maximal interval in Z such that p;(X) is defined for i € I(X).

Note that the sequence of return times of a point X may be finite and that if
0i(X) > 0 (resp. < 0) is defined then GJ(X) € V for all 0 < j < 0;(X) (resp.
0i(X) <35 <0).

Next proposition claims that “most” points of A, ; have iterates in A, ;.
Proposition 7.5. Consider any t € (0,t(a)]. Then every X € Ay \ {P,Q}, has
some iterate by Go 1 in Ag .

To prove this proposition we need two preparatory lemmas.

Lemma 7.6. Consider smallt > 0 and X = (§;x) € V such that Xo,..., X; €V
for some i > 0. If gi(z) € [0, 5+t —¢€) then { =+ =&_1 = 0.
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Proof. Note that [0, 3+t—€] C [0,2). As go(2) > z forallz € [0,1/2] and g,(0) = 0
one has that ¢/ (r) € [0, %—&—t—e) forall j =0,...,i. Assume, by contradiction, that
there is a first j € {0,...,i—1} with §; = 1. Then g1,;0¢%(z) < g14(5+t—¢€) = —€.
This implies that X;41 ¢ V, a contradiction. ]

Lemma 7.7. Consider t € (0,t(a)) and X = (§;x) € Agt. Then x; € [0,1/2] for
every i € Z.

Proof. By Remark 7.2 the second coordinate z; of X; satisfies z; € [—¢,1/2 + €.
Thus, after replacing X by some iterate, we can assume that g = x; € [—¢,1/2+€].

We claim that zo & [—€,0). Arguing by contradiction, assume that xo € [—¢, 0).
If & = 0 for all 4 > 0 then there is m > 0 with Z,,11 = gie,..¢,),0,t(T0) =
gt (zg) < —e, contradicting Remark 7.2. Thus there is a first m > 0 with
&n = 1. Then

Tmi1 = Jgo.emlat(T0) = 91,6 © 9o (20) < g1,6(0) =t —1/2 < —¢,

contradicting Remark 7.2.
The case xg € (1/2,1/2+ €] follows identically considering negative iterates. O

Proof of Proposition 7.5. Consider X = (&) € Qg \ {P,Q}. By Lemma 7.7,
x € [0,1/2]. We first consider the case z € (0,1/2). If the sequence ¢ = 0% we
are done since g’ (z) — 1/2 as i — +oo and g!(z) — 0 as i — —oo and thus the
sequence (g’ (z));ez necessarily contains some point in the fundamental domain D, ¢
of go in (0,1/2). Thus it remains to consider the case where £ contains some 1. After
replacing X by some iterate we can assume that £ = 1. As {g1,.(z),z} C [0,1/2]
we have g1 (z) = x1 € [0,%] C [0,dq,), recall (4.11). If & = 0 for all ¢ > 1 then
there is j > 1 with x;11 = ¢7(z1) € (dat,ga(dat)] = Dgat. Thus as X;11 € V and
by the definition of A, ; one has that X;11 € Ay 4.
We are left to consider the case where there is a first j > 1 with ¢; = 1.

Claim 7.8. z; = g7 (21) > du
Proof. If the claim does not hold, by Remark 7.1 we have

ziv1 = g1t005 (21) < g1¢(day) <day +1—1/2 < —
contradicting Lemma 7.7. O

Since z7 € [0,t] C [0,d,,] Claim 7.8 implies that z; € D, for some ¢ < j and
thus X; € A, ;. This completes the proof of the lemma when z € (0, 1).

We now consider the case © = 1/2. As X # P this implies that the sequence &
contains some 1. Since g1 (z) # 1/2 for all x < 1/2, one has that £~ consists only
of 0’s. Thus there is a first 7 > 0 with {; = 1. Then

Tj+1 = Glo. 50t = 91,6 © 92 (1/2) = g1,4(1/2) = t € (0,1/2).
Thus we are in the previous case and we are done.

The case x = 0 is analogous and thus omitted. The proof of the proposition is
now complete. O

One can easily prove the following version of [DR1, Lemma 7.1] straightforwardly
adapted to our setting.

Lemma 7.9. Consider smallt > 0. Given X € A, N Aq s the following holds:
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(1) X € W3 (P,Gq1) UW?(Q,Gay), if and only if, X has only finitely many
forward returns ;(X), i > 0;

(2) X € W¥(P,Ggp) UW™(Q,Gqy), if and only if, X has only finitely many
backward returns 0;(X), i < 0; and

(3) X has infinitely many forward and backward returns 0;(X).

7.3. Itineraries and return maps. In this section, we associate an itinerary to

points in A, ; having returns to A, (Proposition 7.10) and determine the fiber

dynamics of these returns in terms of the maps I’((;tj) in Section 4.2 (Remark 7.13).

Proposition 7.10. Let t € (tny1(a),t,(a)]. Consider X = (§;2) € Ay with a
sequence of forward returns g;(X) to Ag. Then

- - + - +
€01 - Eg(x)—1 = 0F1 FL0F Fha gfe ki

where k; >0 and k;r > 1 forevery j=1,...,1.
If X has only i forward returns (i.e., I(X) ={0,...,i}) and X € A}, then

g+ = okr +nqkl +nthy 1L ki tntkS g0

Proof. The first step of the proof is the following lemma.
Lemma 7.11. Let X = (§;z) € Ay with a first return 91 = 01(X) to Agt. Then
o801 = 0k010k1, where kg > n and k1 > 1.

Proof. By definition of a first return time, G ,(X) € V for all i = 0,..., 0.
The monotonicity of g, implies that & ...&,,—1 # 09'. Thus there are j > 1,
mi,...,m; > 1, ki,...,kj_1 > 1, and ko, k; > 0 such that
0. Egy—1 = OFormigks  oki—11miQki,

To see that m; = 1 note that gjgro1)4.(7) < 91,4(1/2) =t < da. Hence, if

m1 > 2 we have
Thko+2 = 9[0k012],a,t(37) < git(l/Z) = g1(t) < g1,¢(day) < —€

By Remark 7.2 this implies that X412 ¢ V, which is a contradiction.

Note that gjoko 1],a’t(x) < dg, implies that k; > 1.
Claim 7.12. gioro10#1],0,t() € Dat

This claim immediately implies that o; = 0*010%1.

Proof of Claim 7.12. Note that gjgko1),,.(7) < da implies that gjoro1r1],e,(7) <
Ja(da,t), otherwise we get £ < ki with giora10¢),0,4(%) € (dayt, 9a(da,t)].- Then X has
a return to A, for kg +1 4 £ < g1, contradicting that g, is a first return of X.
Thus g[0k010k1]’a7t(:ﬁ) <dg:and & ... Ekyt14k+1 = 0k010%11. From Remark 7.1 it
follows

Tho+1+k+1 = Jloro10711],0,6 (%) < g1,¢(das) < day —1/2+1 < —¢,
contradicting Xy, +145,41 € V. O
It remains to check that ky > n. Assume, by contradiction, that ky < n. The
definition of (¢,11(a), t,(a)] implies that if t € (t,11(a),t,(a)] then g1 ((gk° (z)) < 0.
This implies that the orbit of X must have some iterate outside V before returning

to Ay, contradicting the definition of a first return. This ends the proof of the
lemma. (]
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In view of Lemma 7.11 we use the following notation
0. Ep1 =0MT10M | kT >0 and K > 1.

Concatenating consecutive forward returns and applying recursively Lemma 7.11,
we get

€061+ Egy(xy—1 = OFT PRIk Tha tnqghs the tng 105 10k

Finally, using the arguments above it is not difficult to see that if X € Af{)t has
only ¢ forward returns then

X=(&z)= (- .okf+"10kf+k{+"1 ... 10’fﬁl+’ff+"10°°;x),
The proof of the proposition is now complete. ([
Using Proposition 7.10 to the return o;(X) of X we associate a chain o pairs

W) =6 k) (R, R 20,k > L.

AR

Using the maps I, ;" in (4.9) we get the following:

Remark 7.13 (Returns and the IFS F((j,}j)). Consider X = (§;z) € A, with an
i-th return g;(X) with associated chain of pairs t;(X) = v;. Then

kkT)

L
Xp = (0%(€),2), where ap =T%,(z) =T4; " oo T8 H) (@),

a,t

7.4. Wandering points.

Proposition 7.14. For every a >log4 and t € (t}(a),t,(a)), large n, it holds
{07} % (0,1/2) N Qe = 0.

Proof. Let us omit the parameter a. First, recall that by Lemma 6.1 for every

t € (t,t,) there are uniquely defined fixed points s; ,s;” € Da, s, < s, of the

map Ffll,;o). Given X € {02} x (0,1/2), after replacing it by some backward iterate

we can assume that X = (0%;x) with 0 < x < s;.

o~

Consider the reference cube A, ; containing A, ; defined by
Aot {X = (&) € V with z € [0, ga(da.0)]}-

To complete the proof of the proposition we need the next lemma follows using
arguments similar to the ones in Lemma 7.11, thus we just sketch its proof.

Lemma 7.15. ConsiderY =Yy = (1;y) € Ay withy > s; such that Yq,...,Yy_1 €
(V\Aquy) and Yy, € Ay y. Then Yy, = (0% (n); yr) where yy > s

Sketch of the proof. Note first that £k > n and g = --- - 9,—1 = 0, otherwise the
point Y is mapped to the left of 0. As the point Y has some iterate in Aa,t there
is a first ; = 1. As in Lemma 7.11 we have that 7;1; = 0. From y > s, i > n,
and the definition of s} it follows that

Yi42 = g[nO...ni+1],a,t(y) = g[oilo],a,t(y) > ga ©G1,t 0 QZ(SZF) = SZF-

This immediately implies that forward iterates of Y in Ea,t are to the left of s, .
This ends the sketch of the proof. ([l

Lemma 7.15 implies that every point X = (0%,z) with 0 < = < s; does not
belong to €2, ;: points close to X in A, ; only can return to Ag; to the right of s?‘
and thus to the right of x. The proof of the proposition is now complete. ([l
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8. PROOF OF THEOREM 2.7

8.1. Non-hyperbolic dynamics. In this subsection we prove items (A) and (B)
of Theorem 2.7. For the next result recall the definitions of an expanding pair of
parameters (a,t) (Definition 5.19), relative homoclinic class Hy (Q, Gq.¢) (Defini-
tion 2.4), and the set N, of non-hyperbolic parameters (Equation (1.1)).

Theorem 8.1. Consider (a,t) an expanding pair of parameters. Then Ag, C
Hy(Q,Gq). In particular, t € N,.

The first part of the theorem implies that if (a,t) is a expanding pair then

Hy(P,Gay) C Hy(Q,Gay) and thus ¢ € N,. Note that:
e Theorems 8.1 and 5.7 imply item (A) in Theorem 2.7;
e Theorems 8.1 and 5.14 imply item (B)(a) in Theorem 2.7;
e Theorems 8.1 and 5.12 imply item (B)(b) in Theorem 2.7.

The proof of Theorem 8.1 follows from the arguments in [BD], see also [DG].
Thus we will skip some details. In what follows the parameter a remains fixed and
thus it is omited.

To prove the theorem it is enough to see that any X € A;, X # P, Q, belongs to
Hy(Q,Gy). By Proposition 7.5, every point X € Ay, X # P,Q, has some iterate
in Ay, thus replacing X by some iterate we can assume that X € A;. Let us
also assume that X has infinitely many forward and backward returns to A;. The
case where the number of forward or backwards returns is finite is similar, indeed
simpler, thus it will be omitted. Let t € (¢,41,¢,]. The condition on the forward
returns implies that X = (&; ) where

I OF1 Tkt +ntky (ks Fntks L ks trtkT L . where k;_ > 1, k?j_ > 0.
Next claim implies the theorem.
Claim 8.2. X € Hy(Q,Gy).

Proof. Fix an small neighborhood U of X, we see that it contains a homoclinic
point of @ whose orbit is contained in V. Note that by the definition of X there
are m and a neighborhood J = J(z) of z in (0,1/2) such that

Uy & € .. €_1.0F Fr10R Fntks 1L 0Fmatntkn 10k ] x T € UL
After shrinking J if necessary, this allows us to consider the composition

+ eV (kF B
() G ) gy (8.1)

= - _ + - J)=1
g[O’“l +npgkt tntk; 1~~~10km*1+"+k""10’“$]a,t( ) ’
where by construction I is contained in Dy ;.

Recalling the definition of Fy,’tj ) for t € (tnt1,tn], Corollary 5.21 provides a
number 7 and a sequence of pairs (n,,£,.) - (n1, ¢1) such that

0€giogy to(giogriogy™)oo(gitogriogi™)(I).  (82)
Consider the finite sequence a = a_y ... a1 associated to the concatenation of the
maps g, and g1 ¢ in equations (8.1) and (8.2), that is

a déf Okl_+n10kf—+n+k2_ 1 . 10k;+n+k,t0£1+n10n1+22+n1 . Onr,1+ér+n10nron711.
The inclusion in (8.2) and the definition of U,, ; imply that
Y, = (O_Na,g . ..a,l.oN;o) € G (Un.).
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The choice of the itinerary « implies that
(o1 o) H(0) €[0,1/2) forall k=1,...,L

By Remark 7.3, Y, is a homoclinic point of @ whose orbit is (by construction)
contained in V. This completes the proof of the claim. O

The proof of the theorem is now complete.

8.2. Hyperbolic dynamics. In this subsection we prove part (C) of Theorem 2.7
about the occurrence of hyperbolic dynamics. The proof of this result follows
adapting some arguments in [DR1]. The proof has two parts: we first split the
set €); into two disjoint parts and using these sets we code the itinerary of the
orbits (Theorem 8.4), thereafter we see that these two sets are hyperbolic relative
homoclinic classes (Theorem 8.10).

We consider ¢ > log4 and parameters ¢ € (t7(a),t,(a)) for large n (in what
follows the dependence on a will be omitted). Associated to the intervals L,
k = s,c,u, in Proposition 6.4 we define the subsets of the reference cubes A

Al = {(¢,x) € Ay such that 2 € Li}.

Definition 8.3. Consider X € Ay N Ay with returns {0;(X)}jer(x). The s,c,u-
itinerary of X is the sequence {i;(X)};cr(x), 1;(X) € {s,c,u}, defined by

i;(X) =k if, and only if, Xy =G¥N(X) e Al

If v;(X) is the sequence of pairs associated to the returns of X then the condition
in Definition 8.3 is equivalent to

i;(X) =k if and only if, TV (z)e Lk, (8.3)

For k = s, ¢,u consider the following subsets of the non-wandering set Q; of G
relative to the neighborhood V of the cycle:

QF £ {X € Q,N A, such that i;(X) =k for every j € I(X)};
Q& {PYU{X € Q such that GF(X) € 5 for some k };
QU < {Q} U {X € such that GF(X) € Q for some k};
Q¢ £ {X € Q such that GF(X) € Qf for some k}.
By (8.3) we have that
QF = {X = (¢;2) € QN A, such that T} (z) € LF for every j € I(X)}. (8.4)
Theorem 8.4. Lett € (t}.t,). Then for every n big enough it holds Q, = Q UQY.
This theorem follows from the next proposition.
Proposition 8.5. Let t € (t%,t,) and X € Q, N A,. Then X € Qf UQY.

To get the theorem just recall the definitions of Qf and Q}' and that every point
X € 4\ ({P,Q}) has some iterate in A; (Proposition 7.5).
To prove the Proposition 8.5 we need some preparatory results. For 7,5 €
{s,c,u}, let Q7 =L QI UQ and ALY < ATUA]
Lemma 8.6. Considert € (t%,t,).
o If X € U NAY then ij(X) € {c,s} for all j € [(X);
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o If X € U NAS then i;(X) € {s} forall j € I(X)".

Proof. Just note that by (8.3) and (sl), (s2), (s4), and (wl) in Proposition 6.4
if X = Xjg) € APC then all forward returns X;; of X are of type (1,7), r > 0,
and Xp; € AP, thus i;(X) € {s,c¢}. The second item of the lemma follows
analogously. ([

Lemma 8.7. Let t € (t%,1,) and X € QN AY. Then X € Q¥.

Proof. We need to see that i;(X) = u for all j € I(X). The proof is by contra-
diction. By Lemma 8.6, if X|;; € A for some j then X € A7 for all £ > j.
This allows us to construct a neighborhood of X consisting of points whose forward
returns (for sufficiently large iterates) are in Ay’ and thus separated from X € A¥.
This prevents the point to be non-wandering.

The previous argument also implies that the backward returns of X are in A}': if
X(_g € A7, £ >0, then Lemma 8.6 implies that X} € Aj°, a contradiction. [

Note that the argument in the proof of Lemma 8.7 implies that an itinerary of a
point in X € A; Ny is constant. Combining this fact, Lemmas 8.6 and 8.7 we get

Corollary 8.8. Lett € (t%,t,) and j € {s,c,u}. If X € Q,NA] then X € Q.
Lemma 8.9. Let t € (t%,t,). Then Q5 = 0.

Proof. Assume by contradiction that S~2§ # (). Take any X € Qf, after replacing
X by some iterate of it we can assume that X = Xjq = ({o;7[0]) € AF N Q.
By Corollary 8.8, X1;) = (§); xpy)) € Af for all i > 1. By Proposition 6.4 ;1) =
Fgl’o) (zr)) = (I‘gl’o))zﬂ(w[o]) € L§ forall i > 0 and (I‘El’o))i(x) — s asi — 00 As
above, this prevents the point X to be non-wandering, getting a contradiction. [

Proof of Proposition 8.5. Just note that Corollary 8.8 and Lemma 8.9 imply that
QNA = UQRUQ =07 UQL
This ends the proof of the proposition. O

Consider now the point s¢+ in Lemma 6.1 with Fg}’o) (8¢x) = 54 and (FS’O))/(S%) =

1 and the periodic sequence n* = (0"10)%. By construction, the point Stx S

(n*; stx ) is a saddle-node of G ¢+ (its central derivative is equal to one).

Theorem 8.10. Let t € [t},t,). Then
(1) Q; = Hy(P,Gt) and Qf = Hy(Q, Gy).
(2) If t # t* then QF and QY are uniformly hyperbolic (of central contracting
and of central expanding types, respectively).
(3) If t =t then QF NS is the orbit of the saddle-node Si». Moreover, every
invariant compact subset of QF (resp. Q)) disjoint from Sf is uniformly
hyperbolic of contracting type (reps. expanding type).

Items (1) and (2) in Theorem 8.10 imply item (C)(a) of Theorem 2.7, where the
density of hyperbolic parameters follows from Lemma 6.3. Item (3) implies item
(C)(c) of Theorem 2.7.

Proof of Theorem 8.10. Let us first observe that Q7 and 2} are compact sets which
are Gy invariant. Moreover, they are disjoint for ¢t € (¢}, t,,).
The first item in the theorem follows from the two claims below:
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Claim 8.11. QY C Hy(Q,Gt) and Qf C Hy (P, Gy).

Proof. We prove Q) C Hy(Q,G:) (the case Qi C Hy (P, G:) is analogous). By the
G-invariance of a homoclinic class, it is enough to see that every point X € ﬁ;‘
belongs to Hy (Q,G;). This proof follows considering an argument similar to the
ones in Claim 8.2, so we just sketch this proof.

Let us consider the case when X = (§; x) has infinitely many forward returns (the
general case is similar). Take a small neighborhood I containing x and contained
in LY. Since the returns of = to D,, are in L} (Lemma 8.7), Proposition 6.4
implies that these returns are uniformly expanding. This implies that some return
of I contains a boundary point of L{. If this extreme is d,; arguing exactly as in
Claim 8.2 we get a homoclinic point of Q. If the extreme is s;” we can add a tail
of returns of type (1,0). Since s, is the unique fixed point of Fﬁl’o) in L} and is
expanding these iterations of I contains d,; and we are in the previous case. [

Claim 8.12. Hv(Q,Gt) C Q? and H\/(P, Gt) C th

Proof. We prove Hy (Q,G:) C QF (the case Hy (P,Gt) C £ is analogous). Take
a point X having a dense orbit in Hy (Q,Gy). Lemma 7.9 implies this point has
infinitely many iterates in Ay, thus we can assume that X € A;. If X € ﬁi then
its whole orbit X belongs to Q{ and its closure is also contained in Qi CIEX e ﬁ]f
we are done. Otherwise, X € €5 and hence Hy (Q,G;) C Q5. The inclusion in
Claim 8.11 implies that Q} C Hy(Q,G:) C €f, which is a contradiction. This
completes the proof of the theorem. O

The hyperbolicity of Qf in (2) follows from the expansion properties (u2) and
(u3) in Proposition 6.4. To get the hyperbolicity of ©F in (2) we use (s2) and (s3)
in Proposition 6.4. These arguments are similar to the one in [DR1].

To prove (3) note that by construction the point Sy € Q7. N QL. By con-
struction, the intersection Qf; N Q?; is the finite orbit of S . The hy%erbolicity—
like properties follow from (s2), (s3), (u2), and (u3) in Proposition 6.4 arguing as
above. O

It remains to prove item (C)(b) of Theorem 2.7. This follows from the next
lemma:

Lemma 8.13. The map G, (a) has a cycle relative to V' associated to P and Q.
Proof. Recall that the definition of ¢, in (4.2) implies that

g1, © 9o (tn) = 0.

By item (4) in Corollary 3.1 this implies that (07N.0"10%;1/2) € W*(P,G,,) N
W#(Q, Gy,) and that orbit of this intersection point is contained in the neighbor-
hood of the cycle. Since {02} x (0,1/2) C W*(P,Gy,) N W*(Q, Gy, this implies
that Gy, has a heterodimensional cycle associated to P and @ (relative to V). O
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