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Abstra
t

It is known that non-hyperboli
 robustly transitive sets �

'

have all a dominated splitting

and 
ontain generi
ally periodi
 points of di�erent indi
es. We show that for a C

1

-dense open

subset of di�eomorphisms ' the indi
es of periodi
 points in a robust transitive set �

'

form

an interval in N. We also proof that the homo
lini
 
lasses of two periodi
 points in �

'

are

robustly equal. Finally, we des
ribe what kind of homo
lini
 tangen
ies 
an appear in �

'

by

analyzing the dominated splittings of �

'

.

1 Introdu
tion

When a di�eomorphism � is hyperboli
, i.e., it veri�es the Axiom A, the Spe
tral De
omposition

Theorem of Smale says that its limit set (set of non-wandering points) is the union of �nitely many

basi
 pie
es satisfying ni
e properties: they are invariant, 
ompa
t, transitive (there is a dense

orbit), pairwise disjoint and isolated (ea
h pie
e is the maximal invariant set in a neighborhood of

itself). Moreover, by 
onstru
tion, a basi
 pie
e is the homo
lini
 
lass of a hyperboli
 periodi


point, i.e., the 
losure of the transverse interse
tions of its invariant manifolds.

Even if the dynami
s is non-hyperboli
, the homo
lini
 
lasses of hyperboli
 periodi
 points

seem to be the natural elementary pie
es of the dynami
s, satisfying many of the properties of the

basi
 sets of the Smale's theorem: invarian
e, 
ompa
tness, transitivity and density of hyperboli


periodi
 points. Re
ent results in [BD

2

℄, [Ar℄ and [CMP℄ show that, for C

1

-generi
 di�eomorphisms

(i.e., those belonging to a residual subset of Di�

1

(M)) two homo
lini
 
lasses are either disjoint or

equal and they are maximal transitive sets (i.e., every transitive set interse
ting a homo
lini
 
lass

is 
ontained in it). Let us observe that, in general, the homo
lini
 
lasses fail to be hyperboli
,

isolated and pairwise disjoint.

In [BDP℄ it is shown that, for C

1

-generi
 di�eomorphisms, a homo
lini
 
lass is either 
ontained

in the 
losure of an in�nite set of sinks or sour
es, or satis�es some weak form of hyperboli
ity

(partial hyperboli
ity or, at least, existen
e of a dominated splitting). The �rst situation (
alled

the Newhouse phenomenon) 
an be lo
ally generi
 (in the residual sense): there are open sets in

Di�

r

(M) where the di�eomorphisms with in�nitely many sinks or sour
es are (lo
ally) residual for

the C

r

-topology, see [N℄ for r � 2 for surfa
e di�eomorphisms, [PV℄ for r � 2 in higher dimensions,

and [BD

1

℄ for r = 1 in dimensions greater or equal than 3. Certainly, the Newhouse phenomenon

�
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exhibits very wild behavior and it is 
onje
tured that (in some sense) di�eomorphisms satisfying

this phenomenon are very rare (for instan
e, for generi
 parametrized families of di�eomorphisms,

the Lebesgue measure of the parameters 
orresponding to di�eomorphisms satisfying the Newhouse

phenomenon is zero), see [Pa℄.

We fo
us here on the opposite behavior, more pre
isely, on the so-
alled robustly transitive sets

introdu
ed in [DPU℄ as a non-hyperboli
 generalization of the basi
 sets of the Spe
tral De
om-

position of Smale: a robustly transitive set � of a di�eomorphism � is a transitive set whi
h is

lo
ally maximal in some neighbourhood U of it and su
h that, for every C

1

-perturbation  of the

di�eomorphism �, the maximal invariant set of  in U is transitive. From the results in [M

2

℄, [DPU℄

and [BDP℄ every robustly transitive set � admits a dominated splitting, say T

�

M = E

1

� � � � �E

k

,

and by [BD

2

℄, C

1

-generi
ally, it is a homo
lini
 
lass. An invariant set may admit more than one

dominated splitting. The reason is that, in some 
ases, one 
an sum some bundles of a dominated

splitting, obtaining a new dominated splitting with less bundles, or, 
onversely, split some bundle

of the splitting in a dominated way. So it is natural to 
onsider the �nest dominated splitting of the

set � (i.e., one of whi
h it is not possible to split any bundle of the splitting to get a new dominated

splitting).

In this paper we study the interplay between the dominated splittings (espe
ially the �nest one)

of a robustly transitive set � and its dynami
s, answering questions about the indi
es (dimension

of the stable manifold) of the periodi
 points of �, the possible bifur
ations (saddle-node and

homo
lini
 tangen
ies) o

urring in this set as well as its dynami
al stru
ture.

In order to present our results we need to give some pre
ise de�nitions.

In what follows, M denotes a 
ompa
t, 
losed Riemannian manifold and Di�

1

(M) the spa
e of

C

1

-di�eomorphisms of M endowed with the usual topology.

Let � be a 
ompa
t invariant set of a di�eomorphism �. A �

�

-invariant splitting T

�

M = E�F

over � is dominated if the �bers of E and F have 
onstant dimension and there exists a k su
h

that for every x 2 � one has

jj�

k

�

j

E(x)

jj � jj�

�k

�

j

F (�

k

(x))

jj <

1

2

;

that is, �

k

�

expands the ve
tors in F uniformly more than the ve
tors in E. Then we say that F

dominates E and write E � F .

An invariant bundle E over � is uniformly 
ontra
ting if there exists a k su
h that for every

x 2 � one has:

jj�

k

�

j

E(x)

jj <

1

2

:

An invariant bundle is uniformly expanding if it is uniformly 
ontra
ting for �

�1

�

.

Let T

�

M = E

1

� E

2

� � � � � E

m

be a �

�

-invariant splitting over � su
h that the �bers of the

bundlesE

i

have 
onstant dimension. Denote by E

j

i

=

L

j

i

E

k

. Observe that E

k�1

1

�E

m

k

is a splitting

of T

�

M for all k 2 f2; : : : ;mg. We say that E

1

�E

2

�� � ��E

m

is the �nest dominated splitting of �

if E

k�1

1

�E

m

k

is a dominated splitting for ea
h k 2 f2; : : : ;mg and every E

k

is inde
omposable (i.e.,

it does not admit any (nontrivial) dominated splitting). See [BDP℄ for the existen
e and uniqueness

of the �nest dominated splitting.

Consider a set V � M and a di�eomorphism ' : M ! M . We denote by �

'

(V ) the maximal

invariant set of ' in V , i.e., �

'

(V ) =

T

i2Z

'

i

(V ). Given an open set U of M the set �

'

(U) is

robustly transitive if �

 

(U) is equal to �

 

(

�

U) and is transitive for all  in a C

1

-neighbourhood of

2



'. We say that a  -invariant 
losed set K is transitive if there is some x 2 K having a positive

dense orbit in the whole set K.

If a robustly transitive set �

�

(U) is not (uniformly) hyperboli
 then, by a C

1

-small perturbation

of �, one 
an 
reate non-hyperboli
 periodi
 points, and thus hyperboli
 periodi
 points with

di�erent indi
es in �

�

(U) (see [M

2

℄). Our �rst two results des
ribe the possible indi
es of the

periodi
 points of �

�

(U), in terms of the �nest dominated splitting of �

�

(U):

Theorem A. Let U be an open set of M and M(U) a C

1

-open set of Di�

1

(M) su
h that �

'

(U)

is robustly transitive for every ' 2M(U). Then there is a dense open subset N (U) of M(U) su
h

that, for every ' 2 N (U), the set of indi
es of the hyperboli
 periodi
 points of �

'

(U) is an interval

of integers (i.e., if P and Q are hyperboli
 periodi
 points of indi
es p and q, p � q, of �

'

(U),

' 2 N (U), and j 2 [q; p℄, then �

'

(U) has a hyperboli
 periodi
 point of index j).

In the next result we use the arguments in [M

2

℄ to relate the uniform 
ontra
tion or dilatation

of the extremal bundles of the �nest dominated splitting of a robustly transitive set with the indi
es

of the periodi
 points of this set.

Theorem B. Consider an open set U of a 
ompa
t manifold M and an integer q 2 N

�

. Let U be

a C

1

-open set of Di�

1

(M) su
h that for every � 2 U the maximal invariant set �

�

(

�

U ) satis�es the

following properties:

1. the set �

�

(

�

U) is 
ontained in U and admits a dominated splitting E

�

� F

�

, E

�

� F

�

, with

dimE

�

(x) = q,

2. the set �

�

(

�

U ) has no periodi
 points of index k < q.

Then the bundle E

�

is uniformly 
ontra
ting for every � 2 U .

We 
an summarize the two results above to get a 
hara
terization of the set of indi
es of the

periodi
 points of the set �

�

(

�

U ), as follows.

Let U be an open set of M and ' a di�eomorphism su
h that �

'

(U) is robustly transitive with

a �nest dominated splitting of the form T

�

'

(U)

M = E

1

�� � � �E

k(')

, E

i

� E

i+1

. Denote by E

s

the

sum of all the uniformly 
ontra
ting bundles of this splitting and let E

�

be the �rst non-uniformly


ontra
ting bundle, i.e., E

s

= E

1

� � � � � E

��1

. In the same way, denote by E

u

the sum of all

the uniformly expanding bundles of the splitting and let E

�

be the last non-uniformly expanding

bundle, i.e., E

u

= E

�+1

� � � � �E

k(')

. Let U be a C

1

-neighborhood of ' su
h that for every  2 U

the set �

 

(U) has the same properties as �

'

(U) (i.e., robustly transitive and the number k( ) of

bundles of the �nest dominated splitting is equal to k(')) and the dimensions of bundles E

s

( ),

E

�

( ), E

�

( ) and E

u

( ), de�ned in the obvious way, are 
onstant in U and equal to 
orresponding

bundles for �.

Corollary C. With the notation above, there are a C

1

-open and dense subset V of U and lo
ally


onstant fun
tions i; j : V ! N

�

su
h that

i( ) 2 [dim(E

s

);dim(E

s

) + dim(E

�

)℄ \ N

�

;

j( ) 2 [dim(E

u

);dim(E

u

) + dim(E

�

)℄ \ N

�

;

and, for every  2 V, the set of indi
es of the hyperboli
 periodi
 points of �

 

(U) is the interval

[i( );dim(M)� j( )℄ \ N

�

.
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The �rst known examples of non-hyperboli
 robustly transitive sets had a one-dimensional 
en-

tral dire
tion, see [M

1

℄ and [Sh℄. As a 
onsequen
e, these examples do not present homo
lini


tangen
ies (non-transverse homo
lini
 interse
tions between the invariant manifolds of some pe-

riodi
 point). Let us observe that if a periodi
 point has a homo
lini
 tangen
y then, after a

perturbation of the di�eomorphism, one 
reate a Hopf bifur
ation (a periodi
 point whose deriva-

tive has a pair of 
onjugate nonreal eigenvalues of modulus one), see [YA℄ and [R℄, and hen
e points

whose 
entral dire
tion has dimension at least two. Currently examples of robustly transitive sets

having a 
entral dire
tion of dimension two or more are known, see [BD

1

℄, [B℄ and [BV℄. Moreover,

in some 
ases these sets exhibit homo
lini
 tangen
ies, see [B℄ and [BV℄. Our next result explains

what kind of dominated splitting of a robustly transitive set prevents homo
lini
 bifur
ations.

We say that a robustly transitive set �

'

(U) is C

1

-far from homo
lini
 tangen
ies if there are

no homo
lini
 tangen
ies in �

 

(U) for any  in a C

1

-neighbourhood of '.

Theorem D. Given an open set U of M let P(U) � Di�

1

(M) be an open set of di�eomorphisms

' su
h that:

1. The set �

'

(U) is robustly transitive and the minimum and the maximum of the indi
es of the

hyperboli
 periodi
 points of �

'

(U) are 
onstant in P(U). Denote these numbers by i

s

and

i




, respe
tively.

2. The set �

'

(U) is C

1

-far from homo
lini
 tangen
ies.

Then there is an open and dense subset O(U) of P(U) su
h that, for every ' 2 O(U), the set

�

'

(U) has a dominated splitting T

�

'

(U)

= E

s

�E

1

� � � � �E

r

�E

u

; su
h that

� E

s

is uniformly 
ontra
ting and has dimension i

s

� 1,

� E

u

is uniformly expanding and has dimension dim(M)� i




� 1,

� r = i




� i

s

and the bundle E

i

has dimension one and is not uniformly hyperboli
 for every

i = 1; : : : ; r.

A
tually, from the proof of this theorem we get somewhat more: given any robustly transitive

set �

�

(U) the dimensions of the non-hyperboli
 bundles of its �nest dominated splitting determine,

for di�eomorphisms in a C

1

-neighbourhood of �, the ranks of the homo
lini
 tangen
ies (that is,

the index of the periodi
 point exhibiting the tangen
y) that 
an o

ur in �

 

(U). The pre
ise

statement of this result is in Se
tion 6, see Theorem F.

Finally, for robustly transitive sets whi
h are far from homo
lini
 tangen
ies, we prove that the

(relative) homo
lini
 
lasses of two periodi
 points of this set are equal in a C

1

-robust way. More

pre
isely, let P

'

be a hyperboli
 periodi
 point of a di�eomorphism '. We denote by H

P

'

the set of

transverse interse
tions of the invariant manifolds of P

'

. Observe that the homo
lini
 
lass of P

'

is the 
losure of H

P

'

. Given an open set U , the relative homo
lini
 
lass of P

'

in U is the 
losure

of the set H

P

'

(U) of transverse homo
lini
 points of P

'

whose orbits are 
ontained in U .

Theorem E. Let U be an open set of M and S(U) � Di�

1

(M) an open set of di�eomorphisms '

su
h that the set �

'

(U) is robustly transitive and there are no homo
lini
 tangen
ies (in the whole

manifold) asso
iated to periodi
 points of �

'

(U).
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Consider any pair of hyperboli
 periodi
 points P

'

and Q

'

of �

'

(U) with indi
es p and q whose


ontinuations are de�ned for every  in S(U). Then there is an open and dense subset D(U) of

S(U) su
h that

H

P

 

(U) = H

Q

 

(U)

for every  in D(U).

Unfortunately, in the theorem above we 
annot ensure that the relative homo
lini
 
lasses of

P

 

and Q

 

are equal to �

 

(U), although by the results in [BD

2

℄ this is true for a residual subset

of S(U).

Let us now say a few words about the proofs of our results. One of the main tools is the notion

of heterodimensional 
y
le. Given a di�eomorphism � with two hyperboli
 periodi
 points P

�

and

Q

�

with di�erent indi
es, say index(P

�

) > index(Q

�

), we say that � has a heterodimensional 
y
le

asso
iated to P

�

and Q

�

, denoted by �(�; P

�

; Q

�

), if W

s

(P

�

) and W

u

(Q

�

) have a (nontrivial)

transverse interse
tion and W

u

(P

�

) and W

s

(Q

�

) have a quasi-transverse interse
tion along the

orbit of some point x, i.e., T

x

W

u

(P

�

) + T

x

W

s

(Q

�

) is a dire
t sum. Observe that in this 
ase

dim(M)� dim(T

x

W

u

(P

�

) + T

x

W

s

(Q

�

)) is equal to index(P

�

)� index(Q

�

), this number being the


odimension of the 
y
le.

The proof of Theorem A has two main ingredients. The �rst is Theorem 3.1, whi
h implies

that, by unfolding a heterodimensional 
y
le asso
iated to points of indi
es q and p as above, one

gets hyperboli
 periodi
 points of some index in between q and p (a priori, we do not know the

index of su
h a point). The se
ond ingredient of the proof is the Conne
ting Lemma of Hayashi

(see Theorem 2.1 and [H℄) whi
h allows us to 
reate (after a C

1

-perturbation) heterodimensional


y
les asso
iated to any pair of periodi
 points of a robustly transitive set.

Two other important tools are the 
onstru
tions in [M

2

℄ and in [BDP℄, spe
ially the periodi


linear systems with transitions of [BDP℄. In this paper we need to introdu
e transitions between

points of di�erent indi
es in the same homo
lini
 
lass, generalizing the 
onstru
tion in [BDP℄, in

whi
h only transitions between points with the same index were 
onsidered.

Finally, to prove Theorem E, the main ingredient, besides the Conne
ting Lemma, is the propo-

sition below 
on
erning the stru
ture of the homo
lini
 
lasses of hyperboli
 points having a het-

erodimensional 
y
le.

We say that a hyperboli
 periodi
 point R

�

is C

1

-far from tangen
ies if there is a C

1

-neighbour-

hood W of � in Di�

1

(M) su
h that every  2 W has no homo
lini
 tangen
ies asso
iated to R

 

.

A heterodimensional 
y
le �(�; P

�

; Q

�

) is C

1

-far from homo
lini
 tangen
ies if the points P

�

and

Q

�

in the 
y
le are C

1

-far from homo
lini
 tangen
ies.

Finally, we say that two points x and y are transitively related for � if there exists a transitive

set of � 
ontaining x and y. The points x and y are transitively related in an open set U if there

exists a transitive set of � 
ontained in U that 
ontains x and y.

Proposition 1.1. Let U be an open set, ' a di�eomorphism and P

'

and Q

'

a pair of hyperboli


periodi
 points of ' of indi
es p and q = p � 1, respe
tively. Consider a neighbourhood W �

Di�

1

(M) of ' of di�eomorphisms  su
h that,

� the 
ontinuations of P

 

and Q

 

are de�ned and C

1

-far from tangen
ies,

� the points P

 

and Q

 

are transitively related in U .
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Then there is a C

1

-open subset W

'

of W whose 
losure 
ontains ' su
h that the relative homo
lini



lasses of P

 

and Q

 

in U are equal for every  2 W

'

.

[DR, Theorem A℄ guarantees that given any heterodimensional 
y
le �(�; P

�

; Q

�

) of 
odimen-

sion one far from homo
lini
 tangen
ies, there is a C

1

-open set, whose 
losure 
ontains �, of dif-

feomorphisms ' su
h that P

'

and Q

'

are transitively related. Thus, for any di�eomorphism �

with a heterodimensional 
y
le whi
h is far from homo
lini
 tangen
ies, there are di�eomorphisms

' arbitrarily 
lose to � satisfying the hypotheses of the proposition. The proof of Proposition 1.1

follows from the results in [DR℄ and the Conne
ting Lemma of Hayashi.

This paper is organized as follows. In Se
tion 2 we get some results 
on
erning heterodimen-

sional 
y
les, robustly transitive sets and homo
lini
 
lasses using the Hayashi's Conne
ting Lemma.

In Se
tion 3 we prove Theorem A. For that we need to study the 
reation of periodi
 points in the

unfolding of heterodimensional 
y
les (of any 
odimension). In Se
tion 4 we prove Theorem B, for

that we re
all some folklore results 
on
erning dominated splittings and remember and reformulate

some results in [M

2

℄. In Se
tions 5 and 6 we study the interplay between the �nest dominated split-

ting of a robustly transitive set and the 
reation of homo
lini
 tangen
ies inside this set. Finally,

in Se
tion 7 we prove the results 
on
erning (relative) homo
lini
 
lasses.

2 Transitively related points

We begin the proofs of our results by re
alling the Hayashi's Conne
ting Lemma and dedu
ing

some 
onsequen
es from it.

2.1 Conne
ting lemma and transitively related points

Theorem 2.1. (Hayashi's Conne
ting Lemma, [H℄) Let P

'

and Q

'

be a pair of hyperboli


periodi
 points of a C

1

-di�eomorphism ' su
h that there are sequen
es of points x

n

and of natural

numbers k

n

su
h that the sequen
es x

n

and '

k

n

(x

n

) a

umulate on W

s

lo


(Q

'

) and on W

u

lo


(P

'

),

respe
tively.

Then there is a di�eomorphism  arbitrarily C

1

-
lose to ' su
h that W

s

(Q

 

) and W

u

(P

 

) have

a nonempty interse
tion.

Remark 2.2. Every pair of hyperboli
 periodi
 points P

'

and Q

'

whi
h are transitively related

satisfy the hypotheses of the Conne
ting Lemma (Theorem 2.1).

Proof of the remark: Consider a transitive set � 
ontaining P

'

and Q

'

and a point x of

� whose positive orbit is dense in �. Then there are sequen
es of natural numbers m

n

and r

n

,

m

n

; r

n

! 1 as n ! 1, su
h that '

m

n

(x) ! P

'

and '

r

n

(x) ! Q

'

. Then it is immediate to get

new sequen
es m

0

n

and r

0

n

, with m

0

n

; r

0

n

!1, su
h that '

m

0

n

(x) and '

r

0

n

(x) 
onverge to some point

of W

u

lo


(P

'

) and of W

s

lo


(Q

'

), respe
tively. Taking subsequen
es, if ne
essary, we 
an assume that

r

0

n

= m

0

n

+ k

n

for some k

n

> 0. Now it suÆ
es to take x

n

= '

m

0

n

(x) and 
onsider the sequen
es x

n

and k

n

. �
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2.2 Homo
lini
 relative 
lasses and robustly transitive sets

By [BD

2

, Theorem B℄ there is a residual subset of Di�

1

(M) 
onsisting of di�eomorphisms su
h that

the homo
lini
 
lasses of any pair of transitively related hyperboli
 periodi
 points are equal. The

proof of this result is based on the Hayashi's Conne
ting Lemma. Using the relative version of the


onne
ting lemma we get a relative version of [BD

2

, Theorem B℄ whose prove we omit here.

Theorem 2.3. (Relative version of [BD

2

, Theorem B℄). Given an open set U of M there

is a residual subset G(U) of Di�

1

(M) su
h that for every ' 2 G(U) a pair of hyperboli
 periodi


points P

'

and Q

'

of ', are transitively related in U if and only if the relative homo
lini
 
lass in

U of P

'

and Q

'

are equal, i.e., H

P

'

(U) = H

Q

'

(U).

Let A(U) be an open set of Di�

1

(M) su
h that �

'

(U) is robustly transitive for all '. By the

Pugh 
losing lemma (see [Pu℄) and a Kupka-Smale argument, there is a residual subset R(U) of

A(U) of di�eomorphisms ' su
h that the hyperboli
 periodi
 points form a dense subset of �

'

(U).

Taking T (U) = G(U) \R(U), where G(U) and R(U) are as above we get the following:

Proposition 2.4. Let U and A(U) be open sets of M and of Di�

1

(M), respe
tively, su
h that

�

'

(U) is robustly transitive for all ' 2 A(U). Then there is a residual subset T

A

(U) of A(U) su
h

that

H

P

'

(U) = �

'

(U)

for every ' 2 T

A

(U) and every hyperboli
 periodi
 point P

'

of �

'

(U).

2.3 Heterodimensional 
y
les

We will use the following lemma whi
h is a 
onsequen
e of the Conne
ting Lemma and an argument

of transversality:

Lemma 2.5. Let P

'

and Q

'

be a pair of hyperboli
 periodi
 points of a di�eomorphism ' of indi
es

p and q, p � q. Suppose that P

 

and Q

 

are transitively related for every  in a neighbourhood V

of '. Then there is a dense subset W of V su
h that every � in W has a heterodimensional 
y
le

�(�; P

�

; Q

�

) of 
odimension (p� q).

Proof: Consider any  2 V, sin
e P

 

and Q

 

are transitively related, by Remark 2.2, we 
an

apply Theorem 2.1 to get � arbitrarily 
lose to  (hen
e � is in V) su
h that W

s

(P

�

)\W

u

(Q

�

) 6= ;.

Sin
e

dim(W

s

(P

�

)) + dim(W

u

(Q

�

)) = p+ (dim(M)� q) � dim(M);

we 
an assume that this interse
tion is transverse.

Sin
e � belongs to V the points P

�

and Q

�

are transitively related. Thus, again by Remark 2.2,

we 
an apply Theorem 2.1 to get � arbitrarily 
lose to � (� in V) su
h that W

s

(P

�

) and W

u

(Q

�

)

have (non empty) transverse interse
tion and W

u

(P

�

) \W

s

(Q

�

) 6= ;. After a new perturbation,

if ne
essary, we 
an assume that the last interse
tion is quasi-transverse, obtaining a heterodimen-

sional 
y
le �(�; P

�

; Q

�

) of 
odimension (p� q), ending the proof of the lemma. �

Let us state two remarks of the proof above that we will use in Se
tion 7.
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Remark 2.6. Let P

'

and Q

'

be a pair of hyperboli
 periodi
 points of a di�eomorphism ' of indi
es

p and q, p � q. Suppose that P

 

and Q

 

are transitively related for every  in a neighbourhood

V of '. Then there is a dense and open subset D of V su
h that W

s

(P

 

) and W

u

(Q

 

) have a

nontrivial transverse interse
tion for every  in D.

If in Theorem 2.3 one assumes that the points P

'

and Q

'

have the same index, one has the

following stronger version of it:

Remark 2.7. Let P

'

and Q

'

be a pair of hyperboli
 periodi
 points of the same index of a di�eo-

morphism ' and U an open set 
ontaining the orbits of P

'

and Q

'

. Suppose that P

 

and Q

 

are

transitively related for every  in a neighbourhood V of '. Then there is a dense and open subset

O of V su
h that, for every  in O, the relative homo
lini
 
lasses of P

 

and Q

 

in U are equal.

3 Proof of Theorem A: unfolding heterodimensional 
y
les

3.1 Transitions for heterodimensional 
y
les

We begin this se
tion stating a somewhat te
hni
al result introdu
ing the notion of transition

between periodi
 points of di�erent indi
es.

Theorem 3.1. Let P and Q be two hyperboli
 periodi
 points of a di�eomorphism ' of indi
es p

and q, p > q, and periods n(P ) and n(Q), respe
tively. Denote by M

P

and M

Q

the linear maps

'

n(P )

�

(P ) : T

P

M ! T

P

M and '

n(Q)

�

(Q) : T

Q

! T

Q

M:

Assume that there are dominated splittings

T

P

M = E

1

(P )�E

2

(P )�E

3

(P ) and T

Q

M = E

1

(Q)�E

2

(Q)�E

3

(Q);

with dim(E

1

(P )) = dim(E

1

(Q)) = q and dim(E

3

(P )) = dim(E

3

(Q)) = dim(M) � p, whi
h are

invariant by M

P

and M

Q

, respe
tively. Assume, in addition, that there is a heterodimensional


y
le �(';U; P;Q) in some open subset U of M .

Then, �xed any " > 0, there are matri
es T

0

and T

1

and Æ > 0 su
h that, for every n and m � 0,

and every family matri
es (I

i

); i = 0; : : : ; (n+m)+ 2, Æ-
lose to identity, there is a di�eomorphism

 "-C

1

-
lose to ' having a periodi
 orbit R of period n(R) su
h that the linear map M

R

=  

n(R)

�

is 
onjugate to

I

n+m+2

Æ T

1

Æ I

n+m+1

ÆM

Q

Æ I

n+m

Æ � � � Æ I

n+2

ÆM

Q

Æ I

n+1

Æ T

0

Æ I

n

ÆM

P

Æ I

n�1

Æ � � � Æ I

1

ÆM

P

Æ I

0

:

Moreover, n(R) = t

1

+ t

2

+ n � n(P ) +m � n(Q), where t

1

and t

2

are 
onstants depending only on

the 
hoi
e of T

0

and T

1

.

The maps T

0

and T

1

are 
alled transitions (from P to Q and from Q to P , respe
tively). These

maps are a generalization of the transitions introdu
ed in [BDP℄ for hyperboli
 periodi
 points

whi
h are homo
lini
ally related.

Theorem 3.1 is the main step in the proof of Theorem A. Taking appropriate n and m and

assuming that index(P ) > index(Q) + 1, using the theorem one gets that the index of R is in
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Figure 1: A heterodimensional 
y
le

between the indi
es of P and Q, see Corollary 3.6. This 
onstru
tion will also allow us to get points

R 
orresponding to saddle-node bifur
ations.

Proof: For simpli
ity let us assume that P and Q are �xed points. Noti
e that E

1

(Q) is the stable

dire
tion of Q, E

1

(P ) is the strong stable dire
tion of P , E

3

(Q) is the strong unstable dire
tion of

Q and E

3

(P ) is the unstable dire
tion of P .

We now perform a C

1

-perturbation of the di�eomorphism ' to get appropriate linearizing


oordinates of the 
y
le. The properties of this linearization are summarized in the next lemma:

Lemma 3.2. Let ' be a di�eomorphism satisfying the hypotheses of Theorem 3.1. Then there is

� arbitrarily C

1

-
lose to ' having a heterodimensional 
y
le �(�;U; P;Q) su
h that:

1. There are smooth linearizing 
harts

U

P

; U

Q

' [�1; 1℄

q

� [�1; 1℄

p�q

� [�1; 1℄

dim(M)�p

de�ned on neighbourhoods of P and Q where � is a linear map su
h that, for every x 2

U

P

\ �

�1

(U

P

) or x 2 U

Q

\ �

�1

(U

Q

), one has:

(a) In these 
harts P and Q 
orrespond to the point f0g

dim(M)

and �

�

(P ) = '

�

(P ) and

�

�

(Q) = '

�

(Q),

(b) The foliation by q-planes parallel to [�1; 1℄

q

�f0g

p�q

�f0g

dim(M)�p

(
alled strong stable

foliation, F

s

) is lo
ally invariant and 
orresponds to the smaller (in modulus) eigenvalues

of the linear maps indu
ed by � in U

P

and U

Q

.

(
) The foliation by (p� q)-planes parallel to f0g

q

� [�1; 1℄

p�q

�f0g

dim(M)�p

(
alled 
entral

foliation, F




) is lo
ally invariant.

(d) The foliation by (n� p)-planes parallel to f0g

q

�f0g

p�q

� [�1; 1℄

dim(M)�p

(
alled strong

unstable foliation, F

u

) is lo
ally invariant and 
orresponds to the bigger (in modulus)

eigenvalues of the linear maps indu
ed by � in U

P

and U

Q

.
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2. There are points X

0

2 (W

u

(Q) tW

s

(P ))\U

Q

and Y

0

= �

k

0

(X

0

) 2 U

P

, k

0

> 0, su
h that, in

these 
oordinates, X

0

2 f0g

q

� [�1; 1℄

p�q

� f0g

dim(M)�p

(the lo
al 
enter-unstable manifold

of Q, denoted by W


u

lo


(Q)) and Y

0

2 f0g

q

� [�1; 1℄

p�q

� f0g

dim(M)�p

(the lo
al 
enter-stable

manifold of P , denoted by W


s

lo


(P )).

3. There are points X

1

2 (W

s

(Q) \W

u

(P )) \ U

P

and Y

1

= �

k

1

(X

1

) 2 U

Q

, k

1

> 0, su
h that,

in these 
oordinates, X

1

2 f0g

q

�f0g

p�q

� [�1; 1℄

dim(M)�p

(the lo
al unstable manifold of P ,

W

u

lo


(P )) and Y

1

2 [�1; 1℄

q

�f0g

p�q

�f0g

dim(M)�p

(the lo
al stable manifold W

s

lo


(Q) of Q).

4. There are small 
ubes C

0

� U

Q

and C

1

� U

P


entered at X

0

and X

1

, respe
tively, su
h that

(a) �

k

0

(C

0

) � U

P

and �

k

1

(C

1

) � U

Q

,

(b) the restri
tions T

0

= �

k

0

j

C

0

and T

1

= �

k

1

j

C

1

are aÆne maps whi
h preserve the strong

stable, 
entral and strong unstable foliations above.

Proof: To get a point of the hetero
lini
 interse
tion W

u

(Q) t W

s

(P ) in the 
entral dire
tion

just observe that, generi
ally, there are points X of su
h an interse
tion whi
h are not in the strong

unstable manifold of Q nor in the strong stable manifold of P . Thus, after an arbitrarily small

perturbation of ', we 
an assume that this is our 
ase. Considering a point X with this property

and using the domination, we have that the ba
kward orbit of X approa
hes to the 
enter-unstable

manifold of Q. Similarly, the forward iterates of X approa
h to the 
enter-stable manifold of P .

Now by two lo
al small C

1

-perturbations one gets the announ
ed points X

0

and Y

0

= �

k

0

(X

0

).

Observe that we 
an perform these two perturbations without breaking the 
y
le (i.e., preserving

the non-transverse interse
tion between W

s

(Q) and W

u

(P )). Observe now that the points X

1

and

Y

1

= �

k

1

(X

1

) in the lemma are dire
tly given by the interse
tion W

s

(Q) \W

u

(P ).

After a new perturbation, we 
an assume that � is linear in small neighbourhoods of P and of

Q and that �

k

0

and �

k

1

are both aÆne in small neighbourhoods of X

0

and X

1

. The only diÆ
ulty

is to see that these aÆne maps 
an be 
hosen preserving the foliations (strong stable, 
entral and

strong unstable). This fa
t follows along the lines of the proof of [BDP, Lemma 4.13℄ using the

domination. Let us explain all that in details.

In our linearizing 
harts there are foliations F


s

(resp., F


u

) tangent to the sum E

1

�E

2

of the

stable and 
entral dire
tions (resp., the sum E

2

� E

3

of the 
entral and unstable dire
tions). By

generi
ity, we 
an assume that the images by �

k

0

of the foliations F

s

, F

u

, F




, F


s

and F


u

are in

general position. Now, one 
he
ks that the forward iterates of the images by �

k

0

of the leaves of

F


u

be
ome 
lose to the 
enter-unstable leaves in U

P

. Repla
ing the initial k

0

by k

0

+ `, for some

big positive `, and doing a small perturbation, one gets an invariant 
enter-unstable foliation.

To get the invarian
e of the strong stable foliation we 
onsider negative iterates of the foliations

in the neighbourhood of Y

0

. By the previous 
onstru
tion, the 
enter-unstable foliation is preserved

by negative iterations. So the negative iterates of the strong stable foliation are transverse to the


enter-unstable one. As above, the ba
kwards iterates of the strong stable leaves approa
h to the

leaves of the strong stable foliation in U

Q

. So we 
an repla
e X

0

by some (large) negative iterate

of it, say �`

0

, and perform a small perturbation (preserving the 
enter unstable foliation) in su
h

a way the transition map �

k

0

+`+`

0

from a neighbourhood of X

0

to a neighbourhood of Y

0

preserves

the strong stable and 
enter-unstable foliations.
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To get the invarian
e of the strong unstable and 
enter foliations (keeping the invarian
e of the

strong stable one) one repeats all the arguments above inside the 
enter-unstable foliation. We

omit the details of this 
onstru
tion. This gives the transition T

0

.

The transition T

1

is obtained using the same arguments, so we do not go into the details. The

proof of the lemma is now 
omplete. �

De�nition 3.1. Consider a dim(M)-
ube C = I

s

� I




� I

u

, where I

s

is a q-
ube, I




a (p� q)-
ube

and I

u

a (dim(M)� p)-
ube, where there are de�ned 
oordinates (x

s

; x




; x

u

) as above.

A subset � of C is s-
omplete if, for every Z = (z

s

; z




; z

u

) 2 �, the horizontal q-
ube I

s

�

f(z




; z

u

)g is 
ontained in �. Similarly, a subset � of C is u-
omplete if, for every point Z 2 �,

the verti
al (dim(M)� p)-
ube fz

s

; z




g � I

u

is 
ontained in �.

By shrinking, if ne
essary, the size of the neighbourhood U

Q

in the strong unstable dire
tion and

taking an appropriate 
ube C

1

around X

1

, we 
an assume that the image by T

1

of any u-
omplete

disk � of C

1

(
ontained in a leaf of the strong unstable foliation) is a u-
omplete disk of U

Q

.

For simpli
ity let us denote by A and B the restri
tions of � to U

Q

and U

P

, respe
tively.

Lemma 3.3. There is `

0

� 0 su
h that:

1. Consider any Z 2W

u

lo


(Q) and any s-
omplete disk �

s

of C

0

(
ontained in a leaf of the strong

stable foliation) 
ontaining Z. Then the 
onne
ted 
omponent of A

�n

(�

s

) \ U

Q


ontaining

A

�n

(Z) is a s-
omplete disk in U

Q

for all n � `

0

.

2. Consider any u-
omplete disk �

u

of C

0

(in a leaf of the strong unstable foliation). Then the

interse
tion between �

u

and T

�1

0

(W

s

lo


(P )) is a unique point W . Let �

u

m

be the 
onne
ted


omponent of (B

m

ÆT

0

(�

u

))\U

P


ontaining B

m

ÆT

0

(W ). Then �

u

m

\C

1

is a 
omplete u-disk

(in C

1

) for every m � `

0

.

Proof: For instan
e to see the �rst item just observe that A

�1

expands the s-dire
tion and re
all

the A-invarian
e of the foliations. The se
ond item follows using that B expands in the u-dire
tion

and the B-invarian
e of the foliations. �

We are now ready to end the proof of Theorem 3.1. Given " > 0 there is an "=2-perturbation

� of ' satisfying Lemmas 3.2 and 3.3. We will now obtain the �nal di�eomorphism 
onsidering

a perturbation of � obtained by 
omposing the transition T

1

with a small translation T

v

in the

dire
tion of a ve
tor v parallel to the 
entral dire
tion (in U

Q

). Let us now explain the details of

this 
onstru
tion.

In our 
oordinates, X

0

= (0

s

; x




0

; 0

u

). Consider now the su-disk

� =

�

[�1; 1℄

q

� fx




0

g � [�1; 1℄

dim(M)�p

�

\ C

0

:

With the terminology above, the disk � is u and s-
omplete in C

0

.

Given n andm bigger than `

0

, `

0

as in Lemma 3.3, let �

�m

and �

n

0

be the 
onne
ted 
omponents

of A

�m

(�)\U

Q


ontaining A

�m

(X

0

) and of (B

n

ÆT

0

(�))\U

P


ontaining B

n

(T

0

(X

0

)), respe
tively.

Let �

n

1

= �

n

0

\C

1

. Write �

n

= T

1

(�

n

1

). By Lemma 3.3 and the observation before, �

�m

and �

n

are a s-
omplete and u-
omplete disks in U

Q

and C

1

, respe
tively.
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Figure 2: A periodi
 orbit

Observe that there is a unique ve
tor v parallel to the 
entral dire
tion su
h that the interse
tion

between T

v

(�

n

) and �

�m

is not empty. Moreover, sin
e these sets are both su-disks of U

Q

, su
h

an interse
tion is a sub-re
tangle R interse
ting 
ompletely �

�m

in the u-dire
tion and �

n

in the

s-dire
tion. Here by a 
omplete interse
tion in the u-dire
tion we mean that, for every Z 2 R, the

leaf F

u

(Z) of the strong unstable foliation 
ontaining Z is su
h that the 
onne
ted 
omponents of

F

u

(Z)\R and of �

�m

\F

u

(Z) 
ontaining Z are equal. The de�nition of 
omplete interse
tion in

the s-dire
tion is totally analogous (
onsidering strong stable leaves).

Now a 
lassi
al argument of hyperboli
ity implies that the map T = T

v

Æ T

1

ÆB

n

Æ T

0

ÆA

m

has

a �xed point W in �

�m

. Observe that the derivative of T at W is

~

T

1

Æ B

n

Æ

~

T

0

Æ A

m

(where

~

T

i

is

the linear part of the aÆne map T

i

).

So it remains to see that the size of the translation T

v


an be taken smaller than "=2. For that

�rst observe that the disks �

�m

and �

n


an be taken passing arbitrarily 
lose to the hetero
lini


interse
tion Y

1

, for that it is enough to take n and m large enough. Thus there is n

0

su
h that the

distan
e between �

�m

and �

n

is less than "=2 for every n and m greater n

0

. Fixed su
h an n

0

and repla
ing T

0

by T

0

ÆA

n

0

and T

1

by T

1

ÆB

n

0

, we get that for every positive n and m there is a

translation T

v

, v = v(n;m), su
h that the modulus of v is less than "=2.

The di�eomorphism  in the statement of the theorem is obtained from � by 
omposing T

1

with

T

v

. By 
onstru
tion,  has a periodi
 point R of period n

R

= t

0

+ t

1

+ n+m, where t

0

= k

0

+ n

0

and t

1

= k

1

+ n

1

, su
h that

 

n

R

�

(R) =

~

T

1

Æ B

n

Æ

~

T

0

ÆA

m

:

Observe that t

0

and t

1

depend ex
lusively on the transitions T

0

and T

1

. The theorem now follows

from the de�nition of A and B and the lemma below, that allows us to perform any small per-

turbation of the derivative of a di�eomorphism along the orbit of a periodi
 point in a dynami
al

way.

Lemma 3.4. ([F℄, [M

2

℄) Consider a C

1

-di�eomorphism ' and a '-invariant �nite set �. Let A

be an "-perturbation of '

�

along � (i.e., the linear maps A(x) and '

�

(x) are "-
lose for all x 2 �).

Then for every neighbourhood U of � there is a di�eomorphism � C

1

-"-
lose to ' su
h that
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� '(x) = �(x) if x 2 � or if x 62 U ,

� �

�

(x) = A(x) for all x 2 �.

The proof of Theorem 3.1 is now 
omplete. �

We end this subse
tion by stating a lemma that follows from the proof of [BDP, Lemma 4.13℄:

Lemma 3.5. Let M

P

and M

Q

be linear maps as in the statement of Theorem 3.1. Suppose that

M

P

and M

Q

preserve the dominated splittings T

P

M = E

1

P

� � � � �E

k

P

and T

Q

M = E

1

Q

� � � � �E

k

Q

,

where dim(E

i

P

) = dim(E

i

Q

) for every i. Then one 
an 
hoose the matri
es T

0

and T

1

in Theorem 3.1

su
h that

T

0

(E

i

P

) = E

i

Q

and T

1

(E

i

Q

) = E

i

P

; for every i 2 f1; : : : ; kg:

3.2 Periodi
 points in the unfolding of heterodimensional 
y
les

Using Lemma 3.4 we get the following two 
orollaries of Theorem 3.1. First we use the notation

�(';U; P;Q) to lo
alize a 
y
le, that is, if we are only 
on
erned with the interse
tion between the

invariant manifolds of P and Q whose orbit is 
ontained in U .

Corollary 3.6. Consider a heterodimensional 
y
le �(';U; P;Q) asso
iated to the hyperboli
 peri-

odi
 points P and Q of indi
es p and q, where p > q, having positive real eigenvalues of multipli
ity

one. Then, for every integer ` 2 [q; p℄, there is a di�eomorphism � arbitrarily 
lose to ' with a

hyperboli
 periodi
 point of index ` in �

�

(U).

Proof: This 
orollary is trivial when ` = p or q. So let us �x some ` 2℄q; p[. De�ne the matri
es

M

P

and M

Q

as in the statement of Theorem 3.1 and denote by �

1

P

; � � � ; �

dim(M)

P

the eigenvalues

of M

P

, where 0 < �

1

P

< � � � < �

dim(M)

P

, and by �

1

Q

; � � � ; �

dim(M)

Q

the eigenvalues of M

Q

, where

0 < �

1

Q

< � � � < �

dim(M)

Q

.

For ea
h i 2 f1; : : : ;dim(M)g let E

i

(P ) and E

i

(Q) the eigenspa
es 
orresponding to �

i

P

and

�

i

Q

, respe
tively. We now 
onsider the invariant splittings (of M

P

and M

Q

) given by

E

1

(P ) = E

1

(P )� � � �E

`�1

(P ); E

2

(P ) = E

`

(P ); E

3

(P ) = E

`+1

(P )� � � �E

dim(M)

(P );

E

1

(Q) = E

1

(Q)� � � �E

`�1

(Q); E

2

(Q) = E

`

(Q); E

3

(Q) = E

`+1

(Q)� � � �E

dim(M)

(Q):

Observe that, by the hypotheses on the eigenvalues of P and Q, the splittings E

1

(R); E

2

(R) and

E

3

(R), R = P;Q, are dominated (forM

P

andM

Q

), thus they satisfy the hypotheses of Theorem 3.1.

Sin
e q < ` < p we have that �

`

P

< 1 < �

`

Q

. Thus there are 
onstants C and C

0

, 0 < C < 1 < C

0

,

and arbitrarily big natural numbers n

0

and m

0

su
h that

(�

`�1

P

)

n

0

(�

`�1

Q

)

m

0

< C < (�

`

P

)

n

0

(�

`

Q

)

m

0

< C

0

< (�

`+1

P

)

n

0

(�

`+1

Q

)

m

0

:

Applying Theorem 3.1 to the matri
esM

P

andM

Q

, n = n

0

,m = m

0

, and the matri
es I

0

; : : : ; I

n+m+2

equal to the identity, we get transitions T

0

and T

1

and a di�eomorphism � 
lose to ' having a pe-

riodi
 point R 2 �

�

(U) of period n(R) ' n

0

+m

0

su
h that �

n(R)

�

is 
onjugate to

M

R

= T

1

ÆM

m

0

Q

Æ T

0

ÆM

n

0

P

:
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By Lemma 3.5 we 
an suppose that T

0

and T

1

preserve the splittings E

1

� E

2

� E

3

. Hen
e the

`

th

-eigenvalue �

`

R

of M

R

is su
h that

C

k

1

< j�

`

R

j < k

2

C

0

;

where k

1

is the produ
t of the norms of T

�1

0

and T

�1

1

and k

2

is the produ
t of the norms of T

0

and

T

1

. Observe that a priori we 
an not guarantee that this eigenvalue is positive (we do not know if

the transitions preserve the orientation). Thus, taking n

0

and m

0

big enough, we 
an assume that

j log(�

`

R

)j=(n

0

+m

0

) is arbitrarily 
lose to zero.

Applying now Lemma 3.4 to the derivative of � along the orbit of R, we 
an assume that the

eigenvalues �

1

R

; : : : ; �

dim(M)

R

of �

n(R)

�

(R) satisfy

0 < j�

1

R

j < � � � < j�

`�1

R

j < 1 = j�

`

R

j < j�

`+1

R

j < � � � < j�

dim(M)

R

j: (1)

After a �nal perturbation, we have that R has index `, ending the proof of the 
orollary. �

Finally, a minor modi�
ation of the proof of Corollary 3.6 gives the following:

Corollary 3.7. Consider a heterodimensional 
y
le �(';U; P;Q) satisfying the hypothesis of The-

orem 3.1. Moreover suppose that there is a dominated splitting F

1

� � � � �F

i

� � � � �F

k

over �

'

(U)

su
h that the moduli of the Ja
obians of ' restri
ted to F

i

along the orbits of Q and P are stri
tly

bigger and less than one, respe
tively.

Then there is a di�eomorphism � arbitrarily C

1

-
lose to ' with a hyperboli
 periodi
 point

R 2 �

�

(U) su
h that the modulus of the Ja
obian of �

n(R)

over F

i

at R is equal to one.

Proof: Consider the dominated splittings

E

1

= F

1

� � � � � F

i�1

; E

2

= F

i

E

3

= F

i+1

� � � � � F

k

:

Just observe that by Lemma 3.5 we 
an 
hoose the transitions T

i

preserving the dominated splitting

E

1

�E

2

�E

3

. The result follows arguing as in Corollary 3.6. �

3.3 End of the proof of Theorem A

We need the following lemma,

Lemma 3.8. ([BDP, Lemma 5.4℄) Let V be an open set of M and R

'

a hyperboli
 periodi


point of a di�eomorphism ' su
h that its relative homo
lini
 
lass in V , H

R

'

(V ), is non trivial.

Then there is a di�eomorphism � arbitrarily C

1

-
lose to ' su
h that H

R

�

(V ) 
ontains a hyperboli


periodi
 point of the same index of R

�

whose eigenvalues are all real, positive and of multipli
ity

one.

Under the hypothesis of Theorem A, this lemma allows us to assume that, after perturbing the

original di�eomorphism and repla
ing the initial points P

'

and Q

'

by other points of �

'

(U) of the

same index, we 
an assume that the points P

'

and Q

'

of �

'

(U) have real positive eigenvalues of

multipli
ity one. To see why this is so just observe that, by Theorem 2.3, after a C

1

-perturbation
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of ' we 
an assume that H

P

'

(U) = H

Q

'

(U) � �

'

(U), thus these two relative homo
lini
 
lasses

are non-trivial. Hen
e we 
an now apply Lemma 3.8 to su
h homo
lini
 
lasses to get the periodi


points (of indi
es p and q) in �

'

(U) with real positive eigenvalues of multipli
ity one. So we lose

no generality assuming that the points P

'

and Q

'

in Theorem A have real positive eigenvalues of

multipli
ity one. Using Lemma 2.5 and Corollary 3.6 one gets:

Lemma 3.9. Given p > q and ` 2℄q; p℄ let ' 2 M(U) be a di�eomorphism with two hyperboli


periodi
 points P

'

and Q

'

in �

'

(U) of indi
es p and q having positive real eigenvalues of multipli
ity

one. Then there is � 2M(U) arbitrarily C

1

-
lose to ' having a hyperboli
 periodi
 point of index

` in �

�

(U).

Proof: By hypothesis, the 
ontinuations P

�

and Q

�

of P

'

and Q

'

are transitively related for every

� in a neighbourhood of ' inM(U) (just observe that set �

�

(U) is robustly transitive and P

�

and

Q

�

belong to �

�

(U)). Hen
e we 
an apply Lemma 2.5 to P

'

and Q

'

to 
reate a heterodimensional


y
le �( ;U; P

 

; Q

 

) for some  arbitrarily 
lose to '. Corollary 3.6 now gives � 
lose to  (thus


lose to ') with a periodi
 point of index ` in �

�

(U), ending the proof of the lemma. �

Given ' 2 M(U) 
onsider a neighbourhood U

'

of ' in M(U) su
h that every  2 U

'

has

hyperboli
 periodi
 points of indi
es q and p. Let H

j

be the set of di�eomorphisms  2 U

'

having

some hyperboli
 periodi
 point of index j in �

'

(U). Applying Lemma 3.9 �nitely many times, one

gets that the sets H

j

, j 2 [q; p℄, are dense in U

'

.

Theorem A now follows by observing that, for every j, the set H

j

is open. Now it is enough to


onsider the set \

p

q

H

j

, whi
h is a dense open subset of U

'

. This ends the proof of Theorem A.

4 Hyperboli
ity of the extremal bundles

In this se
tion we prove Theorem B. For that, as in the hypotheses of this theorem, 
onsider

an open set U of a 
ompa
t manifold M and q 2 N

�

and let U be a C

1

-open set of Di�

1

(M)

su
h that for every di�eomorphism � 2 U the set �

�

(

�

U ) has a dominated splitting E

�

� F

�

with

dim(E

�

(x)) = q for all x 2 �

�

(

�

U). Suppose that every � 2 U has no periodi
 points of index r < q.

Then we prove that the bundle E

�

is uniformly 
ontra
ting for every � 2 U .

The proof of this result follows using the arguments in [M

2

℄ after some small te
hni
al modi�-


ations. So here we will just sket
h this proof, emphasizing the main modi�
ations that we need

to introdu
e.

The results in [M

2

℄ are formulated in terms of families of periodi
 sequen
es of linear maps. It

is 
onsidered the family obtained by taking all the di�eomorphism � in an open set of Di�

1

(M)

and the restri
tions of the derivatives of these di�eomorphisms to their periodi
 orbits. He 
on-

sider perturbations of this system of linear maps without 
aring if su
h perturbations 
ome from

perturbations of the initial di�eomorphism. However, a Lemma of Franks' (see Lemma 3.4 above)

allows one to perform dynami
ally the perturbation of the derivative: given a di�eomorphism '

and a periodi
 point x of ', to ea
h perturbation A of the derivative '

�

throughout the orbit of

x 
orresponds a di�eomorphism  C

1

-
lose to ' whi
h preserves the '-orbit of x and su
h that

A(z) =  

�

(z) for all z in the '-orbit of x.

We begin by re
alling some results about dominated splittings, see next se
tion. In Se
tion 4.2

we re
all the terminology about families of periodi
 linear systems and some results in [M

2

℄. Finally,

in Se
tion 4.3 we prove Theorem B.
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4.1 Remarks on dominated splittings

In this subse
tion we state pre
isely some folklore results on dominated splittings. Before that let

us observe that if �

'

(U) is a robustly transitive, then, by de�nition, it is a '-invariant 
ompa
t

subset of U whi
h is the maximal '-invariant set of

�

U . This implies that, for any neighbourhood

V of �

'

(U) and every di�eomorphism � 
lose to ', the set �

�

(U) 
oin
ides with �

�

(

�

U) and is


ontained in V . Thus �

�

(U) depends lower-semi-
ontinuously on �. We say that �

�

(U) is the


ontinuation of �

'

(U) for �.

Lemma 4.1. Let ' be a di�eomorphism and U an open subset ofM su
h that �

'

(U) 
oin
ides with

�

'

(

�

U ) and admits a dominated splitting T

�

'

(U)

M = E�F , E � F . Then, for every di�eomorphism

 
lose enough to ', there is a unique dominated splitting E

 

� F

 

, E

 

� F

 

, de�ned over �

 

(U)

su
h that dim(E

 

) = dim(E).

The splitting E

 

�F

 

above is the 
ontinuation of E�F . Moreover, the 
ontinuations E

 

and

F

 

depend 
ontinuously on  . This lemma also holds for dominated splitting with an arbitrary

number of bundles.

Proof: Let us just sket
h the proof of the lemma. By the de�nition of domination, there is a

stri
tly '

�

-invariant 
ontinuous 
one �eld C

+

de�ned over �

'

(U) su
h that the bundle F is obtained

as the interse
tion of the forward '

�

-iterates of the 
ones of C

+

. Similarly, there is a stri
tly ('

�1

�

)-

invariant 
ontinuous 
one �eld C

�

de�ned over �

'

(U) su
h that the interse
tions of the ba
kward

iterates of C

�

de�ne E. These 
one �elds 
an be extended 
ontinuously to invariant 
one �elds C

+

0

and C

�

0

de�ned on a 
ompa
t neighbourhood V of �

'

(U).

Observe that every  
lose to ' let invariant the 
one �elds C

+

0

and C

�

0

and re
all that �

 

(U) �

V . We now de�ne the bundles E

 

and F

 

as the interse
tion of the (ba
kward and forward,

respe
tively) iterates by  

�

of the 
ones of C

�

0

and C

+

0

, respe
tively. By 
onstru
tion, the splitting

E

 

� F

 

is dominated and satis�es dimE

 

= dimE.

For the 
ontinuous dependen
e of the bundles E

 

and F

 

on the di�eomorphism  we refer the

reader to [BDP, Lemma 1.4℄, for instan
e. This ends the sket
h of the proof. �

Lemma 4.2. ([BDP, Lemma 1.4℄). Let � be a di�eomorphism and � a �-invariant set having a

dominated splitting E�F . Then this splitting 
an be extended (in a dominated way) to the 
losure

of �.

Remark 4.3. Let ' be a di�eomorphism, K a transitive '-invariant 
ompa
t set, T

K

M = E

1

�

E

2

�� � ��E

m

the �nest dominated splitting of ' over K, and � � K a '-invariant dense subset of

K. Then the �nest dominated splitting of ' over � is given by the restri
tion to � of the bundles

E

i

.

Proof of the remark: We argue by 
ontradi
tion, suppose that there is a dominated splitting

over � whi
h re�nes the splitting given by the restri
tions to � of the bundles E

i

. Then, by

Lemma 4.2, su
h a splitting 
an be extended to the whole K, 
ontradi
ting that the splitting

E

1

� � � � �E

m

is the �nest one. �

Let us state a �nal result whose proof we omit.

Remark 4.4. Let ' be a di�eomorphism and E a '

�

-invariant bundle de�ned on a '-invariant


ompa
t set K

1

. Consider any '-invariant dense subset K

2

of K

1

. Then we have the following:
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� The bundle E is uniformly hyperboli
 over K

1

if and only if its restri
tion to K

2

is uniformly

hyperboli
.

� The di�eomorphism ' 
ontra
ts (resp. expands) uniformly the volume in E over K

1

if and

only if it 
ontra
ts uniformly (resp. expands) the volume in E over K

2

.

4.2 Families of periodi
 sequen
es of linear maps and dominated splittings

We begin this se
tion by re
alling some de�nitions in [M

2

℄.

De�nition 4.1.

1. A periodi
 sequen
e of a linear maps is a periodi
 map � : Z ! GL(N;R), n 7! �

n

, su
h

that the sequen
e of norms k�

n

k and k�

�1

n

k are uniformly bounded (independently of n). We

denote this family by f�

n

g.

2. A periodi
 sequen
e of linear maps f�

n

g of period n is 
alled 
ontra
ting if the produ
t �

n�1

Æ

� � � Æ �

0

is an uniform 
ontra
tion, i.e., all its eigenvalues have modulus stri
tly less than 1.

3. A family � = f�

(�)

g

�2A

of periodi
 sequen
es of linear maps is robustly 
ontra
ting

1

if there

is " > 0 su
h that any family � = f�

(�)

g

�2A

having the same period fun
tion n(�) and "-
lose

to � (i.e., k�

�

n

� �

�

n

k < " for all � 2 A and n 2 Z) is 
ontra
ting.

The example of family of periodi
 sequen
e of linear maps that will be play a key role in the

proof of Theorem B is obtained as follows. Let � 2 U , U as in Theorem B, and Æ > 0 su
h that

every di�eomorphism  whi
h is 2Æ-C

1

-
lose to � belongs to U . Now let A

�

be the set of pairs

� = (x;  ) su
h that  is Æ-
lose to � and the  -orbit of x is 
ontained in U and periodi
. Consider

now some trivialization of the bundles E

 

(as in Theorem B) over the set of periodi
 points (by


hoosing an orthonormal basis of E

 

(x)) and for ea
h � = (x;  ) 2 A

�

de�ne �

�

by the restri
tions

of the di�erential  

�

to fE

 

( 

i

(x))g

i2Z

. We now have that �

�

= f�

�

g

�2A

�

is a family of periodi


sequen
es of linear maps.

Lemma 4.5. The family �

�

de�ned above is robustly 
ontra
ting.

Proof: The proof if by 
ontradi
tion. Otherwise, there are (x;  ) 2 A

�

and a linear map �


orresponding to a perturbation of the restri
tion of the di�erential of  to E

 

along the periodi


 -orbit of x, having an eigenvalue of modulus bigger or equal than one, i.e.,

�( 

n(x)�1

(x)) Æ � � � Æ �(x) : E

 

(x)! E

 

(x)

has an eigenvalue � su
h that j�j � 1, where n(x) is the  -period of x.

Using Lemma 3.4 we get a di�eomorphism � 
lose to  , thus in U , su
h that x is a periodi


point of �

�

(

�

U) and

�

n(x)

�

(x) = �

�

(�

n(x)�1

) Æ � � � �

�

(x) = �( 

n(x)�1

(x)) Æ � � � Æ �(x):

1

This notion is 
alled uniformly 
ontra
ting in [M

2

℄, but we rename it to avoid ambiguity with the now usually

a

epted notion of uniform hyperboli
ity or uniform 
ontra
tion.
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Thus the restri
tion of �

n(x)

�

(x) to E

�

(x) has at most (q � 1) eigenvalues of modulus (stri
tly) less

than one. On the other hand, by the domination E

 

� F

 

, the eigenvalues of the restri
tion of

�

n(x)

�

(x) to F

�

(x) are all stri
tly bigger than one in modulus. This implies that there is a periodi


point x in �

�

(

�

U) of index (stri
tly) less than q, 
ontradi
ting the de�nition of U . This 
ontradi
tion

ends the proof of the lemma. �

We now borrow the following lemma from [M

2

℄.

Lemma 4.6. ([M

2

, Lemma II.7℄). Let f�

(�)

; � 2 Ag be a robustly 
ontra
ting family of periodi


sequen
es of isomorphisms of R

N

. Then there exist K > 0, 0 < � < 1 and m 2 N

�

su
h that:

a) if � 2 A and �

�

has minimum period n � m, then

k�1

Y

j=0
















m�1

Y

i=0

�

(�)

i+mj
















� K�

k

;

where k is the integer part of n=m;

b) for all � 2 A

lim sup

n!+1

1

n

n�1

X

j=0

log

 
















m�1

Y

i=0

�

(�)

i+mj
















!

< 0:

Applying Lemma 4.6 to the family �

�

de�ned above we get the next proposition whi
h is a

reformulation of [M

2

, Proposition II.1℄:

Proposition 4.7. Let � 2 U (U as in Theorem B). Then there are a neighborhood V of � and


onstants K > 0, m 2 N

�

and 0 < � < 1 su
h that for every g 2 V and every periodi
 point x of  

whose orbit is 
ontained in U one has:

a) If x has minimum period n � m then

k�1

Y

i=0










( 

m

)

�

( 

mi

(x))j

E

 

( 

mi

(x))










� K�

k

;

where k is the entire part of n=m.

b) Moreover,

lim sup

r!+1

1

r

r�1

X

i=0

log

�










( 

m

)

�

( 

mi

(x))j

E

 

( 

mi

(x))










�

< 0:

Theorem B will be a 
onsequen
e of Proposition 4.7 and the Ma~n�e's Ergodi
 Closing Lemma

that we now re
all, for 
ompleteness:

Theorem 4.8. (Ergodi
 Closing Lemma, [M

2

, Theorem A℄). Consider a di�eomorphism �

de�ned on a 
ompa
t manifold. Then there is a �-invariant set �(�) (named set of well 
losable

pointsof �) su
h that:
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1. The set �(�) has total measure (i.e. �(�(�)) = 1 for every �-invariant probability measure

�).

2. For every x 2 �(�) and " > 0 there is a di�eomorphism  , whi
h is "-
lose to � in the

C

1

-topology, su
h that x is periodi
 for  and the distan
e dist(�

i

(x);  

i

(x)) < " for all

i 2 [0; n(x;  )℄, where n(x;  ) is the period of x for  .

4.3 End of the proof of Theorem B

The proof of the theorem now follows almost exa
tly as the proof of [M

2

, Theorem B℄, see pages

520-524. Let us re
all the main steps of this proof and point out the 
hanges we need to introdu
e.

Proof: Let � 2 U . By 
ompa
tness of the set �

�

(

�

U), as in [M

2

℄ to get the uniform 
ontra
tion

of the bundle E

�

it is enough to see that

lim inf

n!+1

jj�

n

�

j

E

�

(x)

k = 0:

We argue by 
ontradi
tion. If �

�

is not uniformly 
ontra
ting on E

�

over �

�

(

�

U ) then there are a


onstant � > 0, point x 2 �

�

(

�

U) and n

0

2 N su
h that

k�

n

�

j

E

�

(x)

k > � > 0

for every n > n

0

. We now 
hoose a sequen
e j

n

, j

n

! +1, su
h that the sequen
e of probabilities

�

n

de�ned by

�

n

=

1

j

n

j

n

�1

X

i=0

Æ(�

mi

(x))


onverges (in the weak topology) to a probability �, where Æ(z) is the Dira
 measure at the point

z and m is as in Proposition 4.7.

Let '

�

= log jj�

m

�

j

E

�

jj. By Lemma 4.1 the bundleE

�

is 
ontinuous on �

�

(

�

U), so '

�

is 
ontinuous

on �

�

(

�

U). By the 
hoi
e of x, one has

R

'

�

d�

n

� 0 for every large enough n, so

R

'

�

d� � 0.

Using the Birkho�'s Theorem and the Ergodi
 Closing Lemma we get a point p 2 �

�

(

�

U) \ �(�)

su
h that

lim

n!+1

1

j

n

j

n

�1

X

i=0

log k�

m

�

j

E

�

(�

mi

(p))

k � 0:

By item (b) of Proposition 4.7, the point p is not periodi
. Now, by Theorem 4.8, there is  

arbitrarily C

1

-
lose to � (so  2 V � U , V as in Proposition 4.7) su
h that p is a periodi
 point of

 of period n(p) and the distan
e dist(�

i

(p);  

i

(p)) is less than an arbitrarily small " > 0 for every

i 2 [0; n(p)℄. Observe that sin
e p is not periodi
 for �, the period n(p) goes to in�nity as " goes to

zero, i.e.,  tends to �.

Sin
e the �bers E

 

(y) vary 
ontinuously with (y;  ), re
all Lemma 4.1, the fun
tion

'

 

(y) = log jj 

m

�

j

E

 

(y)

jj

is 
ontinuous. Now for � as in Proposition 4.7 take �

0

and n

0

2 N

�

su
h that � < �

0

< 1 and for

every n � n

0

one has

1

n

n�1

X

i=0

'

�

(�

mi

(p)) �

1

2

log(�

0

):
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We 
an also assume that K�

n

< �

n

0

for every n � n

0

. So if  is 
lose enough to � then

j'

 

( 

i

(p))� '

�

(�

i

(p))j < j

1

2

log(�

0

)j

for every i 2 [0; n(p)℄. Moreover, the entire part k of n(p)=m is greater than n

0

. Thus

1

k

k�1

X

i=0

'

 

( 

mi

(p)) � log(�

0

) >

1

k

log(K�

k

);


ontradi
ting item (a) of Proposition 4.7. This 
ontradi
tion ends the proof of Theorem B. �

5 Proof of Theorem D

5.1 Perturbation of the derivative at periodi
 points

In this se
tion we re
all some results from [BDP℄. These results are formulated in terms of families

of periodi
 linear systems, that is, 
onsidering the di�erential of the di�eomorphism as an abstra
t

linear 
o
y
le over the set �

'

(U) and perturbations of this 
o
y
le, without 
aring if su
h perturba-

tions 
ome from perturbations of the di�eomorphism. However, as in Se
tion 4, Lemma 3.4 allows

us to perform dynami
ally the �nal abstra
t 
o
y
le. Let us explain these results in a detailed way.

Given a di�eomorphism ' and a hyperboli
 periodi
 point P

'

of ' of index p denote by �

P

'

the subset of H(P

'

; U) of hyperboli
 periodi
 points R of index p homo
lini
ally related to P

'

, i.e.,

W

s

(R) tW

u

(P

'

) 6= ; and W

u

(R) tW

s

(P

'

) 6= ;. Observe that in our setting we 
an assume that

�

P

'

is not trivial (di�erent to the orbit of P

'

).

As above, given x 2 �

P

'

denote by M

x

the matrix M

x

= '

n(x)

�

(x) : T

x

M ! T

x

M , where

n(x) is the period of x. The �rst important property formalized in [BDP℄ is that the matri
es

M

x


orresponding to di�erent points of �

P

'

(the derivatives of '

n(x)

at these points x) 
an be

essentially multiplied how many times as one wants, and the resulting produ
t 
orresponds to a

matrix of the system at some di�erent point. More pre
isely,

Lemma 5.1. Let ' be a di�eomorphism and P

'

a hyperboli
 periodi
 point of '. Consider any

pair of periodi
 points of x and y of ' in �

P

'

and " > 0. Suppose that M

x

and M

y

let invariant

dominated splittings

T

x

M = E

1

x

� � � � �E

k

x

; E

i

(x) � E

i+1

(x); and T

y

M = E

1

y

� � � � �E

k

y

; E

i

(y) � E

i+1

(y);

su
h that dim(E

i

x

) = dim(E

i

y

) for every i. Then there is Æ 2 ℄0; "[ satisfying the following property:

Given any pair of Æ-perturbations

~

M

x

and

~

M

y

of M

x

and M

y

, respe
tively,

~

M

x

: T

x

M ! T

x

M

and

~

M

y

: T

y

M ! T

y

M , there are linear maps

T

1

: T

x

M ! T

y

M and T

2

: T

y

M ! T

x

M

preserving the dominated splittings above (i.e., T

1

(E

i

x

) = E

i

y

and T

2

(E

i

y

) = E

i

x

for every i) su
h

that, for any n � 0 and m � 0, there are a periodi
 point z 2 �

P

'

and an "-perturbation of '

�

along the orbit of z,

A

i

: T

'

i

(z)

M ! T

'

i+1

(z)

M; i = 0; : : : ; n(z)� 1;
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su
h that

~

M

z

= A

n(z)�1

Æ � � � Æ A

0

: T

z

M ! T

z

M

is 
onjugate to the produ
t T

2

ÆM

m

y

Æ T

1

ÆM

n

x

.

Remark 5.2. In fa
t, in [BDP℄ it is shown that Lemma 5.1 holds for any �nite number of orbits

x

1

; : : : ; x

k

of �

P

'

. This allows us to get linear maps T

i

: T

x

i

M ! T

x

i+1

M preserving a dominated

splitting su
h that, for every n

1

; : : : ; n

k

, there are a point z 2 �

P

'

and perturbations A

i

of the

derivative of '

�

at '

i

(z) su
h that

~

M

z

= A

n(z)�1

Æ � � � ÆA

0

is 
onjugate to T

k

ÆM

n

k

x

k

Æ � � � ÆT

2

ÆM

n

2

x

2

Æ

T

1

ÆM

n

1

x

1

.

The maps T

i


orrespond to the so 
alled transitions, re
all also Theorem 3.1. The fa
t that the

transitions 
an be taken preserving a dominated splitting has been proved in [BDP, Lemma 4.13℄.

This property is the basis of the proof of the following result:

Lemma 5.3. Let E

1

� � � � � E

m

, E

i

� E

i+1

, be the �nest dominated splitting of TM over �

P

'

of '

�

. Then, for every " > 0, there are a dense subset �

"

of �

P

'

and an "-perturbation A

"

of '

�

preserving the splitting E

1

�� � ��E

m

su
h that, for every R 2 �

"

, the restri
tion of the linear maps

M

A

"

(R) = A

"

('

n(R)�1

(x)) Æ � � � Æ A

"

('(x)) Æ A

"

(x)

to E

i

(R) is a homothety.

Moreover, if there are i 2 f1; : : : ;mg and Q 2 �

P

'

su
h that the modulus of the Ja
obian of

the restri
tion of '

n(Q)

�

to E

i

(Q) is one then R 
an be taken su
h that the restri
tion of M

A

"

(R) to

E

i

(R) is identity.

This lemma is a 
onsequen
e of [BDP, Propositions 2.4 and 2.5℄. To see that these propositions


an be applied in our 
ontext, one just needs to observe that the restri
tion of '

�

to ea
h bundle

E

i

(over �

P

'

) de�nes a periodi
 linear system with transitions. For that it is enough to re
all that

the transitions of '

�


an be 
hosen preserving the bundles E

j

of the dominated splitting (see [BDP,

Se
tion 4℄).

Given a hyperboli
 linear map A of an Eu
lidean spa
e (i.e., without eigenvalues of modulus

equal to 1) the index of A is the number of eigenvalues of A of modulus less than 1, 
ounted with

multipli
ity.

Lemma 5.4. ([BDP, Lemma 4.16℄) Given " > 0 there exist x 2 �

P

'

and an "-perturbation of

'

�

along the orbit of x su
h that the 
orresponding matrix M

x

has index p, p = index(P

'

), and all

the eigenvalues of M

x

are real, positive and with multipli
ity 1.

5.2 Tangen
ies and 
odimension one heterodimensional 
y
les

The existen
e of non-real eigenvalues in the 
entral dire
tion of the saddles in a (
odimension one)

heterodimensional 
y
le produ
es homo
lini
 tangen
ies. That is formalized in the following result

we export from [DR℄.

Let A be a linear map of an n-dimensional Eu
lidean spa
e E, we say that a non-real eigenvalue

� 2 (C n R) of A has rank ` if there are (` � 1) eigenvalues (
ounted with multipli
ity) of A of

modulus stri
tly less than j�j and (n � ` � 1) eigenvalues of modulus stri
tly bigger than j�j. A

periodi
 point P of a di�eomorphism ' has a non-real eigenvalue of rank ` if its derivative '

n(P )

�

(P )

has a a non-real eigenvalue of rank `.
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Lemma 5.5. Let �(�;U;R

1

�

; R

2

�

) be a 
odimension one heterodimensional 
y
le asso
iated to hy-

perboli
 periodi
 points of indi
es (r + 1) and r. Suppose that R

1

�

(resp. R

2

�

) has a non-real

eigenvalue of rank r (resp. r+1). Then there is  arbitrarily 
lose to � with a homo
lini
 tangen
y

asso
iated to R

2

 

(resp. R

1

 

) in �

 

(U).

Proof: Just observe that if R

1

�

has a non-real eigenvalue of rank r then the unstable manifold

of R

2

�

spiralizes around W

u

(R

1

�

). Now unfolding the 
y
le �(�;U;R

1

�

; R

2

�

) one gets a homo
lini


tangen
y asso
iated to the 
ontinuation of R

2

�

. See [DR, Se
tion 8.1℄ for details. �

5.3 Proof of Theorem D

Consider ' 2 P(U) and its �nest dominated splitting E

1

(') � � � � � E

m(')

(') over �

'

(U). By

Lemma 4.1, the 
ontinuation of this splitting over �

�

(U) is uniquely de�ned for every � 
lose to

'. Denote su
h a 
ontinuation by E

1

(�)� � � � �E

m(')

(�). By Lemma 4.1, the the number m(') of

bundles of the �nest dominated splitting of �

'

(U) is lower semi-
ontinuous, thus lo
ally 
onstant

in an open and dense subset P

1

(U) of P(U). Moreover, the dimensions of the bundles of the �nest

dominated splitting are also lo
ally 
onstant in P

1

(U). So there is an open and dense subsetO(U) of

P(U) wherem(') and the dimensions of the bundles of the �nest dominated splitting are 
ontinuous

fun
tions. This set O(U) is the open and dense subset of P(U) announ
ed in Theorem D.

Observe that it is enough to prove the theorem for a 
onne
ted 
omponent of O(U). So from

now on we restri
t our attention to a �xed 
onne
ted 
omponent O

0

of O(U).

Given ' 2 O

0


onsider the �nest dominated splitting of �

'

(U), say T

�

'

(U)

M = E

1

(')�E

2

(')�

� � � � E

m(')

('), as the dimensions and the number of bundles of the splitting do not depend on

' 2 O

0

from now on we will omit su
h a (in)dependen
e.

Let us now introdu
e some notations. For simpli
ity write p = i




and q = i

s

(the maximum and

minimum indi
es of the hyperboli
 periodi
 points of �

'

(U)). Given i and j in f1; : : : ;mg, with

i < j, let

E

j

i

= E

i

�E

i+1

� � � � �E

j

:

Denote by d

i

and d

j

i

the dimensions of E

i

and E

j

i

, respe
tively, thus d

j

i

=

P

j

k=i

d

k

. We de�ne i

q

and i

p

by the relations

d

i

q

�1

1

< q � d

i

q

1

and d

i

p

�1

1

< p � d

i

p

1

:

To prove Theorem D it is enough to see the following:

(A) d

i

q

1

= q and d

m

i

p

+1

= dim(M)� p,

(B) d

j

= 1 and the bundle E

j

is not uniformly hyperboli
 for all j 2 fi

q

+ 1; : : : ; i

p

g,

(C) E

i

q

1

and E

m

i

p

+1

are uniformly 
ontra
ting and expanding, respe
tively.

In Lemmas 5.6, 5.7 and 5.8 we will prove these items.

Lemma 5.6. (Proof of (A)). d

i

q

1

= q and d

m

i

p

+1

= dim(M)� p.
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Proof: Let us prove the �rst part of the lemma. The proof is by 
ontradi
tion, assume that

d

i

q

1

> q, then, by de�nition of d

i

q

1

, one has

d

i

q

�1

1

< q < q + 1 � d

i

q

1

= d

i

q

�1

1

+ d

i

q

;

thus

d

i

q

� 2: (2)

By Proposition 2.4 and the de�nition of O

0

, there is a di�eomorphism ' 2 O

0

with a hyperboli


periodi
 point Q

'

of index q su
h that �

Q

'

is dense in �

'

(U). By Remark 4.3, the �nest dominated

splitting of ' over �

Q

'

is the restri
tion to �

Q

'

of the bundles E

i

.

By equation (2), E

i

q

is unde
omposable and has dimension d

i

q

equal or bigger than 2. Applying

Lemma 5.3 to the set �

Q

'

and the bundleE

i

q

, we get R

'

2 �

Q

'

of period n(R

'

) and a perturbation

A of '

�

throughout the '-orbit of R

'

su
h that

M

A

(R

'

)) = A('

n(R

'

)�1

(R

'

)) Æ � � � Æ A('(R

'

)) Æ A(R

'

)

is a homothety in E

i

q

(R

'

). We observe that the perturbation A of '

�


an be obtained (and we do

so) su
h that its restri
tions to the bundles E

k

(R

'

), k 6= i

q

, 
oin
ide with '

�

. Thus, sin
e all points

of �

Q

'

have index q, one has that, for every T

'

2 �

Q

'

, the bundles E

j

(T

'

), j > i

q

, 
orrespond

to expanding eigenvalues of '

n(T

'

)

�

. Hen
e the number of 
ontra
ting eigenvalues of M

A

(R

'

) is at

most d

i

q

1

.

First, if the ratio of this homothety (the restri
tion of M

A

(R

'

) to E

i

q

(R

'

)) is bigger or equal

than one, using Lemma 3.4, one gets � 
lose to ' (� 2 O

0

) with a hyperboli
 periodi
 point

R

�

2 �

�

(U) having at most d

i

q

�1

1


ontra
ting eigenvalues. By hypothesis, d

i

q

�1

1

< q, thus the

index of R

�

is stri
tly inferior than q, 
ontradi
ting the de�nition of q (minimality of the index of

the points of �

�

(U), � 2 P(U)).

So we 
an assume that the ratio of the homothety M

A

(R

'

)j

E

i

q

(R

'

)

is less than one. As the

restri
tion of '

n(R

'

)

�

to ea
h E

i

(R

'

), i > i

q

, has expanding eigenvalues, the index of R

�

is exa
tly

d

i

q

1

. Now, the de�nition of p implies that d

i

q

1

� p.

Write ` = d

i

q

1

� p. Sin
e all the eigenvalues of the restri
tion of �

n(R

'

)

�

= M

A

(R

'

) to E

i

q

(R

�

)

are equal and dim(E

i

q

(R

�

)) � 2, using again Lemma 3.4, one gets a di�eomorphisms � 
lose to �

su
h that R

�

has index ` and �

n(R

�

)

�

(R

�

) has a 
ontra
ting non-real eigenvalue of rank (`� 1).

By Theorem A, sin
e q � ` � 1, there is a di�eomorphism � 
lose to � with a periodi
 point

S

�

2 �

�

(U) of index (` � 1). Using Lemma 2.5, we obtain � 
lose to � with a 
odimension one

heterodimensional 
y
le in U asso
iated to R

�

and S

�

, say �(�; U;R

�

; S

�

). Sin
e � 
an be taken

arbitrarily 
lose to � we 
an assume that R

�

has index ` and a non-real eigenvalue of rank `�1 and

that S

�

has index (`� 1). Finally, by Lemma 5.5 there is a di�eomorphism � 2 O

0

arbitrarily 
lose

to � with a homo
lini
 tangen
y in �

�

(U) asso
iated to the point S

�

of index (`� 1), 
ontradi
ting

the de�nition of P(U). This ends the proof of the �rst assertion in the lemma.

Using the same arguments one gets that d

m

i

p

+1

= (dim(M)� p), so we omit this proof. �

Lemma 5.7. (Proof of (B)). The bundle E

i

is one dimensional and non-uniformly hyperboli


for all i 2 fi

q

+ 1; : : : ; i

p

g.
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Proof: Given k 2 fi

q

+ 1; � � � ; i

p

g let ` = d

k

1

= dim(E

k

1

). Observe that by, Lemma 5.6, q < ` � p.

The bundle E

k

is not uniformly hyperboli
: We argue by 
ontradi
tion. Otherwise, sin
e E

k

is unde
omposable, it would be either uniformly 
ontra
ting or expanding. In the �rst 
ase, using

the domination of the splitting, one has that every periodi
 point of �

'

(U) has index bigger or

equal than ` > q, 
ontradi
ting the de�nition of q. In the se
ond 
ase, again by the domination

of the splitting, every periodi
 point of �

'

(U) has index stri
tly less than ` � p, 
ontradi
ting the

de�nition of p.

The bundle E

k

is one-dimensional: The proof is by 
ontradi
tion, assuming that dim(E

k

) =

d

k

� 2. By Theorem A and Proposition 2.4, there is ' 2 O

0

having a hyperboli
 periodi
 point

R

'

2 �

'

(U) of index ` su
h that �

R

'

is dense in �

'

(U). By Lemma 5.3, there are a perturbation

A of '

�

and a point S

'

2 �

R

'

su
h that the restri
tion of M

A

(S

'

) to E

k

(S

'

) is a homothety.

Moreover, as above we 
an take A su
h that its restri
tions to the bundles E

i

(S

'

), i 6= k, 
oin
ide

with the one of '

�

.

Suppose, for instan
e, that the ratio of su
h a homothety is bigger than one. From S

'

2 �

R

'

and

the de�nition of �

R

'

, the restri
tions of '

n(S

'

)

�

to the bundles E

i

(S

'

), i > k, have only expanding

eigenvalues. Thus the matrix M

A

(S

'

) has exa
tly r = d

k�1

1


ontra
ting eigenvalues, where

q � d

i

q

1

� d

k�1

1

= r � d

i

p

�1

1

< d

i

p

1

= p and r < r + d

k

� r + 2 � p:

Using Lemma 3.4, we get � 2 O

0

with a hyperboli
 periodi
 point S

�

2 �

�

(U) of index r su
h that

the restri
tion of �

�

to E

k

(S

�

) is equal to A. After a new perturbation, if ne
essary, we 
an assume

that �

n(S

�

)

�

(S

�

) has a expanding non-real eigenvalue of rank (r + 1).

As in the proof of Lemma 5.6, by Theorem A and Lemma 2.5, there is  2 O

0


lose to � with

a periodi
 point T

 

2 �

 

(U) of index (r + 1) < p and a heterodimensional 
y
le �( ;U; T

 

; S

 

),

where S

 

has index r and a (expanding) non-real eigenvalue of rank (r+1). Finally, by Lemma 5.5,

there is � 2 O

0


lose to  with a homo
lini
 tangen
y asso
iated to T

�

, 
ontradi
ting the de�nition

of O

0

. This ends the proof of the lemma in this 
ase. If the homothety given by the restri
tion of

M

A

(S

'

) to E

k

has ratio less than one the proof follows similarly.

�

Lemma 5.8. (Proof of (C)). The bundles E

i

q

1

and E

m

i

p

+1

are uniformly volume 
ontra
ting and

volume expanding, respe
tively.

Proof: This lemma follows from Theorem B. To see, for instan
e, that E = E

i

q

1

is uniformly 
on-

tra
ting just observe that the set O

0

and the dominated splitting E

i

q

1

�E

m

i

q

+1

satisfy the hypotheses

of Theorem B, re
all that, by Lemma 5.6, q = d

i

q

1

= dim(E

i

q

1

).

The uniform expansion of E

m

i

p

+1

follows analogously. This 
ompletes the proof of the lemma

and of the theorem. �

6 Homo
lini
 tangen
ies

We now analyze the dimensions of the bundles of �nest dominated splitting of a robust transitive

set to dedu
e the di�erent types of homo
lini
 bifur
ations that that this set may exhibit.
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We 
onsider an open set U of M and an open set of di�eomorphisms N (U) su
h that, for every

' 2 N (U), the set �

'

(U) is robustly transitive and

� the maximum and the minimum of the indi
es of the periodi
 points of �

'

(U) are 
onstant,

equal to p and q, respe
tively,

� the dimensions of the bundles of the �nest dominated splitting of �

'

(U) do not depend on

' 2 N (U).

Let us observe that in this se
tion we do not assume that there are no homo
lini
 tangen
ies in

�

'

(U), as in the previous se
tion.

We use the notation introdu
ed in Se
tion 5.3 for the dimensions of the bundles of the �nest

dominated splitting. Re
all that, with this notation and by de�nition, q � d

i

q

1

and p � d

i

p

1

.

We say that a robustly transitive set �

'

(U) has a homo
lini
 tangen
y of rank r if there is a

periodi
 point R

'

2 �

'

(U) of index r having a homo
lini
 tangen
y and su
h a point of tangen
y

belongs to �

'

(U).

Theorem F. Let U , N (U), p and q as above. Consider any ' 2 N (U).

� If d

i

q

1

> q then there is � arbitrarily 
lose to ' su
h that �

�

(U) has a homo
lini
 tangen
y of

rank (d

i

q

1

� 1).

� If d

i

p

1

> p then there is � arbitrarily 
lose to ' su
h that �

�

(U) has a homo
lini
 tangen
y of

rank (d

i

p

�1

1

+ 1).

� If d

j

� 2 for some j 2 fi

q

+1; : : : ; i

p

g then, for every k 2 [d

j�1

1

+1; d

j

1

), there is � arbitrarily


lose to ' su
h that �

�

(U) has a homo
lini
 tangen
y of rank k.

This theorem is a generalization of the result [DPU, Corollary G℄ for three dimensional robustly

transitive sets, whi
h says that the existen
e of an unde
omposable bundle of dimension stri
tly big-

ger than one leads to the 
reation of homo
lini
 tangen
ies in a (non-hyperboli
) robustly transitive

set.

The proof of Theorem F follows from a small modi�
ation of the the proofs of Lemmas 5.6 and

5.7 and involves heterodimensional 
y
les.

Denote by T

k

(U), k = 1; : : : ;dim(M) � 1, the subset of N (U) of di�eomorphisms � su
h that

�

�

(U) has a homo
lini
 tangen
y of rank k. Theorem F now follows from the next two lemmas.

Lemma 6.1. Under the hypothesis of Theorem F, we have the following

� If d

i

q

1

> q then T

d

i

q

1

�1

(U) is dense in N (U).

� If d

i

p

1

> p then T

d

i

p

�1

1

+1

(U) is dense in N (U).

Proof: First, observe that, by de�nition, if d

i

q

1

> q (resp. d

i

p

1

> p) then d

i

q

> 1 (resp. d

i

p

> 1).

To prove the �rst part of the lemma it is enough to see that if ' 2 N (U) and d

i

q

1

> q then

there is � arbitrarily 
lose to ' su
h that �

�

(U) has a homo
lini
 tangen
y of rank (d

i

q

1

� 1). Let

us re
all that in the proof of Lemma 5.6, under the assumption that ` = d

i

q

1

> q, we got � 
lose
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to ' having a hyperboli
 periodi
 point R

�

2 �

�

(U) of index ` with a non-real eigenvalue of rank

(`� 1).

Sin
e q � `�1 < p, by Theorem A and Lemma 2.5, after a C

1

-perturbation of �, we 
an assume

that � has a periodi
 point S

�

of index (` � 1) and a (
odimension one) heterodimensional 
y
le

�(�; U;R

�

; S

�

) (R

�

of index ` with a non-real eigenvalue of rank (` � 1)). By Lemma 5.5 there is

� 
lose to � with a homo
lini
 tangen
y asso
iated to S

�

. This ends the �rst part of the lemma.

The se
ond part of the lemma follows similarly. �

Lemma 6.2. Under the hypotheses of Theorem F, suppose that d

j

� 2, j 2 fi

q

+ 1; : : : ; i

p

� 1g.

Then, for every k 2 [d

j�1

1

+ 1; d

j

1

), the set T

k

(U) is dense in N (U).

Proof: As in the previous lemma, given any ' 2 N (U) with d

j

� 2 and k 2 [d

j�1

1

+ 1; d

j

1

) we

will obtain � arbitrarily 
lose to ' su
h that �

'

(U) has a homo
lini
 tangen
y or rank k. By

Theorem A and sin
e

q � d

j�1

1

< d

j

1

� d

i

p

�1

1

< p;

after perturbing ', we 
an assume that ' has a pair of hyperboli
 periodi
 points S

'

; T

'

2 �

'

(U)

of indi
es d

j

1

and d

j�1

1

, respe
tively.

By Lemma 2.5, there is  
lose to ' with a heterodimensional 
y
le �( ;U; S

 

; T

 

). Observe

that the modulus of the restri
tion of the Ja
obian of  

n(T

 

)

�

to E

j

(T

 

) is bigger than one and the

modulus of the restri
tion of the Ja
obian of  

n(S

 

)

�

to E

j

(S

 

) is less than one. By Corollary 3.7,

unfolding this 
y
le, we get � 
lose to ' with a hyperboli
 periodi
 point R

�

2 �

�

(U) with index

r, r 2 [d

j�1

1

; d

j

1

℄, su
h that the modulus of the Ja
obian of �

n(R

�

)

�

to E

j

(R

�

) is exa
tly one.

By Proposition 2.4, after a perturbation of �, we 
an assume that �

R

�

(�) is dense in �

�

(U).

Sin
e E

j

(R

�

) is unde
omposable and has dimension equal or bigger than 2, arguing exa
tly as in

the proof of Lemma 5.7, but now applying the �nal part of Lemma 5.3, we get � (arbitrarily 
lose

to �) with a periodi
 point A

�

2 �

�

(U) su
h that the restri
tion of �

n(A

�

)

�

to E

j

(A

�

) is the identity.

Take now any k 2 [d

j�1

1

+1; d

j

1

), after a perturbation of � we 
an assume that the index of A

�

is

k � 1, and that �

n(A

�

)

�

(A

�

) has an expanding non-real eigenvalue of rank k. Again, by Theorem A,

we 
an assume there is a periodi
 point B

�

2 �

�

(U) of index k, where k > q. Finally, by Lemma 2.5,

there is � 
lose to � with a 
odimension one 
y
le �(�; U;B

�

; A

�

), A

�

of index (k � 1) and with an

expanding non-real eigenvalue of rank k and B

�

of index k. Now the lemma follows from Lemma 5.5.

�

7 Proof of Theorem E

As we have mentioned in the introdu
tion, Theorem E follows from Proposition 1.1. So before

proving the proposition let us dedu
e the theorem from it.

Re
all that U and S(U) are open sets of M and Di�

1

(M) su
h that for every di�eomorphism

' 2 S(U) the set �

'

(U) is robustly transitive and has no homo
lini
 tangen
ies (in the whole

manifold). By Theorem D, there is an open and dense subset I(U) of S(U), su
h that if ' belongs

to I(U) and �

'

(U) 
ontains periodi
 points on indi
es q and p, q < p, then �

'

(U) 
ontains points
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of every index in between q and p. So it is enough to prove the theorem for the subset I(U) of

S(U).

Consider the maps i

+

; i

�

: I(U) ! N

�

that asso
iate to ea
h ' 2 I(U) the maximum and

the minimum of the indi
es of the hyperboli
 periodi
 points of �

'

(U), respe
tively. These two

fun
tions are semi-
ontinuous, so they are 
ontinuous in an open and dense subset I

0

(U) of I(U).

Now it is enough to �x a 
onne
ted 
omponent I

0

of I(U) where i

+

and i

�

are both 
onstant and

to prove the theorem for this set. Suppose that i

+

(') = p and i

�

(') = q for all ' 2 I

0

, q � p.

Let us assume that q < p (the 
ase q = p follows from Remark 2.7, so we omit it). Let

Q

'

and P

'

be points of indi
es q and p of �

'

(U). For notational simpli
ity let us assume that

their 
ontinuations are de�ned in the whole I

0

. Sin
e P

'

and Q

'

are transitively related in I

0

,

by Remark 2.6, there is an open and dense subset I

1

of I

0

su
h that W

s

(P

�

) and W

u

(Q

�

) have

nonempty transverse interse
tion for all � 2 I

1

. So it is enough to prove the theorem for I

1

.

For ea
h j � 0 with q + j � p, let A(j) be the subset of I

1

of di�eomorphisms  su
h that

�

 

(U) 
ontains hyperboli
 periodi
 points R

0

 

; R

1

 

; : : : ; R

j

 

su
h that

� index(R

i

 

) = q + i,

� H

R

0

'

(U) = H

R

1

'

(U) = � � � = H

R

j

'

(U) for every ' in a neighbourhood of  

To end the proof of Theorem E it is enough to see the following.

Lemma 7.1. The set A(j) is open and dense in I

1

for every j 2 (0; r℄, r = p� q.

Before proving this lemma let us end the proof of the theorem.

Observe that by Lemma 7.1, A(r) is open and dense in I

1

and for every  in A(r) there are

hyperboli
 periodi
 points R

0

 

and R

r

 

of �

 

(U) of indi
es q and q + r = p su
h that

H

R

r

 

(U) = H

R

0

 

(U):

As above, for notational simpli
ity, let us assume that the 
ontinuations of R

0

 

and R

r

 

are

de�ned in the whole A(r). The points Q

 

and R

0

 

have index q and are transitively related in A(r).

Thus, by Remark 2.7, there is an open and dense subset D

1

of A(r) of di�eomorphisms � su
h that

the relative homo
lini
 
lasses of Q

 

and R

0

 

in U are equal. Similarly, there is an open and dense

subset D

2

of A(r) of di�eomorphisms � su
h that the relative homo
lini
 
lasses of P

 

and R

r

 

in

U are equal. Thus, for all � 2 D

1

\D

2

, one has that

H

P

�

(U) = H

R

r

�

(U) = H

R

0

�

(U) = H

Q

�

(U):

Sin
e D

1

\ D

2

is open and dense in A(r), thus in I

1

, this ends the proof of the theorem.

Proof of the lemma: The proof of Lemma 7.1 is by indu
tion. To see that A(1) is open and

dense in I

1

it suÆ
es to see that given any � 2 I

1

there is an open subset A

�

of I

1

su
h that

� � belongs to the 
losure of A

�

,

� for every  2 A

�

there is a hyperboli
 periodi
 point R

1

 

2 �

 

(U) of index (q + 1) su
h that

H

Q

 

(U) = H

R

1

 

(U) (here we take R

0

 

= Q

 

).
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Sin
e � is in I

1

there is a periodi
 point R

1

�

2 �

�

(U) of index (q+1). Observe that Q

�

and R

1

�

are

transitively related and index(Q

 

) + 1 = index(R

1

 

). Thus, by Lemma 2.5, after a perturbation of

�, we 
an assume that � has a (
odimension one) 
y
le �(�;U;R

1

�

; Q

�

). By hypothesis, this 
y
le

is far from homo
lini
 tangen
ies. Thus, by Proposition 1.1, there is an open set B

�

, whose 
losure


ontains �, su
h that H

Q

�

(U) = H

R

1

�

(U) for all � 2 B

�

. The �rst indu
tive step follows taking

A

�

= B

�

\ I

1

.

Suppose now de�ned indu
tively the open and dense subsets A(1), A(2); : : : ;A(j�1), q+j � p,

of I

1

satisfying the properties above. Then the set

A

0

(j � 1) = A(1) \ � � � \ A(j � 1)

is open and dense in I

1

. Now it is enough to get an open and dense subset A(j) of A

0

(j � 1) with

the announ
ed properties. For that we argue exa
tly as in the step j = 1.

Consider any � 2 A

0

(j � 1). Sin
e � 2 I

1

the set �

�

(U) 
ontains a hyperboli
 periodi
 point

R

j

�

of index (q+ j). As in the �rst step of the indu
tion, using Lemma 2.5, we 
an assume (after a

perturbation of �) that � has a (
odimension one) 
y
le �(�;U;R

j

�

; R

j�1

�

), where R

j�1

�

is the point

of index (q + j � 1) in the indu
tive step (j � 1). By hypothesis, this 
y
le is far from homo
lini


tangen
ies. Thus, by Proposition 1.1, there is an open set B

�

� A

0

(j�1) 
ontaining � in its 
losure

su
h that

H

R

j�1

�

(U) = H

R

j

�

(U)

for all � 2 B

�

. Sin
e B

�

� A

0

(j � 1), we have

H

R

0

�

(U) = H

R

1

�

(U) = H

R

j�1

�

(U) = H

R

j

�

(U)

for all � 2 B

�

, ending the proof of the lemma. �

7.1 Proof of Proposition 1.1

Suppose now that (as in the hypotheses of Proposition 1.1) the indi
es of P

'

and Q

'

are p and q

with p = (q + 1). By [BDP, Lemma 5.4℄, we 
an assume that the robustly transitive set �

'

(U)


ontains a pair of hyperboli
 periodi
 points of indi
es q and p + 1 having only real eigenvalues

with multipli
ity one and di�erent modulos. For notational simpli
ity, let us assume that Q

'

and

P

'

verify these hypotheses. In parti
ular, these points verify the hypotheses of Corollary 3.6. By

(1) in the proof of the 
orollary, after a small perturbation, we 
an assume that ' has a saddle-

node periodi
 point (a point with an eigenvalue equal to one) with q 
ontra
ting eigenvalues and

(dim(M)� q � 1) expanding eigenvalues. After a new perturbation, by unfolding the saddle-node,

we 
an assume that ' has a pair of periodi
 points A

'

and B

'

of indi
es p and q, respe
tively,

su
h that there is a 
urve 
 whose extremes are A

'

and B

'

and whose interior is 
ontained in

W

s

(A

'

) tW

u

(B

'

). By Remark 2.7, we 
an assume that there is an open set V 
ontaining ' in its


losure su
h that H

P

 

(U) = H

A

 

(U) and H

Q

 

(U) = H

B

 

(U) for all  in V.

By Remark 2.6, there is a sequen
e of di�eomorphisms '

k

, '

k

! ' in the C

1

-topology, su
h that

'

k

has a 
odimension one heterodimensional 
y
le �('

k

; U;A

'

k

; B

'

k

). By 
onstru
tion, these 
y
les

are 
onne
ted ones, i.e., W

s

(A

'

k

) tW

u

(B

'

k

) has a periodi
 
onne
ted 
omponent whose extremes

are 
ontained in the orbits of A

'

k

and B

'

k

(here the 
onne
ted 
omponent is the 
ontinuation of

the 
urve 
 above).
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Figure 3: Homo
lini
 points

The proposition now follows dire
tly from [DR℄. For 
ompleteness let us state these results.

Lemma 7.2. Let � be a C

1

-di�eomorphism with a 
odimension one 
onne
ted heterodimensional


y
le �(�; U;A

�

; B

�

) as above. Then given any C

1

-neighbourhood A of � there is a C

1

-open subset

U(�) of A su
h that H

A

 

(U) = H

B

 

(U) for every  2 U(�).

By the lemma, for ea
h '

k

as above there is an open set U('

k

) � V 
ontaining '

k

in its


losure, su
h that, for every  2 U('

k

), one has H

A

 

(U) = H

B

 

(U). Sin
e  2 V, we have that

H

A

 

(U) = H

P

 

(U) and H

Q

 

(U) = H

B

 

(U). Proposition 1.1 now follows taking W

'

=

S

k

U('

k

).

Proof of the lemma: Observe that the 
y
le �(�; U;A

�

; B

�

) is 
onne
ted and far from homo
lini


tangen
ies. In [DR℄, see the 
omments after Theorem A, it is proved that given any neighbourhood

U of � there is an open subset U

0

of U su
h that every  2 U

0

has a transitive set �

 


ontaining A

 

and B

 

su
h that �

 

� H(B

 

). The main step to prove this result is the fa
t we will state below.

Let us �rst observe that, by 
onstru
tion, there is a multipli
ity one 
ontra
ting eigenvalue

�




2 R of the derivative of � at A

�

su
h that 1 > j�




j > j�j for every 
ontra
ting eigenvalue � of

A

�

di�erent from �




(see 
ondition (CE) in [DR, Se
tion 3.1℄). Thus for every  
lose to � the

(
odimension one) strong stable foliation F

s

 

of W

s

(A

 

) is de�ned. Similarly, we have that the

(
odimension one) strong unstable foliation F

u

 

of W

u

(A

 

) is de�ned. Now the lemma will follow

form the following fa
t.

Fa
t: Let A be as in Lemma 7.2.

� Let u = (dim(M)�p) be the dimension of the unstable bundle of A

�

. There is an open subset

A

0

of A of di�eomorphisms  su
h that W

s

(B

 

) meets transversely every (u + 1)-disk �

transverse to F

s

 

.

� Let s be the dimension of the stable bundle of A

�

. There is an open subset A

0

of A of

di�eomorphisms  su
h that W

u

(A

 

) meets transversely every (s + 1)-disk � transverse to

F

u

 

.

29



This fa
t is a non-te
hni
al reformulation of [DR, Proposition 3.6 (b)℄. Let us observe that

(due to the 
ontext) in [DR℄ this proposition is stated for parametrized families of di�eomorphisms

unfolding a 
onne
ted 
y
le 
orresponding to a �rst bifur
ation. But, as mentioned in [DR, Se
tion

6℄, it holds in a mu
h more general setting (in
luding the 
ase under 
onsideration).

To see, for instan
e, that H

A

 

(U) is 
ontained in H

B

 

(U) we use the �rst part of the fa
t. Take

any x in H

A

 

(U). By the 
y
le 
on�guration W

u

(A

 

) is 
ontained in the 
losure of W

u

(B

 

), thus

there is a sequen
e x

n

! x with x

n

2W

s

(A

 

) tW

u

(B

 

) for all n. Asso
iate to ea
h x

n

we have a

(u+1)-disk �

n

of diameter less than 1=n whi
h is 
ontained in W

u

(B

 

) and transverse to W

s

(A

 

)

at x

n

(see �gure). The fa
t implies that for ea
h n there is z

n

2 W

s

(B

 

) t �

n

. By 
onstru
tion

z

n

2 H

A

 

(in fa
t one 
an take z

n

2 H

B

 

(U)) and lim z

n

= limx

n

= x.

The in
lusion H

B

'

(U) � H

B

'

(U) follows similarly using the se
ond part of the fa
t. This ends

the sket
h of the proof of the lemma. �
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