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Abstract

Let M be a smooth compact manifold of any dimension. We consider the set
of C' maps f : M — M which have no absolutely continuous (with respect to
Lebesgue) invariant probability measure. We show that this is a residual set in
the C! topology.

Mathematics Subject Classification: 37C40

1. Statement

Let M be a smooth compact manifold (maybe with boundary, maybe disconnected) of any
dimension d > 1. Let m be some (smooth) volume probability measure in M. Let C' (M, M)
be the set of C! maps M — M, endowed with the C! topology. Given f € C'(M, M), we
say that w is an acim for f if @ is an f-invariant probability measure which is absolutely
continuous with respect to m.

Theorem 1. The set R of C' maps f : M — M which have no acim is a residual (dense G)
subset of C1(M, M).

Since the set of all expanding maps and the set of all diffeomorphisms are open subsets
of C'(M, M), we have the following immediate consequences.

(i) The C!-generic expanding map has no acim.
(ii) The C'-generic diffeomorphism has no acim.

Result (i) was previously obtained in the case where M is a circle by Quas [Q]. Of course,
(i) does not hold in the C'*H0!er topology.

It seems possible that result (ii) holds in higher topologies. An old result by Livsic and
Sinai implies that the C*°-generic Anosov map has no acim, see [LS] and also [C]. (In fact,
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the existence of a single periodic point of the Anosov map over which the Jacobian is different
from 1 prohibits the existence of an acim.) On the other hand, the existence of acim is certainly
not rare (in the probabilistic sense) among smooth enough diffeomorphisms of tori close to
translations (by KAM).

In the course of the proof, we will need a generalization of the usual Rokhlin tower lemma
to non-invariant measures. That result, theorem 2, may be of independent interest.

2. Proof

In sections 2.1-2.4 we give some results that are combined to prove theorem 1 in section 2.5.

2.1. Criterium for existence of acim
The following shows that the set of maps that do not have an acim is a G subset of C' (M, M).

Lemma 1. A map f € C'(M, M) has no acim iff for every ¢ > 0 there exists a compact set
K C M and N € N such that

mK)>1—¢ and m(fN(K)) < e.

Proof. Assume that f has an acim u. Let ¢ > 0 be such that m(Z) < e implies u(Z) < 1/2.
Now assume that K C M is a compact set such that m(f¥K) < & for some N € N. Then
w(K) < u(fNK) <1/2,som(M ~ K) > «.

Next assume that f has no acim. Let u be a limit point of the sequence of measures
%(m + fum+ -+ f:’lm); then w is f-invariant. Let u = ftac + Using be the Lebesgue
decomposition of u relative to m. Since f is C L Seltsing 1s singular, and it follows that 11,
and pgng are f-invariant. But f is assumed to have no acim, so (1 = sing. Thus there exists
Z C M such that m(Z) = 1 and u(Z) = 0. Given any ¢ > 0, take a compact set L and an
openset Vsuchthat L C Z C V,m(L) > 1 —e and u(V) < ¢/2. Let ¢ be a continuous
function such that x; < ¢ < xy. For some sequence n; — 0o we have

n;—1
LZ/fio¢dm—>/¢dﬂ<8/2‘
o —

In particular, there exists N such that m(f~VL) < [ f¥N o ¢dm < &/2. Take a compact
K C M~ f~VLsuchthatm(M <~ K) < e. Thenm(f "K) <m(M ~ L) < e. O

2.2. A non-invariant Rokhlin lemma

Theorem 2. Let f : M — M be a C'-endomorphism of a compact manifold, and let m be
normalized Lebesgue measure. Assume that m(Cy U Pr) = 0, where Cy is the set of critical
points and Py is the set of periodic points. Given any g9 > 0 and no, £ € Nwith £ < ny, there
exists a measurable set U C M such that f~/(U)NU = @ for 1 <i < ny,

no—1 -1
—i —i ¢
> m(f7WU) > 1 -« and D om(fT W) < —+e. (D)
i=0 i=0 "o
Notice that if the map f were assumed to preserve the measure m, the theorem would

be an immediate consequence of the well-known Rokhlin lemma (for non-invertible maps,
see [HS)).
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The proof of theorem 2 will occupy the rest of this subsection. Let f be fixed from now on.
Let M be the o-algebra of measurable sets. Since f is C!, Y € M implies f(¥) € M.
Given Z € M, we denote

[o¢]
7= U FH2).

i=0
We say that Z € M is N-good (where N e N)if ZN f~(Z) = @ for0 <i < N.
Claim 1. If A and B are N-good sets then the set

=(A~B)YU(B (A~ B)")

is N-good and satisfies C > AUB.
Proof. Let A = A~ B; then (A’ U B)" = (AU B)". Let B = B~ A’; then

(AU BY" = (A’ U B)*. That is, the set C = A’ U B’ satisfies C = (A U B)". Using
that A’ and B’ are N-good, A’ N B’ = @ and A’ N B’ = &, we see that C is N-good. O

We say that Z € M is N-saturated if £~V (f"(Z)) = Z. The N-saturated sets form the
o-algebra =¥ M.

Claim 2. For each N € N there exists a countable cover (modulo sets of zero m-measure)
M = |J By such that each By is N-good and N-saturated.

Proof. Since m(Py) = 0, there is a countable cover M = (J Ak, where the sets Ay are N-good.
Take B, = f_N(Ak). O

Claim 3. For every ¢ > 0 and N € N there exists a set W which is N-good, N-saturated and
m(W) >1-—e.

Proof. Let By be the sets given by claim 2. Define inductively sets Ck' take C; = By, and
for k > 0, let Cy4; be the N-good set given by clalm 1 such that Ck+1 D Ci U Byy1. Then
for all k£ we have that C; is N-saturated and Ck ) U -1 Bj. Finally, take W = C} for some
large k. |

Claim 4. For every ¢ > 0 and N € N, there exists a N-good set V such that m(V) < ¢ and
m(V)>1-—e.

Proof. Increasing N if necessary, we assume N > 1/e. Take W as in claim 3. Notice that the
sets W, f(W), . , SN7H(W) are disjoint. Take 0 < i < N — 1 such that m(f*(W)) < 1/N.
LetV = f"(W); then V > W. Since W is N- -good and N-saturated, V is N-good. 0

Claim 5. Forany i > 0, f!m is absolutely continuous with respect to m.

Proof. Clearly it suffices to consider i = 1. Let Z € M be such that m(f~'(Z)) > 0. Since
m(Cy) = 0, we can find an open set U C M ~. C; such that f|U is a C'-diffeomorphism and
m(f~Y(Z)NU) > 0. Then f(f~'(Z) N U) and hence Z, has positive measure. O

Proof of theorem 2. Let ¢, ng and &g be given. By claim 5, there exists ¢ > 0 such that

2np—1
_i €0
Z Z 'z —.
e/\/l,m()<s:>m<Uf ><2

i=0



2720 A Avila and J Bochi

Let V be given by claim 4 with N = ng. Fori > 0,let V; = f~/(V) and

i—1
vi=vi~Jv
=0
For each 0 < j < ny, let
j+e—1
Si= Y. > mv.
k=j i>0

i = k mod ng
We have lem:_ol S;=¢- m(V), so there exists some jj for which Sj, < £/ng. Define
U= | | A
i 2 no
i = jomod ng

Noting that f’j(Vi*) - V:ij UWUViU-.--UV;for0 < j < ng, we see that U is ny-good.
Also,

-1
s £ &
m |:|)f () gm(vou.--uve_1)+sj0<%+?
Finally, since f~/(V;*) D V;};, we have
no—1 [ee) s
i 0
m )| =>m Vi]>1—e——>1-—¢. 0
Hf 550 5 0

Remark 1. We used only the following assumptions about f and m:

e (M, M, m) is a Lebesgue space and f : M — M is measurable;

e fisaperiodic: m(Py) = 0;

e f is non-singular with respect to m: for ¥ € M, we have m(Y) = 0 if and only if
m(f~1(¥) = 0;

e f is forward-measurable: Y € M implies f(Y) € M. (In fact, we can always replace f
by a isomorphic copy which is forward-measurable: see [R].)

Remark 2 (addendum to theorem 2). The set U can be taken open, and with f~/(U)NU =
2,0 < i < ny.

Indeed, take a compact set K C U with m(U ~ K) very small. Then take an open set
Uy D K with m(Uy ~ K) very small and such that Uy, ..., f"0*!(Uy) are disjoint. Bearing
in mind claim 5, we see that (1) holds with Uy in the place of U.

2.3. Linearization

Fix an atlas of M formed by charts that take the restricted volume on M to Lebesgue measure
on R?. Fix also a family of pairs (A;, ¢;) such that the A; C M ~. M are disjoint open sets
compactly contained in the domain of the chart ¢;, and Y_m(A;) = 1. We call the A; basic
blocks.

We shall say thatamap f : M — M is locally linear on an open set V.C M ~. oM if, for
each connected component W of V, there exists both W and f (W) contained in basic blocks
and if under the corresponding change in coordinates the map f : W — f(W) becomes the
restriction of an affine map R? — RY.
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Lemma2. If f : M — MisaC' map and U C M ~ dM is open then for every y > 0 there
exists a C'-map f : M — M which is C'-close to f and equals f outside U, and there exists
anopensetV C U suchthatm(V)/m(U) > 1 —y and f is locally linear on V. Furthermore,
if the set Cy of critical points of f has zero Lebesgue measure then f can be taken to be a
local diffeomorphism on V.

Proof. Up to reducing U a little, we can assume each connected component of U, as well as
its image by f, is contained in a basic block.

To simplify writing, from now on we assume U C R?, and m is Lebesgue measure on R.
Given y > 0,let § > 0 be such that (1 —§)? < /2. Fix a C' bump function p : RY — [0, 1]
such that p(x) = Lif ||x|| < 1 -6, p(x) = 0if ||x|| = 1 (where ||-|| is the Euclidian norm
on RY).

Let rp > O be small. By Vitali’s lemma, we can find finitely many disjoint balls
B(pi,r;) € U of radii r; < rg, such that the Lebesgue measure of their union is greater
than (1 — y/2)m(U). Define fon each B(p;, r;) by

FO) = f)+p07 = pi)) - [=F () + F(pi) + Df (pi) - (x — pi)],

and f = fonU ~ Ll B(pi, ).

Then f is locally linear on V = | |, B(p;, (1 — &)r;). If ry is sufficiently small, then f is
C'-closeto f.

If m(Cy) = 0 we take each p; such that Df (p;) is an isomorphism. O

2.4. Perturbation of a sequence of linear maps

Lemma 3. Given ¢ > 0 and 0 < § < 1, there exists k € N such that given any of sequence
linear isomorphisms

L, L,_ L
RIZI RIS .. BRY

with n > k, there exists Tty > 0 such that for any 0 < t < 19 the following holds true.
Define boxes

Uy = [—1, 119! x[—1, 7],
Vo=[-(1-96),1— S]d_l x[—(1 =38)t, (1 —¥8)T],
Wy =[-1, l]df1 x[—d7,d8T].

Define also U; = L;IU,-_l, V, = L;lVi_l, W, = L;IW,-_l,forl < i < n. Then there exist
C'-diffeomorphisms H; : R? — RY with derivative e-close to id and with H; = id outside U;,
such that for all i with k <i < n we have

Ligs10Hipy10---0oLi1oHi_yoLijoH (V) CW;. 2
Moreover, for | <i < n, H; onlydependsone, §, tand Ly, ..., L; (butnoton Li,y, ..., Ly).

In the following proof of lemma 3, we will assume d > 2, leaving for the reader the easy
adaptation to the case d = 1 (where any 1, works).

In the proof we will need lemmas 4 and 5. We write R?~! = R4~! x {0} ¢ R?. Also, we
call a subset B of a finite-dimensional vector space V a ball if there exists a norm on V such
that B is the closed unit ball on V with respect to that norm.

Lemma 4. For every ¢ > 0and 0 < § < 1, there exists 0 < k < 1 with the following
properties: given any ball C C R4™!, there exists t* > 0 such that if 0 < T < t* then there



2722 A Avila and J Bochi

exists a diffeomorphism H : RY — R? satisfying the following:

e H has derivative -close to the identity;
e H equals the identity outside C x [—1, T];
e if(z,t) € (1 —8)(C x [—7, T]) then H(z,t) = (2, kt).

Proof. Given ¢ and §, let « be such that
(1—K)(1+25"" <e.

Now let C = {z € R4 !, ||z|lx < 1}, where || - ||, is a norm in R?~!. Let C > 0 be such that
lvll« < Cllv]l, where || - || is Euclidian norm. Let t* = C~'.

Then, given 0 < 7 < 7*, take a bump function p : R — [0, 1] such that p(x) = 1 for
x| <1—=36, p(x) =0for|x| > 1and|p’| < 26~". Define

Hz )= [1—0—k)-p ') pdlzll)]0), ze R reR.
Then
'a—H - 1' <A —x)-pzlly) - oG D+ )t el < &
ot = * '
And if v € RY7! then
IDH(z,1)- (0,0 < [t]- (1 —x) - px ') - [o' Uzl - vl
<1 —x)- 287" Cllvll < elvll. U

Lete; = (0,...,0,1) € R? and (-, -) be the standard inner product on R¢. The easy
proof of the following lemma is left to the reader.

Lemmas. Let L : RY — RY be a linear isomorphism such that LIRY™") = R Let
B = |(L(ey), eq)|. Let C C R~ be a ball, and let }. > 1. Then there exists T > 0 such that
forany 0 < T < T/ we have

()FIL(C)) X [—Bt,Bt] C L(C x [—71,7]) C (AL(C)) x [—BrT, BT].

Proof of lemma 3. Let « = «(g,5/2) > 0 be given by lemma 4. We take k € N such that

Kk < 8/(1 = 6).
Now take n > k and Ly, ..., L, as in the statement of the lemma. Rotating coordinates
if necessary, we can assume L; - R~ = R! for all i. Let ¢ = [—1,1]%! and

C =L L7"-Cyfori > 1. Letag = lando; = (L' Li'ey, eq)|. Write, for
a>0andb > 0,

Bila, b] = (aC;) x [—a;b, a;b].
Fix A > 1 so that
A< (1 =871 -8/2). (3)

Let 7/ > 0 be associated with the ball C = C; by lemma 4. Let t/ > 0 be associated with
the linear map L; !, the ball C; and A by lemma 5. Let

70 = A " min{e; 77, o't/ 1 <i < nb.

By lemma 5,

/

b
Bz "'a,b] € L7\ (Bi_yla, b)) C Bilra, bl, provided = < L. (4)
a

Q;
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Therefore
g <AMt9 = Bi[A"a,b] C (Lio---o0Ly) ' (Bola, b]) C Bi[\"a,bl. (5)
Now let 0 < © < 1) be fixed, and let Uy, Vp, W, be as in the statement of the lemma,
that is,
Uy = Byll, 7], Vo = Bol(1 = 6), (1 —d)7], Wy = By[1, 87].

Let H, : RY — R? be the diffeomorphism supported on Bi(l,A"t) = C x
[—a; AT, o; A" T] given by lemma 4. We define H; by

H;(x) = 27" H;(\"x).
Then D H; is e-close to id. Also, H; equals the identity outside B;[A™", t] C U;. And

8 8
H;(Bila, b]) = Bila, kb] if0<a< 1™ (1 - 5) and b < (1 - E) T. 6)

It remains to check that (2) holds; so let k < i < n. In the following diagram, X —F> Y
means F'(X) C Y. Using repeatedly (3)—(6),
Vi € BV (1= 8), (1 — )] 2 BiW"(1 — 8), k(1 — 8)7] =

i—10H; 1 Li—g+10H; k41

Bi (W (1 = 8). k(1 — 8)7]
Bi_x [V = 8), k¥ (1 — 8)1] € Bik[L 7", 81] C Wiy

This proves lemma 3. g

2.5. Proof of theorem 1

Define the following (open) subsets of C!(M, M):
Ve={f € Cl(M, M); there exist K C M compact, k € N such that
m(K) > 1 —¢and m(f*K) < ¢}.
Bylemma 1, it suffices to show that each V, is dense to prove the theorem. Solet f € C'(M, M)

and ¢ > 0 be fixed; we will explain how to find g € V4, close to f. For clarity we split the
proof into steps.

Step 1. Linearizing f on an open tower. Let Py be the set of periodic points of f and Cy be
the set of critical points of f. We can assume (perturbing f if necessary) thatm(PyUCy) = 0.
(Indeed, it suffices to take f analytic and Kupka—Smale.)

Let0 < § < & be such that (1 —8)¢ > 1 —&. Letk = k(e, §) be given by lemma 3. Take
n € Nsuch that k/(n + 1) < . Now apply theorem 2 (and remark 2) with £ =k, ngo =n+1,
&0 = €/2, to find an open set U C M such that

U, f~Y0), ..., f(U) are disjoint,

k—1 n
D om(fTU) <, Y om(fTU) > 1 e

i=0 i=0

It follows easily from lemma 2 tlgat there exist open sets Q; - f “H(U),0 <i <nand
a C! perturbation f of f such that f(Q;) = Q,_1, 1 < i < n, f|Q; is locally linear and
invertible and ) ;_, m(Q;) > 1 —¢&. We can assume further (by slightly shrinking the Q) that
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each Q; has only finitely many connected components and f maps each connected component
of Q; onto a connected component of Q;_;. We have

k—1 n
Y om@)<e Y m(Q)>1-= (7
i=0 i=0
To simplify writing, we replace f by f.
To simplify things further, we will assume | J Q; is a subset of R?, in order to avoid
mentioning the charts.

Step 2. Defining the perturbation g. Letk = k(e, §) be given by lemma 3. For each sequence
X = Xy, ..., %), k < m < nwith f(x;) = x;_; and x; € Q;, we apply lemma 3 to the
sequence of linear maps D f (x;), obtaining a certain 7y(x) > 0. There are only finitely many
possibilities for the sequence of linear maps Df (x;), so we can choose T > 0 such that
T < 19(x) for all x.

For y € Q¢ and small a, b > 0, write

Bly,a,bl=y+[—a, al®! x [—b, b].

The family of boxes B[y, r, 7r] C Qy constitutes a Vitali covering of Qy. So we can find a
finite set FF C Qo and numbers r(y) > 0, y € F, such that Uy(y) = Bly, r(y), tr(y)] C Qo
are disjoint and

m | Qo | Uo) | <em(Q). ®)

yeF

Let Vo (y), Wp(y) be boxes around y as in lemma 3, namely
Vo(y) = Bly, (1 =8)r(y), (1 =8)zr(yl,

Wo(y) = Bly, r(y), 8tr(y)].

Let F be the set of the sequences y = (Y, ..., ¥y0) Withk < m < n, f(y;) = yi-1,
yi € Q; and yo € F. Then F is finite. For each y € Fandi =1,...,m, let U;(y) be the
image of Uy(yp) by the branch of f~ that takes y, to y;. Notice that the U;(y) are either
disjoint or coincide, and if U;(y) = U;(y’) then i = j and the last i + 1 symbols in y and y’
coincide. We define sets V;(y) and W;(y) analogously.

The choice of § together with the linearity of f gives

m >1—¢ and M <e for all y, i. ®
m(U; (y)) m(U;(y))
Let H; ; be the diffeomorphisms given by lemma 3. We define 4; ; as
hi5(x) = yi +r(yo) - Hi5((x — yi)/r(Y0)), for y € Ui (y),
and h; 5 = id outside U;(y). Notice that &; ; only depends on U;(y). Then A, ; is C'-close to
the identity. Moreover, foralli =k, k+ 1, ..., m we have

fohigryo--ofohi_iy0 foh5(Vi(3)) C Wik().
We define a perturbation g : M — M of f as follows: g = f o h; 5 oneach U;(y), and g
equals f on

M~ JUYuG.
jeF i=0

It follows that g*(V; (7)) C W;_x(y) forall j € F.
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Step 3. Verifications. Define the compact set
n
k=JUvo.
jeF i=k

First let us see that K has almost full measure. We have
M (D

M~ K = M\OQin o~ Jum|u
i=0 jeF

i=0

n k—1
vUUUwie ~vionulJUY v

i=0 yeF i=0 jef

(1) Iv)

From (7) we getm(I) < ¢. By (8) and linearity of f, we have m(Il) < ¢. From (9), m(IIl) < ¢.
Finally, using (7),

k—1
m@V) <m (| Joi| <e.
i=0

So we obtain that m(M \ K) < 4s.
Next let us see that g¥ K has small measure. We have

gk =JJsvier cUUwiG).

jeFizk FeFi=0

Using (9),

m(ng)ésm UUUi()_)) < e&.
jeFi=0

We have shown that g € Vy,. This proves theorem 1.
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