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Quantum cohomology of Grassmannians and cyclotomic fields

S. S. Galkin and V.V. Golyshev

For the quantum cohomology of Grassmannians, see [1]. Given integers l, N with
1 6 l < N , we write G = G(l, N) for the Grassmannian of l-dimensional subspaces
of an N -dimensional vector space. Let S denote the tautological subbundle on G and
Ωλ the Schubert class in H∗(G) corresponding to a partition λ. The three-point corre-
lator 〈Ωλ,Ωµ,Ων〉d is defined as the number of rational curves of degree d intersecting
general representatives of these classes. The algebra QH∗(G,Z) is a Z[q]-module iso-
morphic to H∗(G,Z)Z ⊗ Z[q] and equipped with the following multiplication. Denoting
the Schubert classes in this algebra by σλ, so that σλ = Ωλ ⊗ 1, we put σλ · σµ =P
ν,d>0〈σλ, σµ, σν∨〉d q

dσν , where ν∨ is the partition dual to ν.

Let ζ be a primitive Nth root of (−1)l+1.
Put K = Q(ζ), k = N − l and let Λ = Z[e1, e2, . . . ] be the (graded) ring of symmetric

functions, where ei is the ith elementary symmetric function. Let hi be the ith complete
symmetric function. Putting E(t) =

P
eit

i, H(t) =
P
hit

i, we have E(−t)H(t) = 1.
The result of applying a symmetric function σ to a tuple (x1, . . . , xn) of arguments will
be denoted by σ(x1, . . . , xn). Finally, we put Λ′ = Λ/(el+1, el+2, . . . ), ΛQ = Λ ⊗ Q,
Λ′Q = Λ′ ⊗ Q and Λ′K = Λ′Q ⊗Q K.

Theorem 1 (Siebert–Tian [2]). The homomorphism of rings ST: Λ[q]→QH(G,Z)
defined by ST (q) = 1 ⊗ q, ST (ei) = ci(S

∗) ⊗ 1 is an epimorphism, and KerST =
(el+1, el+2, . . . ;hN−l+1, . . . , hN−1, hN + (−1)lq).

Let QH(G,Q) = QH(G,Z) ⊗ Q be the rational quantum cohomology ring and let
QH(G,Q, 1) denote its specialization for q = 1. Putting

I1 = (hN−l+1, . . . , hN−1, hN + (−1)l),

we clearly have QH(G,Q, 1) = Λ′Q/I1. The K-algebra QH(G,K, 1) = QH(G,Q, 1)⊗Q K
and the ideal IK1 = I1 ⊗K are defined similarly.

Let θ1, . . . , θN denote the distinct Nth roots of unity and let J = j1j2 . . . jl be the
multi-index numbering the distinct lth roots of unity with j1 6 · · · 6 jl, jk ∈ {1, . . . , N}.
We shall write θJ in place of {θj1 , . . . , θjl} and σ(ζθJ) in place of σ(ζθj1 , . . . , ζθjl). We
put θJ̄ = {θ1, . . . , θN} \ {θj1 , . . . , θjl} and let φJ : Λ′K → K be the homomorphism given
by φJ(σ) = σ(ζθJ). We put IJ = KerφJ and φ =

L
φJ .

Lemma 2. If J 6= J ′, then IJ 6= IJ′ .

Proof. If the K-points on AlK = SpecΛ′K corresponding to the ideals IJ and IJ′ coincide,
then so do their coordinates, which are the values of the symmetric functions σ1, . . . , σl
on the tuples θJ and θJ′ . Hence, the tuples themselves also coincide.

Lemma 3. For a fixed J there is an embedding of ideals IK1 ⊂ IJ .

Proof. We have
`Pl

i=0 ei(θJ)(−t)i
´`Pk

i=0 ei(θJ̄)(−t)i
´

= 1− tN . On the other hand,„ lX
i=0

ei(θJ)(−t)i
«„ ∞X

i=0

hi(θJ)ti
«

= 1.
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Hence,

kX
i=0

ei(θJ̄)(−t)i =

„ lX
i=0

ei(θJ)(−t)i
«„ kX

i=0

ei(θJ̄)(−t)i
«„ ∞X

i=0

hi(θJ)ti
«

= (1− tN )

∞X
i=0

hi(θJ)ti.

Comparing the coefficients of ti, we find that hi(θJ) = 0 for i = k + 1, . . . , N − 1 and
hN (θJ)−1 = 0. Hence, hi(ζθJ) = 0 for i = k+1, . . . , N−1 and hN (ζθJ) = ζN = (−1)l+1.

Corollary 4. There is an embedding of ideals IK1 ⊂ Kerφ.

Corollary 5. The representation φ factors through the homomorphism

ψ : QH∗(G,K, 1) →
M
J

K

of finite-dimensional commutative algebras :

Λ′K
φ //

((PPPPPPPPPPPPP
L

J K

QH∗(G,K, 1) = Λ′K/I
K
1

ψ

66mmmmmmm

Theorem 6. ψ is an isomorphism.

Proof. We must show that Kerφ = IK1 . By Lemma 3, we have the embedding IK1 ⊂ Kerφ.
It is clear that Kerφ =

T
J IJ . Kerφ is the intersection of the distinct (by Lemma 2)

maximal ideals IJ . As a K-vector space in the ring Λ′K , each of these has codimension 1.
Hence, their intersection has codimension over K equal to their number, that is,

`
N
l

´
. On

the other hand, the codimension of IK1 is equal to the dimension of the factor-ring Λ′K/I
K
1 .

By the Siebert–Tian theorem, this ring is isomorphic to the quantum cohomology ring,
which is a free module of rank dimK H

∗(G,K, 1) =
`
N
l

´
over K. Hence, the ideals Kerφ

and IK1 coincide.

Corollary 7. The algebra Λ′K/I
K
1 is semisimple. It is the direct sum of its distinct min-

imal prime ideals, each of which is isomorphic to K .

Corollary 8. The algebra Λ′Q/I1 is semisimple. The eigenvalues of the operators of mul-
tiplication by the Schubert classes lie in K .

Conjecture 9. Let G be the Grassmannian of maximal isotropic planes in an even-dimen-
sional space equipped with a non-degenerate quadratic form, or the Grassmannian of
Lagrangian planes in a space with a symplectic form. Then the eigenvalues of the operator
of multiplication by a divisor class, acting on the space QH(G,Q, 1), are defined over a
cyclotomic extension of Q.

Let G be a generalized Grassmannian, that is, a factor of a (classical) simple group by
a maximal parabolic subgroup. We do not expect, in general, that the eigenvalues of the
operator of multiplication by a divisor class will be defined over a cyclotomic field.
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